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Representation theory of Lie superalgebras
(0D0OD LieODDODOO)

What are the possible solutions of the following equation?
(DoO0ooOooooooooo?)

XY +YX =1
If X and Y are real or complex numbers, then X and Y commute.
(D0 XO0OYOOOooooooo xXoyooooo,)

The solutions are: X # 0 andY:%.
(0D0D0OD0O00 X #0,Y=1/2Xx00))

Let [ = < (1) be the 2 x 2 identity matrix.

(/0202000000000000.)

0
1

If X and Y are 2 x 2-matrices, then we have solutions of the equation
(XO0YO202000000,000XY+YX=10)

XY +YX =1, where X and Y do not commute.
(Doooooooooooooo.)

For example:
01 00
(o) v=(10)
01 00 n 00 01\ (10
00 10 10 00/ \01

since



Let M, be the set of r X r-matrices.
(M,0rxr0000000O0DOOCDOOOOO))

If we want to answer the question:
(DO00DOoOO00OOoOO00DoDoOooOoOooooooo.

“What are the matrix solutions of the equation: XY +Y X =177
(D00 XY+YyYX=/000DOOOOOODOO?)

we can ask: “What are the maps f: {X,Y, I} — M, such that
(00000000000000: 00 f:{X,Y,I} > M,0000)

f(X), f(Y), f(I) satisty the following system of equations?”
((X), f(¥),f(1)0000000D0007)

FXOFY) + fY)F(X) = fT)
FIFX) = F(X) () = f(0) =0
JFY) = f¥) ) = f(0) =0

A better way to answer this question is: Give the set {X,Y, I} the
(D000 000DODO000O0ODoOoOOo0oO0oOoo:)

structure of an algebra “L” where multiplication is defined by these
(D0 {X,Y,/[}00000ooooooooo «Lyooooon,)

equations, and give the set M, the structure of an algebra “gl(r|s)”,
(00000 M 000 “i(rls)’ 000000,)

and then ask:
(Do0DooooOooDoooooono.)

“What are the algebra maps f : L — gl(r|s)?”
(00000000 f:L—gl(rs)?” OOO7)

We will define these algebras and try to make this more clear.
(0000000000000, 00D00o00ooooogoood
ooo0o.)



An algebra A is a vector space with multiplication * satisfying:
(00D ADDDDODOOOOOODODDODOOOO+«x0OOOO0O000
D000ooOooo:)

(r+y)xz=x*xz+yx*xz x,y,z €A
rx(y+z)=x*xy+a*z
(az) % (by) = (ab)(x *x y) a,beR.

For example: M, is an (associative) algebra where the
(D00, M, 0000000000000 @O0)DOoOoooon.)
multiplication is given by the usual product of matrices.

A superalgebra is an algebra A = Ay® Ay, where the multiplication
(DODO000OD0OO000D0DA=A9A0000,000000000)
satisfies

(DO0O0D0O:)

o if x,y € Ay, then z xy € Ag;
eifrc Ayand y € Ay, then z xy € Ay;
o if v,y € Ay, then x xy € Ay.

Elements of Ay are called even and elements of A; are called odd.
(A0 0O0even(0)OOOD0O, A/0000dd(0)00OO0O0O.)

For example: M, ., = Ay ® A; is a superalgebra where
(M,ys O M, =A A 000000000000000O00O0ODOO
ooo.o0ooo,)

AO={<61 l(;)\AeMr,BeMS}

A = {( ZO) g > | C'is (r X s)-matrix, D is (s X r)-matrix}



A Lie superalgebra is a superalgebra A = Ay & A; where the
(000D LieODDODOOOODODO A=A A 0000O,)

multiplication, satisfies two additional axioms:
(DOODO0O0U0O0oDOooDOoUOOoooooOgonY)

(1) [X,Y] = —(~1)[Y, X], where X € A;, Y € A;;

(2) (X, [V Z]) = [[X,Y], Z] + (-1)"[Y, [X, Z]].

For example: gl(r|s) = go ® g

Let us define a new multiplication on M, .
(M,,,00D0000000DO0OO0O0O00.)

