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Keller-Segel system

1970

ur =V - (di(u,v)Vu) — V- (da(u,v) Vo)

vy = dy Av — kyvw + k_ap+ f(v)u

wy = dy Aw — kyvw + (k1 + k2)p + g(v, w)u
pr = dpAp 4+ kyvw — (k-1 + k2)p

u = ’LL(ZC, t) cellular slime molds >
V= U(ZE’ t) attractant j@g:h
w = ’UJ(Q?, t) enzyme hzai:_
p = p(CC, t) complex e

1. transport, gradient 3. chemical reaction v, w, p

(a) diffusion u,v,w,p

— (k-1)
v = —kivw + k_1p
wy = —kyvw + (k_1 + k2)p
(k—1 + k2)p

(b) chemotaxis v — u

mass action

2. production u — (v, w)
pr = k1ow —

Reductions Nanjundiah 73

vew F)=op (’2) W+ A

Michaelis-Menten

quasi-static

(k-1 +ko)p=0
w—+p=c

uy = V- (di(u,v)Vu) — V- (da(u,v)Vv)
vy = dyAv — k(v)v + f(v)u

parabolic-parabolic system of chemotaxis
Cklkz
k(v) =

(k—1+ k2) + k1o

kivw —

total mass conservation

Childress-Percus 81

dl(u,v), k(fl]), f(’U) constant
da(u, v) = ux'(v)

sensitivity

constant sensitivity

short term approximation

o o,
ov 3V89_

Poisson (9?)
—Av =u — —/ / v=0, —
it

parabolic-elliptic system of chemotaxis

Jager-Luckhaus 92

uy = V- (Vu — uVv),

Smoluchowski

=0




T
gradient . af of 9f flux
vf _ Y Y,
8331 8332 8333 Euler coordinate Gauss _
d d ‘ . mass conservation .
— f(x + se) =V f(x)-e partcle density | = voj=—[ V] — p=-=-V-j
ds s=0 Q o0 flux Q material transport
f(x) scalar field (chemical concentration) velocity Q) — ’U(ZC) c RS, T € R3
T d flow Jacobian
3 S
_T — T Liouville d
dt t L U( tx) — d_ det DTt — V-0
Ttx|t:() =X t t=0
X2
L1
d
Vf(z) ai P = /pt—l—v-Vp+pV-vdx
b O =0 Y t=0
°r Lagrange coordinate / _|_ V d O
e — P - PU Ax =
QO = T, 0 t .
— J p— IO’U flux =mass x velocity (momentum)
. mean mean jump length
maximize Vf(a:) e e c R3, |e| — 1 _ waiting time (Aa:)2
J = —d(U)VU, diffusion T = Einstein formula
v/() - 2ND
— € — Vf(x> il S |Vf($)| J = d(“’? f)uvf chemotaxis space diffusion

~ Vi)
Vf(z)le=Vf(z)

concentration gradient dimension coefficient

T velocity /




Diffusion | gN—1

={weR" | |w|=1}

q(x,t) partice density T, (x,t) tansent probabilty

At

T mean waiting time

master equation —

/ T, (x,t)dw =771
gN—1

Othmer-Stevens 97
Ichikwa-Rouzi-S. 12

T ="T(x,t)

renormalize
barrier T(CC + Cd/ Am t)d /
Einstein 7-_1 (ACC)2 — IO9ND

—~ —pv.

Smoluchowski equation a

(Vg —¢qViogT)

To(x,t)dw - q(x,t)

:/ T o(x+ wAx, t)g(r + wAzx, t)dw
gN-—1

- Y
Mass Action | S +1T — T (8), I — R (%) p:E
asS dl dR
— = —BSI, — =BSI—~I, — =~I
Kermack-McKendric model d_[ 10
—_— = —1] ~
TSR
peakiout
3x5=15 <1 |
‘I' ‘I' ‘I!i\\i'ch jb?%%f (l)
O O O O O ®rz= ()
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Models in Biology and Geometry Driven by the Boltzmann-Poisson Equation

Rascle’s Smolchowski-ODE quation 1978 Full system of chemotaxis (Keller-Segel 1970)

