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BRHY72E 5V . Exclusion processes on Z¢

x = {0,1}2" . Configuration space
s = (S«)xezd € Xx: Configuration of particles

® 5. =1 : There is a particle at x

® 5, =0 : Thereis no particle at x

Exclusive interaction : There is at most one particle at each x



Symmetric Simple Exclusion Process (SSEP) D% &

® Each particle has its own “bell” which rings at a random time with
exponential distribution with expectation 1 independently (simple)

® \When one of bells rings, the particle choose a target site from
nearest neighbor sites with probability % (symmetric)

o |f the target site is empty, the particle jumps to the site

® Reset all bells (or equivalently the bell of the chosen particle) and
repeat the same procedure

7{\ /-\‘,
[ ] e - o000 — @ o 00
\ [ || ||

\ I .

Evolution (reversible dynamics)



—f#% D Exclusion process on Z¢

Exclusion Process on Z9 : Continuous time Markov process {s(t)}:>o on
{0, 1}Zd with the jump rate r , : {0, 1}Zd — R>p : “frequency of the
jump from x to y”

Example : SSEP (nearest neighbor)

1
rx,y(s) = El{\x—ﬂ:l}: X,y € A

Translation invariant : ry ,(s) = ro,y—x(7—xS)
® Local interaction : ry,, are local functions, namely it depends only on
(s2)zen for some finite set A C Z9 (x,y ¢ A a priori)
® Finite range : 3R > 0s.t. r,, =0 forall [x —y| = S xi—yil >R
e Non degenerate : For any x,y € Z9 there is a path
(x =x0,X1,...,Xp = y) from x to y such that r,, ., (s) > 0 for all s.
(Typically ry e (s) > 0, re;0(s) > 0 for all s.)
Simple : ry(s) = cx,y . Symmetric : r,,(s) = ry x(s)



Macroscopic parameter and empirical measure

Total number of particles is the “unique” conserved quantity

. d . .
{vp} peo.1) - Bernoulli product measures on {0,1}% : invariant measures
Macroscopic parameter = the density of particles

Conserved quantity < Invariant measures <+ Macroscopic parameter(s)

= Derive the evolution equation for the density of particles as N — oo

Introduce space-time scaled random measures 77?’ : empirical measure
associated to the macroscopic parameter

/vd > s(Nt)dx (du) € M(RY)

xezd



Main theorem of hydrodynamic limit for SSEP

Take 8 = 2 : diffusive scaling.

Theorem (Hydrodynamic limit (classical result))

Suppose 77(')\’ converges to a deterministic measure po(u)du in probability.

Then, for any time t > 0,
7wN(du) = 7¢(du) = p(t,u)du N — co in probability

where p(t, u) is the unique solution of the following heat equation:

dep(t, ) = S Ap(t,u)
(0, ) = po(-)

| \

Observation
Stochastic dynamics — Deterministic PDE : space-time scaling limit.
Reversible dynamics— Irreversible evolution : Arrow of time!

.




Relation between properties of the microscopic system and

the macroscopic PDE

® Asymmetric (nearest neighbor) simple exclusion process on Z ;
fex+1(8) = p, rx+1x(s) = q, p # q, Euler scaling § =1

Otp=—(p— q)9u (p(1 — p))

® Symmetric (not necessarily nearest neighbor) simple exclusion process
on Z9 ; 1., (s) = ryx(s) = cx,, Diffusive scaling § = 2

d d
Op=V - -DVu= Z Oy, (D;J-@ujp) = Z Djjdy;u;p  linear equation
ij=1 ij=1

Dij = > ez CoxXixj : diffusion matrix
® Symmetric exclusion process on Z9 ; r, ,(s) = ryx(s), 0 = 2

Otp=V -D(p)Vu= Z@u, i ( ) nonlinear equation
ij=1

the diffusion matrix Dj;(p) is given by a variational formula



Varadhan O 7@ H o BARH

o y={0,1}%

® N =(N)xezs €EX, 1x €{0,1}

® /i, : Bernoulli product measure with pi,(nx =1) =p

82 L(np) — (L2(1p))? where (9f)i(n) = f(n>%) — f(n) for
i=1,...,d

7Y is the configuration obtained from 7 by exchanging the
occupation variables at x, y

Theorem (Exclusion process (ZX}3 % Varadhan o %7 fig i 5

(Funaki-Uchiyama-Yau))
If§¢ =(&,6,...,¢84) € (Lz(up))d is a germ of closed form

=& = nlmgoa Z Tgf)—l-Za i0( Z oine) in  L2(u)? for some

oezd oezd
sequence of local functions f onx and ay,...,aq € R.




Exclusion process D
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%

® | attice gas : interacting random walks on a lattice space: e.g.
exclusion process, multi-species exclusion process, generalized
. d d d
exclusion process, zero-range process, {0,1}%°, {0,1,2,...,x}*°, NZ
® Ginzburg-Landau dynamics : Brownian Interface model on a lattice
. . . d
with local interaction RZ
® System of oscillators (Hamiltonian dynamics) + stochastic noise :
Oscillators on a lattice with local interaction potential + stochastic
; 2dy\z4
noise (R=9)
. d . .
® Energy evolution model R_% : Mesoscopic model obtained from
deterministic model

AED L2 B EREEIZ, multi-species exclusion process 12V 3 Z & A3 T
Z%. (New!) J
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Crystal lattice

¢ infinite locally finite connected graph X = (V, E)

e a free abelian group I =2 Z9 acts freely

® its quotient graph Xo = (Vo, Eo) = X/I is a finite graph
Examples

° 79: Xo=({0},{e1,e2,...,e4}), [Vo| =1, |Eo| = d

e triangular lattice : d =2, |Vp| =1,|E| =3

® hexagonal lattice : d =2, |Vp| =2,|E| =3

e Kagome lattice : d =2, |[Wo| =3,|Eo| =6



Crystal lattices

Square lattice Triangular lattice
r z?

TAYAYAYA)
o ( \WAVAVAVAIS (
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Hexagonal lattlce
O

Figure 1: Crystal lattices

Picture from the paper by Ishiwata, Kawabi and Kotani (2015).

D L2 iR EFEFRIZ, generalized/ multi-species/ exclusion process on
crystal lattices IZfi5 Z e TES.  (New!) J




JERATHN N3 2 81 LW fRR

MR 727 — 2% AWT, (CL(SX,R))C LicHBEMEE 2. (V—~< il
BRO7F0Y—)

® Cp2:=(CL . (SX,R)CNZ(SX,R): “L* G AERHAKN
o £12:=9(C2 . (SX)C) : 9(C(SX)C) DsEdiift.
d
Co=&2@ @ Consv?(S) :  topological (Varadhan’s) decomposition
k=1
d
C2 =& @ @ Consv?(S) :  orthogonal decomposition
k=1

~ 7 1 R JREA TS
~ 7 n HBRROIHATE] = DD R 3 5RO LTS

Ry DEHEHOFEETA 0P ? Future Work!
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