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RKEBNSA—FHED IRV LT T [ERE

Form=1, 2, ..., the mith member (P,)m (cf. Kudryashov)

n_lazzvj’ j:1’2""7m’
(Pl)m
_1de .
E:Z(uj+1+u1uj+wj), =12 ...,m,

wj = > Z UkUj1-k + Z UkWij_k — > Z VKVj—k + Cj + djmt.
k=1 k=1 k=1
Z I T, cj lFEH, Une1 = 0.

a5
fm=1 (P)1 < (P) W=77(6/1 +1)
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RKEBNRSA—FHEDIVEINRVILYT TERE

Form=1, 2, ..., the mith member (Pyy)m (cf. Gordoa-Joshi-Pickering)

de

nig = -2 vy up) + 200, j=12.m
(Plv)m _1CFVJ' _, | | | | -
Mgy = 20U + Ve + W) — 26V, =12 ....,m
with
(i~ a1)* - 03

1.
Unir = (i + @1+ 577 7y), Vil = —Wm — ytva — .
-1 (tur + a1 o'l Y) m+1 m = Y1 2(Um — Yt — Cm)

Here y(# 0), a1, a2, ¢} EH,

j-1 i 1 j-1 -1
Wj = Z Uj—kWk + Z Uj—k+1Vk + E Z Vj—kVk — Z Cj—kWk-
k=1 k=1 k=1 k=1
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KEZER/INT A —4 %% D Noumi-Yamada system N Yo,

71de
Mg = UilUjs1 — U2 + oo = Ujeom) + @
j=0,1,...,2m, «; are formal power series of 7~ with coefficients

satisfying
a/0+a/1+---+a/2m:77_1

Here uj may be assumed to satisfy the following normalization condition
Up+ Ui+ -+ +Uym=t.

and Uj+2m+1 = Uj.
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_f(u v), j=12...,m

(+) ddvj

- a0 =gjuv), j=1,2,....m
uj, Vj (j=212...,m) Bt OXRFEHE. fj, gj =8 uj, Vj D% IEL.

0X ot
A, B: square matrix, ¢ = (X, t): unknown vector

Lax pair (i — nA)a,l/ 0, (2 - nB);b 0

, oA B
P-d oY= —
FILRME - +n(AB-BA) =

LRGN (+) ERTZRZEEXS.
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(P3)m (3=1,11,34,1V), Noumi-Yamada system D R b — 7 & D EHE

(%)1 (a% = nA)w =0, (*)2 (% - UB)lﬁ -0

18

[T.Kawai-T.Koike-Y.Nishikawa-Y.Takei] and [Y.Takei] proved

Factl t=7' B 1BEDLYRET S. ZOK
t =1 T, (x)1 @ adouble tps X = bj(t) & a simple tps
x=a(t) RO 5.

Fact2 t=7' 2B 2BEDLYRET S, ZDBF
t=17"" T, (x)1 @ two double tps x = bj(t), x = by (t) H*&D
b,

Fact3 t AFERRFD R b — 2 2R EICH 2 B,
()L DZD2DEDLY AHNR b—7 RMIRTHEIEN .
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#ﬁ%ﬁ%ﬁﬁﬁﬁ@&%&%ﬁ@@%mm«wmnn
——f(uv) =12 ...,m,
NODE(x) éb
n dt—g,(u v), j=12,...,m
FRIA—GE ui(t) = Z 0O, Vi) =) k()
k=0 k=0
uj =l':lj,o+AUj, Vj =\A/j,o+AVj

(au, av) ICE L TRIZER 2

d( au _ AU s
a( A\,)—77C(t, 77)( AV)’ AU= (AU, ..., AUm)

C(t, ) = Co(t) + n~*Ca(t) + 77 2Ca(t) + - --

det(AE — Co(t)) = 0 DHIFIKX DT R %, (x) DEDL Y mEWD.,
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A4, 1) = det(AE - Co(t)) & & <. E = Eom, A(4, t) B¥ 1 DIBEE DR,
A1, 1) = 04 vi(t) = —v_i(t) 22 B mrpairs(vi(t), v_i(t)) DiR%E D,

() WiEFE1EEDY R o Jist v =vatty.