« eur = V- (Vu — uVo)
ug =V - (Vu —uVv) w=0 1
@_u@ 0 T’l)t—,uAU:u—|Q| Qu in Q x (0,7)
ov o | 5q -
1 %—u@:@— on 02 x (0,7T)
Vs — U — /u Ov ou  Ov
t
€2 Jo
e=0 7=0
simplified system of chemotaxis
Nonlocal ODE equation

Smoluchowski-Poisson equation (Jager-Luckhaus 1992)

i} . ug =V - (Vu—uVo)
(&
= _— in T
o A(er” IQI> tn € x(0,7) Av=u—= [ in Q x (0,7)
2 Jo
R ou ov  Ov

Hamilton’s normalized Ricci flow 1988
Nonlocal parabolic equation (Wolansky 1997)

1
@ Uu in 2 x (O,T)
Q

o 1 u; = Alogu —
=Av+ A —
o v (erv |Q|)

diffusion
chemotaxis
reaction



Statistic Ensemble and Non-equilibrium Thermodynamics

system consistency dynamics ensemble
isolated energy entropy micro-canonical
closed temperature Helmholtz free energy canonical
open pressure Gibbs free energy grand-canonical
particle density duality field potential v =(— Lu = / G )daf:
Smoluchowski Poisson symmetry
uy = V- (Vu — uVv)
ou O —Av =u, v|yq =0
— —u—| =0
ov oV | 5q
Hohenberg
Helmholtzfeeenergy A =U —-TS Model (B) equation 5
1 — . — —
Fu) = / u(logu —1) — 2 (—A) " Lu, u) up = Vu - VoF(u), --0F(u) . 0
Q total mass conservation, free energy decreasing closed system
6F(u) =logu — (—A) 1u d df

2
) p— -_— <
7 e=0 /Qu|V(5.7—"( )12 <0



Field-Particle Duality

X Banach space /R

F: X — (—o0, 4]

)

prop. c'x, Isc

FVI< . X* — <—OO,—|—OO] prop. c'x, Isc

F* (p) = Sup {<$,p> — F(.QZ‘)} Legendre transformation
reX

Proposition (Fenchel-Moreau) F** — F

F**(ﬂf) — Sup {<£E,p> — F* (p)} second Legendre transformation
peX™

F, G : X — (—OO, —I—OO] prop. c'x, Isc
J(z) = G(z) — F(x)
J*(p) = F*(p) — G (p)
L(:L‘jp) — F* (p) + G(ﬂf) _ <x’p> Lagrangian

field variation

free energy

Proposition (Toland)

unfolding-minimality

inf L=infJ=infJ"
XX X* X X

1
G(v) = 5 Vol v e HY(®)

F(v) = )\log/ e’ — Alog\ — 1)
Q

1
Lu,o) = [ wllogu—1) + 3IVel - (o,

u>0, ||ulli =X veH,

model B — model A equation

ur =V - uly(u,v), 7vp = —Ly(u,v)
0
parabolic-parabolic U_Lu(u7 'U), v — O
system of chemotaxis ay 90
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. .2 2
Smoluchowski u: = V - (Vu — uVo) Scaling | uu(z,t) = p u(pz, pt), p >0
@ _ ’U,@ — O U“(ﬂf) = IVLZ’U,(/JJCU), L > 0 stationray
8y aV oS critical dimension ||'U/||1 — ||u'u,H]_ — )\ & n= 2
Poi —Av = u, v — () actionlin distance 1 1 1
omeen o t t F(u) = / u(logu — 1)—=(I'x u,u), I'(x) = — log —
Sire-Chavanis 02 R?2 2 27T |ZC|
)\2
.F(’U,'u) = (2)\ — 4—> lOgM -+ ,F(’U,) )\ — K97 critical mass
s

Stationa ry State thermally closed system (canonical ensemble)

total mass conservation / u = )\7 Uu > O 5F(u>
Q

d
free energy decreasing —F('UJ) — _/ u!V logu o ,U)IQ S 0
dt ) Boltzmann-Poisson equation
e’ eV
stationary — u = Boltzmann =) —A’U = =, ’U|aQ o O
Jo evdz Jo €

Trudinger-Moser inequality
1
Jy(v) = §HV’UH% — )\log/ e’ + A(log A —1)
Q
Vv E H& (Q) <“—> J field variational

