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Dynamical System in Numbers

T — X =+
Numbers and operations (addition, multiplication, or functions) are given;
if we are applying the same operation repeatedly, what would happen?

We are interested in the behaviors of outcomes.
Suppose a function fand an initial value a are given,;

we call the sequence of outcomes
the orbit (#1#F) of a under f.
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Examples

a:=10, f(x):=x+ 2022
Orbit: 10, 10+2022, (10+2022)+2022, ...
10, 2032, 4054, 6076, ... The orbit increases strictly.

a: =10, f(x):=axx(—-1)=—x
Orbit: 10, 10 x(—1), {10 xX(—1)} x(—1), [{10 x(—1)} x(—1) |x(-1), ...
10, —10, 10, —10, 10, —10, ... The orbit repeats the same numbers.

a: =10, f(x):=axxi, i*:=-1

Orbit: 10, 10 xi, {10 xi} xi, [{10 xi} xi |Xi, ...
10, 10i,10i%,10i3,10i%,10i° 10i°,10i7,10i8, ...
10,10i,—10,—10{,10,10i,—10,—10i, 10, ... repeats the same numbers



Notations and Definition

Forinteger k > 2,let f*(x) == f (f"‘l(x))
with f1(x) = f(x) and f°(x) = x.

A value b is periodic under f in case
there exists a positive integer k
such that b = f*(b).




a:= 10

O

Periodic

£2(10) = 10
£6(10) = 10

fx)=—x

— 10

Periodic

£2(=10) = —10
F4(=10) = —10



a:= 10 f(x) == xXi
Periodic

10i *”” 10:
—10 Periodic 10 Periodic
10 = _ £4(10) = 10
F4(=10) = —10 ey = 10
Periodic

—10i F4(=100) = —10i



Not periodic but ...

= —1 = 1 — x?
a f(x) X ;

Non- Periodic

-1 —0 1

f"(k—l) # —1 f f2(1) =1
f*(a) #a £2(0) = 0 | = F2(a) is
0 = f1(a) is Periodic

Periodic



Number Theory from a dynamical perspective

A number a is pre-periodic

In case there exists m such that f™(a) is periodic
(?JLEJT\@ECC\ R RINDBEEFTFD).

—1 N |

— f(x)—l—x f

The value —1 is pre-periodic
because 0 = f1(a) and 1 = f%(a) are periodic.



Introduce a Dynamical Perspective
into Graph Theory

Numbers Directed Graphs (Digraphs)
MBI BNER "5
Operations or Functions The Line Graph Operator
Find a function and Is there a way to tell us for an
its pre-periodic values arbitrary pre-periodic digraph,
how far it is from being periodic?




What is a digraph?

A digraph D is an ordered pair D = (V, A) where V is a finite set
of vertices and A is a set of ordered pairs of V, called arcs.

Foru,v € V,an arc a := (u, v) can be expressed as uv for short and
u is called the initial point and v the terminal point of the arc «a.

We allow A = @; D = (V, @) is isolated vertices if V # @;
The null graphis D = (0, 0) .

Two digraphs D = (V,A)and D" = (V ', A") are isomorphic

if there is a bijection f: V — V ' such that
uv € Aifandonly if f(u)f(v) € A'.
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A digraph D




A digraph D

(v7,vg) V7 P\ by (v7, v7)

—

) Us

(vg, vg)
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A path means a directed path.

A path P in a digraph D is a subgraph of D having n > 1 distinct vertices

V(P) = {vq,vy,--, v yand arcs A(P) = {v vy, UyV3,*, Up_1Un};
if n = 1then P is a trivial path of D.

Thelength A(P)of Pis |[A(P)| = n — 1
And the order |P| of Pis |V (P)| = n and we may use the notation B,.

Similarly, the order |D| of D = (V, A) is the number of vertices.



A cycle means a directed cycle.

A cycle in a digraph D is a subgraph € of D having n = 1 distinct vertices
V(C) = {vq,vy,,v,} and arcs A(C) = {vqv,,V,v3, *+, UV}

The length of Cis |A(C)| = n. When necessary, we write n, for |[A(C)].
We let C, denote the set of all cycles in a digraph D.

14



Definition of Linegraph Operator

The Linegraph L(D) of a digraph D is that digraph whose
vertices are the and
whose are the concatenated pairs of arcs of D.

Here, two arcs a and f concatenate in case
the initial point i(f ) of the arc equals
the terminal point t(« ) of the arc

ori(a) = t(f).

The mapping L that sends D to L(D) is the Linegraph Operator.

15



2A T TTDE
HHEMRT ZIDDZA4 2T FILD)EIL.
DI L ERESINDIERI T ITHS,

=
=53

ZTRERESIE. TDIT 2 7DMESAD)IMSEY
ZODOBRERRIE. FO—ADIMDEEHITELY OO

— I B & DA

L
)

L
)

29 HELTERSND,

L

=

L
=)

&




Basic Results and Notations

For k > 0, D* .= L*(D). Note D%: = D and D! := L(D).

Let P, be a path length n — 1 with n vertices (n = 1).
Then D! = p,_, if n > 2; otherwise D! = (@, ).
Therefore, D* = P,_, if k < n — 1; otherwise D* = (9, @).

Let C be a cycle length at least 1.
Then forany k >0, C* = C.
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“Maximal Directed Paths matter in L-operator.
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Only three possible behaviors of digraphs
In the L-operator dynamical system

sls b 3] D is if 3 an integer N such that vm > N
Dis if Vn 3m > n such that
b
:Bt\ﬁ&:: |Dm| > |Dn|

D is periodic if 3 k such that D* = D,
JE A &Y or D is pre-periodic if 3m = 0 such that D™ is periodic.



Distances in Digraphs

For vertices u, v in a digraph D,
the distance of vertices u, v, denoted d(u, v) = d(v,u), is defined by
the length of a shortest directed path having endpoints u and v in D.
If there is no such path we define

d(u,v) = oo.

For subgraphs X and Y in D, the distance d(X,Y) in D is the
minimum of the set {d(x,y) : x € X, ye Y}

ZZTlE, NATIHEEEZH 5,
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Characterization of the L-Dynamical system

Lemma(1960, 1970s):
Let D be a digraph.

D is — D has no cycles.

Dis <:> D has at least two cycles
and they are of finite

distance from each other.

, YT Any two distinct cycles of
D is Pre-Periodic < : > y y
D are of infinite distance

from each other.



Note : A path intersects a cycle twice
yields an digraph.
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Tangents to a cycle

matter

In Pre-Periodic graphs.
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Tangents survive.
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A nonsettled digraph D*!
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A nonsettled digraph D*!




A settled digraph D4
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Another settled digraph D3
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A periodic digraph D*
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Theorem

Let 7D be the set of all maximal paths in D and A*(zD" ) be the length of
the longest path in D¥ U¢¢c, tan(C) and let
Mp:= min{kn;: k € N, C € Cp and kn, = max{2A*(WN; U N), A*(mD* )}}.
The graph DMp s periodic.
Hence if there exists a D, with D(I)"DO =D, i.e.,
if some D ~Mp exists, then D is periodic.

'U'/(O)LT'EO)EE" TNETNDOEEDE DIV DS BEREDES.
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Iits

They are helpful for analyzing the DNA sequences or human genome.
A digraph D’ is called a DNA graph if there exists a digraph D
such that D' = L(D), i.e. D' has a pre-image of L-operator.
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Thank you.



