Keenness For bridge cplittings of RKinks
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knot theory
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Bridge oplittings of Links
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o (5 K) = (8% Te) Vst py (B2, T-) /ﬂ m/

n-bridge splitting of K. e N
d . W
é . (B;,T_-L-) . Triviad m-tangles \\i_\h_,

(B2 Te) v (B2, 1) = (8%, K) K

: 2,T) = (381, 9Te) = (57
(8%, T¢) n (B2, T.) = (9Bx, 9Tx) (; o, points

n-bridge sphere
Fat Any Link admite on n—brfdge Splitting tor some n.

(2 K admite anm n-bridge splitting
= K admits anm (n+t)-bridge splitting.
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Problems

Decide b (K):i= minin | K admite an n-bridge &plitting |
( = decided +for “torus ks, “Montesinos lmks”

[ Schubert '547] [ Botlleawn- Zieac,haun(ﬁ ‘85 ]
Classity Links which @kdmits an m—br(dqe, splitting .

- =1 & K=
— 2-bridge Lnks are closstfied by [Schubert '56 ]
— 3-bridge ‘arborescent” Links - [T.°0]

Classity minimoad bridQe ¢plittmgs of o QUink.

- unigque for (), 2-bridge links , Torus lnks, | -
- not wnigque for come (Tnks
[Birman 767 .

[ Montesinos 167 o\ o\ o\&
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“Complexity” of n-bridge splittings

Which splitting looks more / most complicated 2
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Curve compleX

2. . orientable surfoce of genu¢ q
With ¢ boundary components 2~ P punctures

( Assume © 3G+c+p > 4)

The curve complex €(Z) of Z 1% the oImpliciad complex ¢ t.

(. 0-Stmplex &5 ((sotopy class of ) am essentiol <.c.c- on 2

. N-SimpleXx &>  mutustly digjoint (n+t1) S.¢-¢'s on 2
(n=1)

not
essential




€°(Z) © o0-skeleton ('(:e‘, vertex eef) of (=)
Define  ds © €°(2) x €°(2) — Zyo by

Az (A ) = minimal number of edges n any
edge peth  n €(Z) (_onnecﬁnq X & @




Az (&.¢) = ?



Az (. ) = ?

~> ds (e p) £3 - @

Every component of Z\ (dUB)
'S homeomorphic to

O ()
~ ¥ ecsential ¢.c.c.

Alsjoint from AU P -
A~ ds (o) > 2 - @B

Az (*.p) =2 by @ & @.



Hempel distance of n-bridge splitting

CADE (Bi—,T-.—) U(S;P)(Bg—,’r—) - n-bridge splitting of K

ﬁ(SL\ P) . +he curve complex of S\ P
U ( 2n— punctured <Spheve )

b(Bz\Tt) . the dick complex of By Te (€=+ or —)

(0<é BB\ T) & o bounds a disk in B3 Te )

A\’

d (85T v, (BLT)) = dep (BB T, 82, ™)) € Z5,

/

. the Hempel distance of (B4, T+) U(SLP)(BL}—,T-)
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RmkR Tt 7s difficult to decide the rempel distance
for qven bridqge $plittTngs in gqeneval .
(v e(x) - c,omplicaﬁred , I infinite diameTen )

Facts 3 br(d%‘a splitings with high Hempel distance .

i€, YmeZ-o , Abridge <piitting

whose distance | > m  [Saito 047, [Campisi— Racthbun "12]
[ Blaiy — Tomova~ Yoshizawa ‘(3]
[ Tchihaya - Saito 137

(\/\ [ Johnson— Moriah 16 ]
[ Tdo- 7. - Kobayashi (15), ‘a5 ]
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Ad=m [ Tohnson— Moriah ‘b ]
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Facts

. Hempel distance ¢ bounded above in terms of
X (essentiok surface)

[ Bachman - Schleimer ‘05 j/ [T 4]

Cor. d(%me bo of ($K)) 2n

= ¥ eccential surface wHh —% < n-2
(e, X>»2-n) X 20

- Hempel distance 15 bounded wnbove Tn terms of
X ( *\teynative bridge sphere) . [Tomova ‘07 ], [ Ido "15]

Cor. K : n-bridqe knot & d(n-b sp) » an

ANAANAANAANY

=7~~~ 1% the unique mM-bridge splittTng.



Keen bridge splittings

@ (B%,T+) U (B2, T-) e

(5 P)
keen &S A ((B%, T+) u(sz/P)(B)’-,T—)) s realized by
R UNTGue PAiY of elements T (B%-\—\T...) > & (2T

det
weakly keen & d((8% T) u(gz/P)(Bi,T—)) s realized by

only finitely many paire of elementy
™ 8 (BT > & BT

B(B2\T.)
IS (B)—?—\Tr)

e(s*pP)



Thwm i [ TIdo-7.- Lobayashi ‘25 7]
(17 ¥ keen 3-bridge splifting with Hempel distance | .