Toland duality

F(u) = Lu(logu —1) — %((—A)_lu,m —

u 2 O, H'LLHl — A\ <« J* free energy



Nonlinear Spectral Mechanics

1
—Av=u— —

Q[ Ja

ur =V - (Vu —uVo),

ou ov Ov
e =0 =0
(81/ u@v 81/) ’ /Qv
Q = D potential of self-organization

Jager-Luckhaus

elliptic theory

Senba-S. 00

-y 8
N

singular limit (ordered structure)

e ov
—Av =\ ( — ) : / v=0, —
— |luls Jaew 1) Ja P

up to O( ) symmetry

Theorem A

n=2 1T ="ThH.,x <400
critical dimension
u(z,t)de — Z m(zg)dz, (dx) + f(x)dx

ToES

critical mass

8w, x¢ € €]
m(aa) € m. ()N, ma(a0) ={ 70 20 €5

0< f=f(z)e L' QNCEOQ\S)

quantized blowup mechanism

existence of the boundary blowup

blowup in finite and infinite time

stationary state
v 1

=0

nonlinear eigenvalue problem with nonlocal term

closed system in thermodynamics




P 0 | N t VO rtl ces canonical statistics (thermal equilibrium)

equilibrium statistical mechanics

64
Euler’s equation of motion R /{T}7 6 — 1/(kT) inverse temperature
e_BHdZE Boltzmann constant
v+ (v-V)v=-Vp, V.o =0, v-v|y,=0 duPt =  Z(B g):/ e~ BH g
canonical measure (/8’ N) weight factor R6*

1
D w=V"v = w+V-(ow)=0, V-v=0
V= v ¢ stream function (simply-connected) equal a priori probability to k point reduced pdf of the micro-canonical measure

single intensity o; = O/\g, O/}E = ]_’ HE = H, @266 = B
4
Wt + V- (Cdv 'Qb) — O, —A’w = W vorticity equation 14 T —|—OOJ propagation of chaos

boundary condition =~ = w’aﬂ — O

Joyce-Montgomery 73 Y A vorticity (limit of the one-point pdf)
£ intensity Pointin-Ludgren 76 p fQ e_ﬁw
. E : ; Caglioti-Lions-Marchoro-Pulvirenti 92
w (d.fU, t) — alaxz (t) (dx) point vortex system Kiessling 93 / / /
=1 ¢ = G(7 €T )p([lj’ )d,fC stream function
Q
weak form dLUZ L negative inverse temperature
local second moment P.V. === | Kirchhoff equation — Vm _ Hg
dt ‘ , .
A\ = _6 Boltzmann-Poisson equation
point vortex Hamiltonian ¢ 2 Green function [ *
Z £ & ) p— p—
Hy(zy,...,x E — R( Jij) + E OéiijG(CUi,CUj)J_ Av = u, U‘&Q 0
=1 1<i<j<¥

)\ v
1 U = L, A= ||u|
Robin function R([Ij)

G(x,2") + —log |x — 2’|
2T

' =x

Jo evdx 1




Boltzmann Poisson Equation Theorem B (Nagasaki-S. 90) {()\k, Uk)} solution sequence

5 )\k — )\() - [O, OO), ||Uk||oo — OO —_— >\O — 87¢  quantized blowup mechanism
Q C R bounded domain 39 smooth blowup set

CAp — f)\evv . Q, ’U|89 —0 sub-sequence S C Q, hS =/ S = {ZCO € ﬁ ‘ Elfljk; — Xy, Uk(«ka) — —|_OO}
Qe

V. — Vo locally uniformly in ﬁ \ S UQ(J?) — 87T Z G(x7 CC())
ToES
vaszE(m;axz) :O7 1 S’L SK recursive hierarchy S = {gj;(,7;[j>;}

ordered structure

G = G(x7;[j/) Green function
1
Hg(xl, e ,:13@) = 5 E R(xz) + E G(;UZ,;UJ) Hamiltonian

order structure in negative temperature 1<J
1
L. Onsager 49 R(Q?) — [G(a’;’ aj/) + 2— log ‘aj — 3’;/‘ Robin function
n r=x’'
bifurcation of the singular limit symmetry breaking - imperfect bifurcation ‘
|
. _\\Lj |
‘ - o (_( \ Theorem C (S 92) (Q simply—connected)
N O S A |
s | O < )\ < 87T E— Ell solution
D -
L"// //— = - Mizoguchi-S. 1997 4
‘ == propagation of chaos (Caglioti-Lions-Marchiro-Privlenti 92, 95) 2