M, s = go ® g1 is a superalgebra with the matrix multiplication.
(MHS:gO@gl DDDD,XGgiandYegj DD)

If X €g;and Y € g; , define [X,Y] = XY — (—1)"Y X .
(X,Y]=XY - (-1)iyX 000O00000.)

With this multiplication M, is the Lie superalgebra gl(r|s).

(000000 M,,, 00000 Le00O0000O0000 gl(rls) 00
ooQ.)

For example: gl(1]1)

o= (38).5-(20)
o= (83) - (31

(X, Y]=XY+YX=A+RB
(A, X]=AX - XA=X [B,X]=BX - XB=-X
[AY] =AY —YA=-Y [B,Y]=BY ~YB=Y
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A representation of a Lie superalgebra L = Ly@® L, is a linear map
(000D LieO L=Ly®» L, 000000000)

p:L—gl(r]s)

which preserves the multiplication: p([X,Y]) = [p(X), p(Y)], and
(DO0oOoOO0UoOoooooOgoooooo:)

such that p(Lg) C go and p(L1) C g;.
For example: Let L = Ly & L; be the three dimensional Lie

superalgebra with vector space basis {X,Y, H} such that:

Ly = span{H }, Ly =span{X, Y},

and multiplication relations:
[(X,Y]=H, [H, X] =0, [H,Y] = 0.

There is a representation p : L — gl(1]1) given by:

= (00) em=(10) wm=(517).

This is the same as our first system of equations and solution.



Using this language we can systematically study all representations
(0DOODOO0000DooO0,0000000 Lied LOOODOODO)

of a Lie superalgebra L ( “study solutions of the system of equations”).
(D0O000O00DO0o0DOoO0ooOo(‘noooooooo?))

Recall that a (r x r)-matrix defines a linear endomorphism f : V — V
(rxrO000r-r00000000VOOOOOO)

of an r-dimensional vector space V.
(f:V—-VOOoOoooooooooooog.)

So we are also studying endomorphisms of an (r + s)-dimensional
(D0oooooooooooor-+s0000000000)

vector space which solve the defining equations.
(D0DooO00oOooDooooooooog.)

Sophisticated techniques have been developed to study the
(0000 LieDOOOO0O0ODOOOOOODODOOODODOOO,)

representations of a Lie superalgebra, which have led to lots of
(DO00DOO0OO00O0O0,000000D000DODOoO0oOooOoO.)

interesting and deep mathematics.

Lie superalgebras first appeared in mathematics in the context of
(D000 LeDDOO0ODOOO0OO0OOODOOO,190000000)

“deformation theory” in the work of A. Frolicher and A. Nijenhuis
(A. Frolicher and A. Nijenhuis 00O 0O0O0O000O0DO0O.)

in the late 1950s.
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In 1977, Victor Kac completely classified all finite dimensional simple
(197700 Victor Kace OO O DOODOOO0OODOOOOOOODDOD)

Lie superalgebras over the complex numbers. (A Lie superalgebra L
(LieDODOODOOOD. (ODOO0O Lied LODODOODODOOOO)

is called simple if the only “ideals” in L are {0} and L.)
(0DoOoO00oOooDoooOooooDooOooooo.))

Kac also showed that the finite dimensional “irreducible”
(KaeOOOODODOO LieDOOOODOODOOOOO))

representations of simple Lie superalgebras are “highest weight
(DO0O000O0 X NOOODOOODOO0ODOO0O0ODDOOOOOOoDn)

representations” given by certain conditions on the “weight” .
(Dooooo.)
The “character formula” is an extremely important tool for studying

(D0D0DO0000D0D0O Le0D00ODODODOOODOOOOOODOOO.)

the representations of a Lie superalgebra.

In 1978, Victor Kac found the character formula for finite
(1978 0 O Victor Kac O “generic’ 000 0O0O0000O)

dimensional representations with “generic” highest weight.
(D00DOoO0oOoOoooOoooooooono.)