(i) oidFE2BEDY R o di#djstvi=vjorvi=v_jatt.
NODE OZEbH Y s t« B HIRET 5 X b— 0 BRI,

Im Lt(vk(s) -y (9)ds=0

ZZT, ), ve) IEt=t" T—HT 2 Co DD DR,
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Lax pair {81 Stokes A DEZ

(L) (% - nA) WO.H=0 (L) (% - nB) (6. =0

SO (5555 —58) % (L) & (Li)n ORBICKAT S
(L|) aﬁew = ﬂAlﬂ, A= A(e’ t; 77) = AO(Q’ t) + 77_1A1(9, t) +-,
(L)) =By, B=BO.6 1) =Bol6, 0+ Buls, )+

Ao DFEFESTER det(1E — Ag(6, 1)) DHIBIRDFR% (L) DEDYRE
IR,
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(P3)m (3=1,11, 34, 1V), Noumi-Yamada system D R k — 7 2 #&a D H B #&:&

()1 (aﬁx—nA)wo, (9o (%—ne)wo J

[KKNT] and [T] proved

Factl t=7' 2B 1BEDLYRET S. ZOH
t =17 T, (x)1 @ adouble tps x = bj(t) & a simple tps
X =a(t) BRDOMN 5.

Fact2 t=7! ZH2@BEDLYRET 5. ZO
t=17"" T, (x)1 @ two double tps x = bj(t), x = by (t) H*&D
nNa.

Fact3 t IR D R b — 0 2R EICH B B,
()L DZD2DEDLY EHNR M—7 AMIRTHEIEN .

NODE DR b —7 ZB#R EDOMAIT, SHIET % (x) DA b—2 ABHIRDF
IO ZET B EEERTD. CORILIRKREE/ NOI—RELEH =T
FA L, NODE @ Stokes Bi#R_E® Stokes IR % s2ah 3 3
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FRITDREIL, NFET 2 ARRDOFE

d’a
P) ——
(P) iz

HREB (BN A—=98): A0, n) = A0(t) + 77 122(t) + 57722(t) + - - .

= n(64% +1)

2

(S1) (—‘9— S PQ . n)) Y%t 1) =

OX2
o 3 oy }BA
(DF) ot = A(X, t, /1) ax 2ax( Lt Ay
- 0Q aQ ,0°A
M- - - -
[[opvE G 6X Q e

(P)IESLDE/ NOI—REEFZRLIRYT 5 HER
ML T. Kawai and Y. Takei, Algebraic Analysis of Singular Perturbation
Theory, Amer. Math. Soc., 2005 (FFEEEDIEERT, FIK 1998)

HBHEEF (LOXE) Lax pair & DIRHARADTE WKB fEHT



(P) DBE

BB (BN A—98): A0, n) = A0(t) + p220) + - - .
@ BNRFIA—IBDERLIVER A g(t, y) ldy=mg(t) (me Z),
o(t) = [ VIZodt DR OBREDHRME .

IE L < Stokes R %Y 5781,
EFENDZIHRBOIBETHS.

At @, ) = dot) + 1772 ( Fa ()€ + By (t)e )

+ 177 (P F2()EO + apfo(t) + B2 Fa(t)e 270) + - .