Liouville |ntegra| Q simply-connected === F(Z) single-valued

round sphere

—A’U = O’@v n Q C R2 conformal
F:Q— 52 22 :(_) S2 4%, 82| ==
— JF = F(Z), z & Q meromorphic R2 - C — dS 50 8 ( ) | |
1/2 ad dX o\1/2
p(F) — (%) e’U/Q — #LFHQ spherical derivative /89 Eds — ‘8Q| (g) immersed length of F(@Q)

s\’ 1 1
— d = — F2d — = Uimmerse area o
[(5) do=g [ orrae=¢ [ 06 o pi)

—Av = oge’, v|gn =0

— p(F)|pq = (%)1/2

)\:/Je”—>87T€
Q

total mass quantization due to

Proof of Theorem B

Liouville integral .
Boundary reflection e covering
Elliptic regularity

4. Complex function theory

4.1. maximum principle

4.2. Montel’s theorem

4.3. theorem of coincidence

4.4. residue analysis




Blowup analysis

vi—v+logA, AL0
Q C R2 open set V - C(ﬁ) variable coefficients without boundary condition

—Av =V (z)e’, 0 <V(x) <bin (, /
Q

e’ < (C

bounded sequence

Theorem (Brezis-Merle 91)

{(Vkavk>} solution sequence === alternatives for sub-solutions

1. {Ulc} locally uniformly bounded in Q

2. S C Q, 1S < 4+

V. — —OQ locally uniformly in ) \ S

S ={x9 € Q| Jxr — 0, vp(xR) > +00}

S ®

Vi(x)e dx — Z m(zg)dz, (dx) in M() X

T0€S m(xg) > 4 @

collision of bubbles
Q + residual vanishing

3. Vi —» — OO locally uniformly in

?

compact sequence sup+inf inequality

Theorem (Li-Shafrir 94)
Vk; —V locally uniformly in Q —

m(xg) € 8TIN

Lemma (Brezis-Merle)

4 2
< %(diam Q)

™ Jree (T o)

Uk (1) = vg(okT + T0) + 210g 0,

Lemma (Chen-Li 91)

scaling

Liouville property

—Av = ¢’ in R?, /

R2

e’ < +00

81
— v(x) = log 5
(1+ p?lz —x0[?)

Lemma (localization) B = B(0, R)

—Avy, = Vi (z)e’, Vi(x) > 0in B

Vi — V unif. in E, max v — +00
B

max v — —oo, Vr € (0, R)

B\ B,

lim/ Vke”"’:a,/e”k <C
k JB B

—A’U:f, v|8§2 =0

2



1. non-radial bifurcation on annulus 17. Refined asymptotics (Chen-Lin 02)
(SS. Lin 89 Nagasaki-S. 90b)

18. Topological degree (Li 99 Chen-Lin 03 Malchiodi 08)

2. Effective bound of blowup points for simply-connected domains (S.-

Nagasaki 89 Grossi-F. Takahashi 10) 19. Asymptotic nondegeneracy (Gladiali-Grossi 04 Grossi-Ohtsuka-S.
11 Sato-S. 18)

3. Classification of singular limits (Nagasaki-S. 90a S. 22)

20. Isometric profile (Lin-Lucia 06)

~

. Spherical mean value theorem (S. 90)

21. Deformation lemma (Lucia 07)
5. Localization (Brezis-Merle 91)

22. Morse index (Gladiali-Grossi 09 Sato-S. 23)
6. Entire solution (W. Chen-C. Li 91)

7. sup+inf inequality (Sharfir 92)
Springer Asia Pacific Mathematics Series § " SpringerAsia Pacific Mathematics Series 8
8 . F|e | d - pa rt| C | e d ua | |ty (WO | ans k| 9 2) fi:::\:iSILIL;';ITheowin Linearand Nonlinear Partial Differential ;
Equations
9. Uniqueness (S. 92, Bartolucci-C.S. Lin 15) e e
e
on lnesr and nonlinear partial differentisl equations. cmm":—gﬁmmgm have i ’
b mel wor e e Gt i s i Takashi Suzuki
10. Singular perturbation (Weston 78 S. 93 Baraket-Pacard 98 Esposito-Grossi- ol i e, B, e i

which taken together may be called the patential for self-organization.
Pistoia 05 del Pino-Kowarzyk-Musso 05)