In 1996, Vera Serganova found the character formula for finite
(1996 0 O Vera Serganova 00 0000000000 DOODOO)

dimensional representations with arbitrary weights.
(Dooogg.



There are two types of finite dimensional simple Lie superalgebras:
(0000000000 LieDOOODOOODODOOOOO))

“classical type” and “Cartan type”.
(Doooooooooo.)

Kac-Moody superalgebras are a generalization of the classical type.
(Kac-Moody 0000 LieODODOOOODOODOOO.)

Kac-Moody superalgebras can be infinite dimensional.
(Kac-Moody 0000 LieDODOOOODOODOOOO))
A Kac-Moody superalgebra g(A) is a Lie superalgebra defined by

(Kac-Moody 0000 Lied g(A)00000000000000)

generators and relations, where A is a matrix which encodes
(D000 LieOD0O.00D0,A00D0DODODO)

information about the defining relations.
(Doooooooog.)

A is called the Cartan matrix of g(A).
(AD g(A) O Cartan D OO0 OO OOON)
For example: Let A = ( 2 ) The Kac-Moody superalgebra

g(A) is generated by even elements X, Y, H, which satisfy the

following relations:



Since a Kac-Moody superalgebra can be infinite dimensional, it is
(Kac-Moody 00O OO0ODOODOOO0OODOOOOOO),)

useful to know: When is the Kac-Moody superalgebra “not too big”?
(D00D0OoOO00oO0U0DoOoooOoooooooon.)

The condition of “finite growth” answers this question.
(DO0ooO0oOoDpDooOooOooooooon.)

In 1978, Victor Kac classified Kac-Moody superalgebras with finite
(1978 0 0 Victor Kac O Cartan 0000 O00000000000)

growth, with the additional assumption that the Cartan matrix has
(DO0O00OD0O000,00000 Kac-Moody OO0)

no zeros on the main diagonal.

(0ooOoOoooo))

In 1986, van de Leur classified Kac-Moody superalgebras with finite
(1986 0 0 van de Leur 0, Cartan 0 0 00O O0OO0ODODO,)

growth, with the additional assumption that the Cartan matrix is
(D0O00000D0,00000 Kac-Moody DOOODOOODOO.)

“symmetrizable”.

A matrix A is called symmetrizable if there exists an invertible
(D0 A0 A=DBO0OOO0OODOO DODOOO DO)

diagonal matrix D and a symmetric matrix B such that A = DB.
(D00DOoO0bOoOoooOooooooooo.)

In 2007, Crystal Hoyt and Vera Serganova completely classified
(20070 O Crystal Hoyt O Vera Serganova 000000 )

Kac-Moody superalgebras with finite growth.
(Kac-Moody 000 DO0O0D0OO0OODOOOOOODOO.)
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Non-symmetrizable Kac-Moody Superalgebras with Finite Growth

Algebra Dynkin diagrams
-1 1
D(2,1,0 0=—®=0
1 O
O=—"®

O
S(1,2,0) /

®

a € 7
-1
a+1
—Q®

O agZ
S(1,2,a) a/ \1
®———Q

There are n e.
o Each e is either () or ).

q(n)® % X An odd number of them are ).

o o If o is (), then a = b= —1.
If e is ), then § = —1.
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A “Weyl character formula” for the irreducible representations of an
(0000 Kac-MoodyOOODOOOO WeylDOODOODO)

infinite dimensional Kac-Moody superalgebra is still not proven.
(DoO0DOoOooooooo.)

Recently, Vera Serganova has proven the Weyl character formula for
(00O, Vera Seranova 0 000000 Kac-MoodyO OO QOODO)

the following infinite dimensional Kac-Moody superalgebras:
(0D0DOD0O Weyk DOODOOOOODOOOY)

sl(1,n)1) and osp(2,2n)W.

There is still no proven character formula for the remaining
(00 Kac-Moody 00000000000 DOODOOODODODO.)

Kac-Moody superalgebras.

This is a very important open question in the representation theory
(0D00DO0oO0D0OoOOo0ooOOoOooDoooo.)

of Lie superalgebras.