ZZT,a,fIEBEBRNTXA—4, f,t) 13H 2EH.
@ v=0FLIEB=00D, 1-/XSA—9@%155.
@ a=B=008, FNITA—FEIZ—HK
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BRIV T ARRDEE
@ 0/X5 X —4f#:
ui) = > apk®, Vi) = D k@, j=1....m
k=0 k=0

@ 1 VARY VN

uj(t, B) = 0jo(t) + Z 77_% uj, k,p(t)ep'TJ ,

ki1 [peZm, Iple(k k-2, k-4, ...}

- _k
Vit B) = Gjot) + > 1t [
k=1 pez™, |plefk, k=2, k-4, ...}

Vi k. p(t)ep'T] ,

e t=(11,..., Tm)

o (u V) IE2mEDBEB/NZIX—% B, ..., B By ---» By) ZBT:

00

_1 - — _1 - -
Bi=nt )y Brart  B=nt ) B
k=0 k=0
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QL AVARY YV MNIRIZFEDE S ICHERTDDHN?

()1 (% - nA)w @ (@ (% _ ,,B)¢ _o J

(Pa)m (3=1,11,34,1V), Noumi-Yamada system

Factl t=7' #5F 1BEDY HETD. OB
t=17' T, (x), D adouble tps X = bj(t) & a simple tps
x=a(t) "R DMN 3.

Fact2 t=7' #H2@BEDLYRET 5. ZOB
t=17"" T, (x)1 @ two double tps x = bj(t), x = by (t) H*XD
b,

Fact3 t AFERRFZD R b — 2 2R EICH 2 B,
()1 DZDODEDLY AR N—0 AR THEIENS.

Q2: LOEEM Facts & (x) DL 28T v U ART 6 DIE#RF ODE I
L T—RRBGICR YL DDA ? J
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Multiple-scale analysis % Fi L N2 WAL
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instanton-type formal solutions of Hamiltonian systems, Publ. RIMS, Kyoto
Univ. 34 (1998)601-627

H#BHEEF (LOXE) Lax pair & DIHRHARADTE WKB fEHT



AR QLQ2 EER
U Vk (K=1, ..., m): t ORFEEL, 0: IMITEH,

=) 00 m
U@ = ), ué. V() = > we, CO) = ) o
k=1 k=1 k=1

with fEE D Un+1, Vmr1 € O(t)[ug,

ooy Uny V1, ..., Vi)

d( Us f o, b el 0
-17 = 1 _ au
il vo )= Jxa-v+(3 0 )( 8 ) g )

HU, V) REEOEREHR p Z2HREBUCED UV DFIE:

H(U, V) = (p1U? + p2V2)0 + psUV + paCU + psCV + psU + p7V + psC + Po

fl =(o+ C{10 arF qmem ar qm+19m+1’ f7_ =1Ip+ ri0 + rmem ar I'm+10m+l.

ZZTA=BIl% A-B=0modulo ™2,

BHBF (LOKXF)
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d( Ue f o =i, b 0
-1 1 _ U
7l vo )= )<+ (D9 8 ) ug )
H(U, V) = (p1U%+ pa2V2)8 + psUV + paCU + psCV + psU + prV + psC + po

and

fi 1= p7 + (aUy + PsC1) 6 + y16™ + (yaus + Y2)0™*,

fo = —B— (2,3U1 + avy + 8C1) 0+ Z]_Qm 1F (221U1 —Yivi + 22)0m+l.
ZZTy, z &t DEEIERIRE,

a:=p3+pP7, B:=pPetPo, &£:=PpPstPs.
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BIZIE, pp=-1pg=2 po=1,2 =2t fld 0725,
Y AT Ll (P)m & [E{E. ([Aoki-Honda-U])
1+ 2C - 6V2

Ld(Uue)_
T at\ ve )=
1-U

with C(6) = S, Ck-16%, Co:=0, Ums1 = Vimsg = 0.

2Vo
—(1+2u8)(1-U) +

>

+ 2tg™1

_ 1+2C-6V?

W= —" and W= )" w;o

k=0
W(1-U) =1+ 2C-6V? & W=1+WU+2C-6V?