Liouville’s Theory
in Linearand
Nonlinear Partial
Differential
Equations

11. Blowup analysis (Li-Shafrir 94)
12. Chern-Simons theory (Tarantello 96)

13. Global bifurcation (Nagasaki-S. 89 Mizoguchi-S. 97 Senba-S. 00 Chang-
Chen-Lin 03 Bartolucci-Jevnikar-Lee-Yang 18)

pue Jeaul ul A10a1] s3[jiAnor

14. Mini-max solution (Struwe-Tarantello 98 Ding-Jost-Li-Wang 99)

ssssssssssssssssss

9 ‘!I?EIS‘“S"?Y‘!H
b bz

suonjenby |eijualaiq |e1eg Jeautjuo)

15. Local uniform estimate (Y.Y. Li 99) €\ Springer

16. Variable coefficient (Ma-Wei 01)



|SOperimetriC |nequa|ity Q C R2 simply-connected bounded domain aQ smooth

p=p@) >0, —Algp<pin® A= [p  H(Q)=H(©QeR
Q
N < ap S vy = inf /|v¢|2|¢eH5<Q>,/p¢2=1 .1
Q 9

A < 87 = vo = int /|V¢|2|¢EH§(Q),/1)¢2: ,/quz >1 = TheoremC
Q Q Q

DE GRUYTER Bol’s inequality

akashi Suzuki 3
SEMILINEAR S* = {lz| = 1]z = (z1,22,23) € R”}

cELAIs_snlc_m!EI«ImCmNEgngTIONS 6(8&})2 2 m(w>(4ﬂ' — m(W)) isoperimetric inequality

w C S?

BnINg nsoyoy

)
m
=
=
Zz
m
>
o
m
=
=
v
=
I
m
]
c
S
[*]
Zz
n

new rearrangement

SERIES IN NONLINEAR ;
ANALYSIS AND APPLICATIONS 35 Laplace-Beltrami operator

associated Legendre equation

c.f. Bartolucchi-Lin 14



¢ 2
Multi-Intensity Model | Hy,(z1, ..., z0) = Zl 7}{(%
1. Stochastic Case (Neri 04)
relative intfnsity
1 species oy = (/)\4 ’y — |d| & [—1, 1] — [
is a random variable subject to the probability density P
Ap — 3 [; ae®’ P(da) | 0
—_ v = . v p—
[, [, e*? P(da)” 9%

I(0) = 319013 = Ao [ ([ ) Plda)

Euler-Lagrange equation

4log

|z]
singular limit @

single intensity P — 51

blowup analysis

asymptotic non-degeneracy,
Morse index calculation

3. deformation theory, topological
degree calculation

N —

v X:87T

rdered structure

1<i<j<t

2. Deterministic Case (Onsager’s note, Sawada-S. 08)

T species Tie particles take the intensity ’VZCAY = O 1 S 1 S n

0<mi<l, —1<% <1 ) =1
P — Z Ti5’)’z’ discrete probability meaSL;Lre
7

can be continuously distributed

aea'l)
—Av=\ | ——P(da), v|50 =0
| Plde), vl
1
wa:»wvm@—A/ig(/ew)wa
2 I @)

v e Hi (D)

Trudinger-Moser inequality J) = iIllf Jy > —0o0
H

extremal value )\ = sup{A | ja ; —o0}

jx > —OQ &notattained == the firstorder structure 3




Extremal Boundedness P(dc) probability measure on [—1, 1] Ix = llflllf I\ A =sup{A | jr > —oo}

0

Q) closed Riemann surface £ = {v € H*(Q) | / v=0}
Q

deterministic case (continued)

stochastic case

]_ 9 Theorem F P discrete probability measure — ]X > —0
Ja(v) = §HV’UH2 — )\log/ </Q eo“’) P(da)

I S.-Toyota, in preparation

Ricciardi-Zeccal?
S.-Zhang 13 _ Theorem G continuous probability measure
1 € supp P(da) © A=8m, gy > o P=7P.+7 P ,717>0, 7o +7 =1
— Py =74 Py + 7o Pox, Tix >0, Tix + 724 =0
deterministic case 4 1
s
1 5 oo O<042:|:<_ ,—<041:|:§1
@) = 51703 = A [ (10 [ ) P(da) N, lolP(da)’ 2
I Q
e st — X
Theorem E ..
: Ricciardi-S. 14 \ 1 -1/2 0 1/2 1
~ 87TP(K:|: < > | «— | «—> | «—>