(2) Ynz3, Ym=\  with (A,m) % (31) ,
2 keen M-bridge spltttings with Hempel distone m.

Thm2 [ Ido-TJ. - kobayashi ]

Y hnz4, Vm=2,
3 weakly keen , not keen
n—bridge <plittings with Hempel distonce m

Cor 3 bridge splitfings wrrth fintte Goeritz growp.
o] = McG+ (2 €, BZ)

X del = |0 =00
dz> % (weakly) keen = |01 < oo .
( ¢t [ Iquch-Koda '207 )



Idea of Proof for Thm 2

"

Key tool © " cubsurface projection

introduwed by Masur—Minsky.

°o X essentiak non-¢imple subsurface of 2
The osubsurface projection Toy : 6(2)“’) — (P{ﬂ(){)m)
/‘\

: 7 lows
is defined as fol > the poweyr set

N -

INy (,u3d%X) = MUML UIX INx (LUIX) = Mmsumg UIX

Ty (&) = the union of
the set of the isotopy classes of the components
of INx( v IX) which are escential in X
For every component of LnX



Lemma | ( Macur- Minsky 200 )

d= (L, 0) 21 = diemy (Tx(L) v (1)) ¢ 2.
(AnX % UnX%0)

g (%)

Lemman l[

[ Lo, %, - Im] @ path in €(Z) st LiaX*¢ (Vi)

=) ATome(Terlo) U~ UTx(Im)) £ z2m .
OIf 0, % Lm TIntercect complicodedly n X |

then owmy qgeodetic connecting Lo % lwmv go -throurgh
4 loop wi =\ X ¢



Lemman | :

= ATome('n’xL(la) U~ UTx(m)) £ 2m .

|

Bt g 9 ILm TIntercect complicodedly in X |
then omy geodesic connecting fo % &m go throurgh

/)

A f(oop 1In 2\ K

A m;ﬂ\/"\/
° 9 i : Lm

If L1 cuts off a twice-punctured dick A
% o wmd Lm Tntercect complicatedly
in X = 2Z\A
them oy geodesic Connecting %o 3 in
goes through Li.




Thm2 [ TIdo-T. - kobayashi ]

Idea of Proof for Thm 2 Y n24, Vm=2,

3 weakly keen , not keen
$ : J—SPhe,VQ. n—bridge <plittings wtrh Hempel distance m .

P(cS) : the union of 2n points |
|

Ko X,
o
ep | = T =
5tep construction of qeodesws >, c e(s\p)
St. AE ot

v N °
[og o/, ;] « unigue geodesic conmecting oo & Az (i=l2)

(duatify o thot

[olo U ofs ) B¢ Xz intevsect complicated |y
in the exterior of (o, Vx?)



/f (B+ T+) = Trivial n-tangle

Step2  jdentifying (3B,,9T.) with (§.P) sSo -that
[0, 2] . [Xo,47, %2 ] : The only Two geodesice
readizing dep (B(Tat) oz) = 2.

- Tdentify (9B+,9T+) with (S8.P)
Lo that 9D, = oy % 9Dy = Ao - D'
Modify (B+Tx) as Follows o>

pull out (B, T3)

S~ —

AUz bock (8%,7 )
SO Thot

A\ r / - \ 7
Hler, T ) intersecks o vl wmplicatedly ”




Steps extending Qgeodesics

o tThat
’ ds\p (98(31—\'\'1-3» Am) = m

- V geodesic connecting F(Br\Te) B %m Goes through s
(8 olm-1)

(“? (o(,,',dm) % (Xg, cam) : the only PRirS
realizing dgp (B(BTH)  &m) =m . )
o (B-,T-) triviak n-Tangle
Step 4 attaching (B, T-) so that
(oo, am) % (X3 ,ckm) : the only pairs
realizing  dgip (B(8Te) . BleAT-)) =m.

/
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Works n progress /| futuve works

o on existence weakly keen (not keen) bridge splitings

(n=3 or M<]| >.
& application To Heedaard spltttings of 3-manifolds .

o (strongly) keen bridge splittings vs esSential surface$

— 3 essentiak surface F ¢ $\N(K)
= d(Ybridge splitting of (3> K)) £ - (F) +2.
[ Bachman - Schleimer ‘o5 7]
~ 3 escentiak meridional surface F ¢ S\N(EK)
= d(Ybridge Splitting of (% K)) £ -%(F) [T "4]




