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Section 1. ZERYOSTBEHRE 2 DOZEE—XEHK
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o k= (k1,...,kr) € (Z>1)": index

escC
(1 Z#)Euler-Zagier BZE X — 4B
1
C(k;8) = C(k1,. .., krys) = S TE e
0<m1<~g;w<ww+1nﬁl'”"ﬁrnﬁ+l
(1) Re(s) > 1 = #nUNR.
(2) ERYUTELFICEERBR L L THRIERINS.
(3) r=0%5IF, ((2;5) =((s) £T 3.
Z2EE—4E
kr > 2IC8LT,
1
C(k) =((k1,. .. kr) = > ks ke €R
0<my<mg<---<m,. M Mo~ My
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o k= (k1,...,kr) € (Z>1)": index
0 s5,2€C

FIN-EFRSEL—2EH

1  Lik;l—e ) o4
§(k7 8) - @/0 (57:7—1)5 dt

(1) Re(s) > 0 = #ERHINE.
(2) ERBTPELEICENERE L TRINEGS

(3) &(k;—m) = (~)™C%)  (m € Zxo)
(4) €(15s8) = s((s+ 1)
ZER)OJBEK
Li(k; 2) := Z klzirk (lz2| < 1)
0<my < <my. M M”

(1 Z#)Euler-Zagier BZE X — S EI# [Review]
C(k;s) = > ﬁ

S
0<my<--<mp<mg,ii U1 My My 1 q

/°°L1ke D) ol

I(s)
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FATHRE
@ a€Z>1,b€ZL>p 5,2€C
o {1} =1,...,1
——
Theorem 1 (T. Arakawa—M. Kaneko'99)

b—1

{1} L b+ 1;8) = Z(_l)jc({l}aﬂ’b_’_ 1= ({15 s)
7=0

+d—-1
—I—(—l)b E (S )((el—l—l,...,ek_l—l—l;s—i-d).
d
€1,...,ep—1,d>0
e1t+--+tept+d=a
v

f

Theorem 2 (C. Xu'21)
b—1
Li({1}* 71 b+ ;1 — 2) = Y _(=1)7¢({1}* 71, b+ 1 — )Li({1}; 2)
3=0
4= (=1)° > Li({1}%1 — 2)Li(er + 1,...,ex—1 + 1;2).

€1,.,€p—1,d=20
e1+-t+ept+d=a
o
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o k= (k1,...,kr) € (Z>1)": index
@ am€Z>, b€Z>g s5,2€C
o {1}o=1,...,1

——

a

Problem (Arakawa—Kaneko’99)

@ €(k; s) 1& Euler-Zagier BITRE 3 ?

@ 3?7 Tz 1— 2 ICHT 3 Li(k; z) OFKERR] — ©: SEMICHER
@ tkm+1) ki, REARIEH3 ?

Theorem 3 (Arakawa—Kaneko'99)
€ Hb+ Lm+1) = (D6} b+ et 1)

b—1
=Y (-1 b+ 1= )13 5+ 2).
=0
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e e=(e1,...,er) € (Zxo)"
o wt(e) =e1 +---+er: weight, dep(e) = r : depth
0 s5,2€C

Theorem 4 (Kaneko—H. Tsumura'18)

d—1
o= Y aia(CTST )eis+a.
k’:index, d>0
wt(k’)+d<wt(k)
Lemma 5 (Kaneko—Tsumura'18)
Li(k;1—z2) = > ek (K'; d)Li({1}% 1 — 2)Li(k; ).

k’:index, d>0
wt(k’)+d<wt(k)

cie(K'; d) 1 weight A8 wt(k) — wt(k') — d 2B TSEL—RMED QAL T 5.

Today's talk (Probrem(DQ@E EEMICTERMR ! 1)
(@ Theorem 4 MBARI (Theorem 8)

@ Lemma 5 OBARR (Theorem 9)

(® Theorem 3 O—H##{t, (Corollary 10)
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Notation

o k= (k1,...,kr) € (Z>1)": index, e=(e1,...,er) € (Z>0)"

> ey = (e1,..,er 1,6+ 1),

» k+e:=(ki+e1,.... k- +er),

T

> b(k;e) := H (ki +€‘i B 1).

i=1 €i

> kY =(1,...,1+1,...,14---+1,...,1) : k ® Hoffman JX&.
N N — N —
k1 ko ke

°o k= ({l}al_l»bl +1a~~~:{1}an_17bn +1) (a1,...,an,b1,...,bp_1 € Z>1, bn € Z>g )

> kP = ({1347 b 1, {13 b, + 1) (0< i< n),

> k= ({1} 41, {134 T by 4 1) (0< 5 <n),

> by > 1=kl = ({1} an +1,...,{1}"17 as + 1) : k DI
Remark. ¢(k) = ¢(kT) : WHAR
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I 4 (Kaneko-Tsumura'18) MEART

@ ai,...,an,b1,...,bn—1 € Z>1, bn € Zx>g
o k= ({1}e1=1 by +1,...,.{1}9» "1 b, + 1): index

Theorem 6 (K.)