A = inf {

) Q‘Ki C I Nsupp P ;

\ (fKi ozP(doz))

/

The same result for bounded domains




Results S?={z=(z1,20,23) R’ | |z| =1}, D={z=(xr=(z1,22) € R?||z| < 1}

P — ZTi5’YW T3 > O, ZTZ' = 1, O < Y1 < e K Yn = 1 discrete (for simplicity) supp P C ]_|_ = [O, 1]

=1 )

stochastic intensity (Neri) deterministic intensity (Sawada-S.)

“Av = A (f{ffze::g?;oz) B é) | /Q” ~0 —Av = )\/I+ a (I;’C;m _ |§12|> P(da), /Qv ~0

_ 8
Q=5 ,>9 A< A =81 == p=0 == A<\, = P =0,
"= B f1+O‘P(dO‘) A< A =87
Q — D c.f. C.S. Lin 00a
[; ae*’P(da) ae™”
CAp = )\ —0 —Av =\ —P(da), v|gn =0
’ fI+ Joe*P(da)’ Vlao Iy Jae
_ < U
A>A=81 = Av e= A>)\= 5
(fI ozP(doz))
R . \/— Ricciardi-Takahashi 19
Remark| A >\ P=7101+(1-7)0y N=J &= ~> T 0<T1,v<l1
LV s

K+ — I+ n 2 3’ 71 > 5 )\ — )\ radial symmetry (GNN)+transformation



Bifurcation Diagram O=D P = ZTZ'(S%" 7 > 0, ZT@' =1, 0< Y < <Yy =
i—1 P
Neri Sawada-S.
av ae™’
J1, e P(da) —Av =) P(da), v]yg =0

—Av =\ 0

, Vg =
f1+ Jo e** P(da) o0

non-existence
v <« »

singular limit
X TM not attained

global minimizer

>|

= 8T

any solution is radially symmetric
Gidas-Ni-Nirenberg 79

global minimizer

singular limit
TM not attained

non-existence

UL
A
p open
A\ = inf < S P(K+) 5
\ (fK+ aP(da)
8T

~"




0 =62 PZZTZ'(S%';T@>O,ZTi=1,0<’71<”'<’yn=1

=1 )

Neri Sawada-S.

AUA<I{TE€::£D<$$>7 [v-0  aw=) /a( fsz;_|é|>p<da>, [o=0

linearized operator at v=20 on E={vecH Q)] / v =0}
Q

A A

Lo=—-A— " [ o?P(da) Lo=-A——— | aP(da)
QI Jr, 2 Ja
spectrum of the Laplace-Beltrami operator on S2
p1(=A) =1, ¢g = constant  p2(—=A) =2, ¢; =4, i =1,2,3 Qf = 4
. y s N
bifurcation from odd multiplicity =~ === )\* = fI+ ()ZQP(CZO[) * fQ OzP(dOé) first bifurcation point from the branch of trivial solutions




n

Q=5 P=S"mb, >0, S m=1,0<yn< <=1 n>2
1=1 7

Neri | Sawada-S.
aeavp(da) 1 eow 1
—A'U:)\ I+ — 7/’(}:0 —AU:A/@( — )P(d@),/U:O
<f1+ Jq e*P(de) Q) Q I Joer 19 Q

(%

S
>|
|
>

triviality
B —

mountain pass solutions )\

Ncca 16
8T J/
—_ il A* —
A = 8 A f[+ ?P(da)
™ ary 8
\ o
ko 2 riviali
fI+ a? P(da) triviality

singular limit

%
/\ =
>—|

>|

global minimizer

if TM not attained

up to O (3) symmetry




Isoperimetric Inequality of PSS Type

t
Payne-Sperb-Stakgold 77 f p— f(t) Z O real analytic F(t) — / f(t)dt
0

2
L 1] —Av=f(v)in QCcR? v,n=0 — T
emma f(v) in 0 C 0 ( / f('v)> > s [ FO)

ov
Proof | m(t) = |w|, E(t Fv), we = {v >t} E(zf)z/ —Av = — = =/ Vo)
Wy v>t v=t 8V =