Wo + W16 + Wob? + - = 1+ (Wp + 2C)0 + - - -
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REBQINTA—=GEELDELNRVIT BB

m=1, 2 ... IZx L T, the mth member (P))m

3y, j=12..,m
77 dt - ] J_ ] 9 e e ey ]
(Pl)m
_1de .
E:Z(uj+1+u1uj+wj), j=1L2,...,m

wj = > Z UkUj+1-k + Z UkWij—k — > Z VkVj—k + Cj + Ojmt.
k=1 k=1 k=1

ZZTcjsidEH, um1=0.
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(3o

go )+ (2 ol

u(e) = Z ud®, V(0) = Z V¥, C(0) = Z s
k=1 k=1 k=1

oH

DD

oV

(P)m (P34)m

H(U, V) =1+ 2C—6VZ | H(U, V) = 1+ 2C — 0V2

f]_ =0 f]_ =0

fo 1= —(1+ 2u10) + 2t0™1 | f, = —(1 + 2(uy + Co)O) (1 — 2yte™)

(Pi)m

(Piv)m

H(U, V) := 20V 1 2CV 1 6V2
f1 = 2(U1 + C1)9
f2 = —2v160

H(U, V) := 2UV + 2CV + 6V?
f1 =2y + )0 — 2’yt9m(1 + U10)
fy 1= —2v16 + 2ytv,0™1

HBHEEF (LOXE) Lax pair & DIRHARADTE WKB fEHT




,d{ Ug f 0 -1\/ & 0
(Vo )= (£ )xa-v+(3 3 ) (8 )+( udu )

du;
14y
T (Ug + PsC1)Uj — 2P2Vj — PsCis1 + Y1dj,m-1 + Y20 ms
13V
i BUj+1 + PaVj+1 + PaCjr1 + (2p1 + 26Uz + aVy + £C1)Uj
+Wji1 + 210) m-1 + (Z2U1 — Y1V1 + )6 m
ZZT
j—2 j—2 -1 -1
Wj = p1 Z UkUj—k-1 + P2 Z VikVj—k-1 + P3 Z UkVj—k + P4 Z UkCj—k
k=1 k=1 k=1 k=1
-1 -1
+Ps ) WkCj—k + ZWkUj_k +BUj+ p7vj+psCj (1< j<m+1)
k=1 k=1
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We have general formal solutions (called instanton-type solutions) with 2m
free parameters (B_nm, . . ., Bm) € C?™[[n~]] for our system in the cases |, Il:
Casel: a=p3s+p7r#0, p2#0.
Casell: a=p3+pr=0, B=ps+pPa#0, p2#0.
ZEBAIE ” General formal solutions for a unified family of Pj-hierarchies
(3=1,11,1V,34) 7 submitted (CEEEH L THW £
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QUVRATLDZYIVARTZERDITS

_d(ue)) (fl) 0 -1\(H 0

1

nt= = 1-U)+ M1+l oy |-
dt\ ve f 1 0)\ 4 (U.Y)

0 = ha-u)- % a/Um+19m+l
i 2= by i O IR @Buhmes + v )™

with . . N
u() = Z ud®, V() = Z wo and C(6) = Z ok
k=1 k=1 k=1
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WL DHDEEDTF, ¥ RF LI (1),(1) OFEILEEICZE L L.

) (yok% _ nA) Wo.=0 () (% _ nB) w6, 1) = 0,

ZZCy+0and

A= Aq (1— U)Q B = (my] 1
' Ao —A1 ’ . Oz —-01
_10H  ps N A
Aq = 53V > 1-VU)+ 2(y16 + Y20 2Um+10 >
oH H(U,V
Ag 1= P2 X (_a_u - 1(— T )_ (26" + (U1 — yavi + 22)0™Y)

— (2BUmy1 + 01Vm+1)9m+1),

Op = _2_10(0, + (a/l,lj_ + p5cl)9), Op = —%(ﬂ + (2,8U1 + aVy + SC]_)Q).