ETHWVWK ICHLT,

&(k; s)
= (1 — 60,5, )¢(k)C(s)
n b—2
503 (1D 1y, {134 by — )06+ 1KY s)
=1 j=0
n ay
+ 3 (~pyprtwiah) 3 3 (=)0 (1) e1) C((ki-1)T + 1)
=1 d=0 wt(e1)+wt(ez)+d=aqa;

dep(e1)=n1, dep(ez)=n2

ST (1) +eastd)

X b ((bl,kl)v;eg) ( .

fefZl, e; € (Zzo)nl, ez € (Zzo)nz, ny = dep((klfl).r), ng = dep((bl,kl)v).

Remark. n = 1 = [Arakawa-Kaneko'99]
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#%8 5 (Kaneko-Tsumura'18) MBARIL

@ ai,...,an,b1,...,bn—1 € Z>1, bn € Zx>g
o k= ({1}21= 1 by +1,...,{1}% 71 by + 1): index

Theorem 7 (K.)

ETHWVWK ICHLT,

Li(k;1 — 2)
= (1 — 00,5, )¢ (k)
n b —2 .
=30 (IO, {134 by — LG+ 1, kY)Y 2)
=1 j=0
n ap
+ 3 (e 3 > (1™ ((_1)Tse1) C((a1)t +e1)
=1 d=0 wt(e1)+wt(ez)+d=aqa;

dep(e1)=n1, dep(ez)=n2

X b ((bl,kl)v; ez) Li({1}%; 1 — 2)Li((b;, k))¥ + ea; 2).

2L, e; € (Zzo)nl, ez € (Zzo)nz, ny = dep((klfl).r), ng = dep((bl,kl)v).

Remark. n =1 = [C. Xu'21]
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T 6 DHR
® a1,y an,b1,. . bno1 € L1, bn € Zxg
o k= ({1}21= 1 by +1,...,{1}% 71 by + 1): index
o K = (bn+1,{1}on1,. by +1,{1}01" 1)
Corollary 8 (K.)
ETHVKk LIEEOBH m XL T,

E(k;m + 1) — (—1)"H =g ({1371 (by, k') 4501 + 1)
= (1 =40, )¢ (k)¢ (m + 1)

U e i+wt (k! 1 1 1
=50 ST (1D ey {134 by — )L™ G+ 2,k )
=1 j=0
n ap ! [ I
+ 50 S (0D () _sd + 113, (b, k)5 ar — d + 1),
=2 d=0
4
Remark. ag,...,an =1 = [C. Xu'21]

Remark. n = 1 = [Arakawa-Kaneko'99]
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Step of proofs

D z—1-zICEAT3

=7, \
Li(k; ) DBIRL @ ¢ & ¢ OB @ ¢ OREAR
Theorem 2 — Theorem 1 Theorem 3
Lemma 5 — Theorem 4

| |
wt(k) ICBS30RNE [ - point: £ & ¢ DBORT
\ |

Theorem 7 — Theorem 6 - Corollary 8

point: s +— m + 1
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Idea of proofs

D z—1-2ICET3

=AY
Li(k; =) OB @ ¢ ¥ ¢ oBEER ® ¢ OREAR
Theorem 2 Theorem 1 Theorem 3
Lemma 5 S Theorem 4
Theorem 7 — Theorem 6 — Corollary 8

|
point: IUATERRT
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Section 3 ! UABART
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FEY-2EOREBAIRT

1

2
0<m<n mn

/ dtq dto dts
O<ti<ta<tz<l L —t11—1t2 t3

¢(1,2)

oo}

to dtl s /t2 tm
_ tmfldt — 2
L e 2

m=1
o0
1 [ts ¢ 1 [t tn
O R CEID DI Y R e CIE D
m=1""J0 —t2 0<m<n /0 0<m<n T
1ot 1
— [ A= Y — = ((1,2).
o<m<n mn Jo o<m<n mn

Remark. 2ERY OJBROREBIRT
Li(1,22) = Z on :/ dtp  diz dts
0

2
0<m<n M <ti<tp<tz<z L —t11—1t2 i3
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Definition 9 (Yamamoto'l7)

o (X,=): BR¥FIEFESR, 6x : X — {0,1}: labeling map
o X :=((X,X),0x): 2 BFIEFESE (2-poset)

def

@ 2-poset X : ‘admissible’ <= { Ox(2) i? (¢ € X : EAT),

(z € X : ®)\JT).