eaf0ju|a f(v) / ope mj nequality
[ e =g [ [ 9z e 2 P ame

a formula

— 5(Qf(v>)22—47T/OOOF(> (>dot—47T/QF(v> L]

ohozaev identi afl} 2 star-shaped 1 6’0
Remark AF (v :/ (—) x-v) > ( ) (/f )
() 50 \ OV (@-v) Joq(x-v)~t \ov faQ x-U)

e oz (o) e




Theorem1| p — ZTM,TZ>0 Zfz—l O<m < <yp=1,n>1
1=1

Q=D —-Av=)A\ aeo‘:v P(da), vjgo=0 =— A< A= 5m 5
1, Joe (fl+ aP(da))
2 Bat eat -1
— F(t) = P(d
Proof (/Q f(v)) 87T/QF(U) fit)=AX L T ~P(da) > 0 () 1 Jo e (dav)

= v fQ |Q| o) — B 1 N
Lf(v)—A[_+aP(da) /QF( ) = L fﬂeo“’ P(d )—A/I+ <1 éero‘”>P(d )< A

: v=uv(x)>0
— A / aP(da) | < 8 A < \
Iy




0 — §2 f=f() >0, teR real-analytic fi f" € L' (=00,0)

Bol’s inequality

U L %(/f ) zan [ rwe g [TLED [ s o) mewm

/v:O — = |we|, wy =4{v >t}
Q
v=uv(x) #0 F(t) = / f(t)dt
Sawada-S. functional ot i
e
Corollary | f(t) = —P(da) P = ZTZ vy Ti >0, ZTZ =1,
Iy fQ € =1

Remark

O< < <y=1

Theorem 2

n > 2 =— contradiction

A<\, — Alo) >0, ael;

]

Ala) =0— n=1, A=A\ =8m, a=1

— v =0

uniqueness open A(OJ) — 87T — )\Oé/ OéP(dOé) Z O

Iy

11




Proof of Corollary

aeat
) =2 ”
Iy fﬁe

6ozt
=\ P(da)
I, fQ eQ

A</1+04P(da >2>8ﬂ+_/ {

A<\, — A(a):87r—)\a/ aP(da) >0
< n

1
/I+ A(a)P(da) < o

[

aeat

I. fQ eQv

f af /I+

/ A(a)P(da) = 81 — A

Iy

A(a)P(da)} m?(t)dt

8}

1 6ozt )
da) — 3r /1_+ ozfQ e P(da)} m=(t)dt

S—/I+QA( a)P(da)

( [ am@f

da/f
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v 1
Remark () = SQ, n=1 —Av =\ ( c ~ — ) : / v=20 topological degree calculation
Jbe €2 Q

C.C. Chen-C.S. Lin 03 Malchiodi 08

total degree
(Leray-Schauder)

v triviality open singular limit d>\ _ ( k —]i((Q) >

j\ 8tk < A < 8m(k+1)

Euler characteristics

A x(2) =2 —29(Q)

87 167 24

«—
triviality

genus

boundedness
C.S. Lin 00b S

+——>

at least two radial solutions

triviality of radial solution

87‘(‘ = Each level setis a ball in SQ

up to 0(3) symmetry



From Quasi-stationary to Stationary | u; + 8V - (uV=v) = V- (Vu — uVo) in Q x (0,7T)

Euler-Smoluchowski-Poisson equation au 87} a'U
(5 +657)

— —u 5. 8920, ul,_g = up(x) >0

Y —Av =u, vy =0

factorization (propagation of chaos) N

Hamilton system of many particles with inner interaction of long range

Staniscia-Chavanis-Ninno-Fanelli 09

Pn(z1,@2, -+, 2N, 1) = le(xiat)
i=1

0.45 . . - . .
state of the system . equilibrium (stationary) h/l\gh energy limit
0 - Pl BNa? =8, aN =1, w=P;
035 /’f aw
e | Fn + V- Vw =vV - (Vw + fawVi)
0.25 - ' L . —
= : —Ay = w, ¢|aﬂ =0 b A
g2 - o ; ; / y negative inverse temperature
0.15 i / :f / i recursive hierarchy? Har L S A
0.1 ‘ R A B
0.05 i o )(\u‘“ ) ‘"ﬁfh _
. ) VAR AN time
0 L VR | 1 TR 1 pre ] . | . o] . e
10° 10" 102 10® 10* 10°  10°
initial -
quasi-equilibrium %
relaxation (stationary) relaxation

Chavanis 08 relaxation to the equilibrium in the point vortices, kinetic equation + maximum entropy production
c.f. Sire-Chavanis 02 motion of the mean field of many self-gravitating Brownian particles, BBGKY hierarchy + factorization

Kyoto 2011. 8. 28-31



Mathematical Analysis

) ¢ R? bounded domain, 9 smooth

wg + AV - (uVrv) = V- (Vu — uVo) in Q x (0,T)
ou Ov Ov

- —u(4- +BE) .