#HAERBF (LOKXE) Lax pair &% D3R ARADTE WKB 24T



Sy o ARTDRDOIIA:
() OH

0 7 = Uy ™
@ 790 = a0y BE LI g+ avpym

TS 0 A — y050yB + n(AB— BA) =

2o ez )

A2 —A1 O, -0Op

(1) n‘latUG = 2A1 — 2I:|1(1 - U)H
) 71— 6400 = 22— Ox(1 - U)E
) n_latAZ - 77_179k59|:|2 = —201A2 + 202A1

=@ @@=
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Case A:
y#0): EEEH. p1=0,p2#0, k=m+3%RET 3.
HL Unit, Vil ZREBLTELOICEZ ALK

/ / ou
,ya,em+1 — ylgm + y29m+1 _ aa_r?:‘*'lgwl 1)

’ ’ ’ ’ a a
7ﬁ9m+1 - _ (219m + (21U1 AR 22)9m+1 i (2,3 U((;Tl ta V(;nt+1)0m+1)2)

system (DD Lax pair #FD.

Case B:
Y O): EFEEH. pr=0,p2#0, k=m+2%{RET 3. HL Uns1, Vet &
REBLITLIICEZERLIE

| \

yad™ = y’lem + y,20 = a%@' 1 )
4 ’ ’ ! au aV
m_ _ m _ m+1 1 1) ymtl
vBOM = (216 +(Zu —yv1 +2,)0™" +| 28 5 +a 5t )6 ) 4
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y(# O)fERES. p1 =0, p2 # 0 &Z{RE. 6; := 5.
1 Casel:a#0

(A) k=m+ 3D, y,z : BFEEH. v, z: FED t ODIERIEHK.

1., 1 , ,
OUmy1 = =Y, —y and OVm1 = — (,8)’ -7, - 2£y2)- )

a a a

(B) k=m+2 DB, yr, z: t DERERIBEE. y; = yat + 61, 21 = —yBt + 62

22T (=1 2) MEEER

1. 1 , ,
OtUmy1 = —Ya and  6tVmi1 = (Y(ﬂul +avi) -2z, - %g)é)- (6)

a
2. Casell:a=0,8+0
(A) k=m+3 DB, y1Y, . EBREH, 2, Vi1 t DERERIFEHK
1 .
OtUmy1 = _2,_8(22 +yP). (7

(B) k=m+2DB,y (i =1, 2 FEBREH, 2, Vm1: t OERIERIFEEL
7= —ypt+ 6 (GERER).

1 .
OtUms1 = —%(22 - yBuy). (8)
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Stokes geometry

1
n— = X ( _ ) o ] uE v .
dt\ Vo fo 1 O ?)VI )

1-uU

() (6% - nA)lll =0, ()2 (% - UB)lﬂ =0

LEED system 2% L TRHDKILT 5.

Factl t=7' 2B 1BEDLYRET S. ZOH
t=17' T, ()1 ® adouble tps x = bj(t) & a simple tps
X =a(t) "—H7 5.

Fact2 t=7! 2 2BEDLYRET S, ZOBF
t=17"" T, (x)1 @ two double tps x = bj(t), x = by (t) B’ =5
5.

Fact3 t AFERFD R b — 2 2R EICH 2B,
(#)1 DZDODEDLY AN R M—0 AR THIEN 3.
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O (g -muen=o  m (5-eluey-o0

96
Y DEBE—MD Yy VR ETHIZ

62
( - Pt 0) vt e))m:o,

062
N awl pV 1
Zt —1-vae T\1z0 2(CYU1+ PsCy) |1
g — el [ 0 0y,
0%y
i Q(e, t; )Y,
k-1
¥ _ L 1aA,
ot a0 2 06 1-U

The top term of Q = - detA
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2

Q=- 202kdetA
U

n( p2 [0V XY 1 10A 16h
y(@k—1(69+V1—U] 2" V756 * 250
L1 (9A) 10 (107
a72\00) " 200\ A 90

. PsC + a — (y16™ + yo0™1) + Uiy, 16™ 1

with h(t, §) = = L = m+1

v

EEBR I Em32"On the Stokes geometry of a unified family of (Py)m (3=, 11, 1V,
34)", submitted ICEBE L THW F T
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