@ X: admissible 2-poset

I(X) = /D ooy T et

zeX
=fzL,
D(X) = {(tw)zex €(0,1)X | te <ty ifa=< y},
dt dt
wo(t) == " wi(t) == -
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Notation
2-poset X

rzeX
ox(x) =0
ox(xz)=1

<Yy

Hasse diagram
a vertex
[e]

Ty
OCC

P11l

Example 2-poset X = ({1 <2 <3},0x) B

(6x(1),0x(2),6x(3)) = (1,1,0) ZM#&fcT LT 3.

= X |& admissible THD,

1(X)

> o
2
o<m<n mn

/ dtq dto dts _ 2
O<ti<to<tz<l L —t1 1 —12 t3 1

= ((1,2).
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ZEY - 2EQWLARTERRT

kr > 2 #3779 index (ki,..., k) ICHLT,

C(ki,kay. . kp) =1 /0
/’J

Remark admissible 2-poset X H'&IBFH 51,

[(X) = $BE—41E.
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FI-2FRESEY - XBEROFHREDILEARIRT
index (k1,...,ky) CIFEBEHE M ICHLT, 1 -t —2 T3k,

1 * Li(k; 1 —e™t)
ki,...,kr; 1) = ’ t™dt
E(l rym 4+ ) F(m—l—l)/u ol 1

1 X
- %/O Li(k; 2)(— log(1 — m))md?

N
(D

o]

. <T
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Proposition 10 (Yamamoto'l7)

X =((X,%),0x), Y =((Y,2),dy): 2-posets
(1) 2-poset X IIY = (X IIY,='),dxm1y) ZRTEET 3.

2=y <= zr,yeXandz<yin X Fhldz,ycYandz<yinY

tl,, 5X]_[y XY — {0,1} = (SX k 5Y @Emt?é
= X, Y }'admissible &5(F X ITY ¥ admissible THD,

I(X)I(Y)=1(X1Y).

(2) a,b e X: LEBARAEE, Xb: X ICEfR a < b %BI L7 2-poset
=> X ' admissible & 51E, X2, X2 H admissible THD,

I(X)=I(X)+1(x2).

example
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Section 4 : Corollary D& HISERR

B (BhATKIET) ZEC—-2ECEERYOJEROBER



@ ai,...,an,b1,...,bn—1 € Z>1, by € Z>g
o k= ({1}217 1 by +1,...,{1}% 71 by, + 1): index
o K= (b1 {1)en b 1 {1} Y

Corollary 8 (K.) [Review]
ETHV Kk LIEOEH m ICHLT,

Em+1) — (—1)WO g ({1}t (by, k) 501 +1)
= (1 — 00,5, )C(k)¢(m + 1)

n bj—2 )
— 50 3~y e (1 g, {130 by — )L™ (G + 2,k 1)
=1 j=0
n ap
+ 303 (—ypr 0D )_sd+ DL, (b k)4 ar — d+ 1),
=2 d=0

k=(2,2) DIBE

€(2,2;m+ 1) +€({1}™1,3,1;2)
=¢(2,2)¢(m+ 1) — &L DEAY™ 1, 2;2) + £(1;2)6({13™ 1, 231)
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Corollary 8 DS HEFHMEEER (k = (2,2) DIHFH)

£(2,2;m+1)

i

(M6,

(M

m
m

)
|y O
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£(2,2;m+1)

+1 ( /\ ) I \ —1
=¢(2,2¢{1}™ 1 2) — €L DEHII™ T, 2:2) + €1 2)6({1}™ T 251 — €({1}™1,3,1;2)

= £(2,2m+1)+£({1}1"71,3,1;2)
=¢(2,2)¢({1}™ 1 2) — &L DEHLI™ T, 2;2) + £(1;2) ({1, 231) O
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Remark
RD level 2 FEEl=5IZ3 B Theorem 6, 7, Corollary 8 HFS5NT:;

£(k; s) D level 2 3Bl

w(k17"' 7k7‘§5) = ts_ldt

1 /°° A(k1,...,kr;tanh(t/2))
T'(s) Jo sinh(t)

C(k; s) D level 2 3818

1
T(ki,...,kr;s) =27 E _—
( 1, s Fory ) mk1~-~mkrm5
0<my <+ <myq1 1 s r+1
m; =14 mod 2

Li(k; z) @ level 2 38

T zmr
Alk1y... kry2z) =2
k1 - Ky
0<my<--<m, M1 my
m; =1 mod 2
¢(k) D level 2 $EfSl
1
T(ky,... kr)=2" > [
kl . kr
0<my<---<m, M1 my
m; =1 mod 2
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