5 5 =0, u|,g =1uo(x) >0

—Av=1u, vlyg=0

Hamiltonian control of sub-collapse dynamics

Theorem H T < —|—C)Q === formation of collapse

u(x,t)dr — Z m(x)dz, (dz) + f(z)dx
ToES
m (gjo) E 87‘(‘N collapse mass quantization possibly with sub-collapse collision

blowup set

S={z9€ Q| 3z — o, t T T, u(xy,tr) — +oo}

8 C Q exclusion of boundary blowup ﬂS < —I—OO finiteness of blowup points

0 < f = f(fl?) < Ll(Q) M O(ﬁ \ 8) regular part

backward self-similar transformation

weak limit

2(y, 8+ sk)dy — 3¢(dy, s) in Cy(—o00, +00; M(R?))

ro € QNS
y=(x—xz0)/(T —1t)"2, s =—log(T —t)
2(y,s) = (T — t)u(x,t)
Sk T +oo

subsequence

parabolic envelope

m(zo) = ((R?s)  (|y*,¢(dy,s)) < C

scaling back
dy,s) =e SAldy’.s"), y =e /%y, & = —¢*
¢(dy, s) y Y Y

Y/ sub-collapse

formation of sub-collapses A(dy,7 S/) — Z 87T6y; (3/) (dy/)

residual vanishing

j=1



Sub-collapse dynamics

14
— Z 87T5y; (s") (d’y/)

j=1

A(dy', s")

simple blowup point

(=1 = A(dy',s") = 8mwdy(dy’)

1 1
recursive hierarchy (> 2 L(y') = o log /|
dyj J_H 7Y — 'HO ! /
ds’ + 81BV; cWs o ye) = 8TV H (W, )

v// recursive hierarchy under scaling
4 7'( 0

}4%. HY(h v = Y Ty — i)

1<<k<t

Remark collision of sub-collapses
' (s = IN1/2 (L log(—s")+c
f—o s y(s) = —2(—s') /25 lor(=5)t0)

c.f. blowup rate Herero-Velazquez 96, Mizoguchi 20, Collot-Ghoul-Masmoudi-Nguyen 22

2-intensity model

Chavanis 08
8“1 L
EJrﬁV-ulV v=Au; — V- -uVu
0
% — BV - usV=Eto = Aug + V- us Vo

ouq ov Ov B
R (5*%) =0

% (22| -

ov ov ot

—Av =u; —u2, vl =0
(u,v)];=9 = (uo(), vo(z)) >0

: tized blowup mechanism
Stationary state | *"
y Ohtsuka-S. 06, Jost-Wang-Ye-Zhou 08 quotenion

A e? Aoe Y
1 2

—Av = — ————, V|y =0
Ja€”  Joe™" o




Summary

1.

Thermodynamical background of the Boltzmann-
Poisson equation is described in contrast with the
mathematical modeling of biological events.

Order structure of many point vortices is analyzed
through the Boltzmann-Poisson equation.

Two categories are formulated in accordance with the
distribution of intensities; stochastic (Neri) and
deterministic (Sawada-S.).

Unigueness and non-existence of the solution are
shown for the associated mean field equation on
sphere and disc.

The proof relies on the isoperimetric inequality of
Payne-Sperb-Stakgold type that on sphere is new.

Combined with the existence of the solution obtained
by the variational method, emergence of ordered
structure is observed at the first level of negative
temperature formulated by the Trudinger-Moser
inequality.
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and

In zpits of 3 huge number of nsights derived from 3 variety of sientifc
i fons and

that ensura thess succzsses araciscovered very recently.

8y} Ul Aljewicen) Jo spouieiy

derivect from interactions of multple species, which is described by the
Ianguage of geometry, in particular, hat of global analysis.
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