AR EETFiED
FRAHBIHZRIL & T DICH

BEKTF (A HIBRATHIZAN)




/) =
2 AR EE
SRT L (eg. 7AZZL) DIELE - ZeMA2HFWICKRIIT 5
eg. VATLNBICZ I —%RRIZIHW? EFICELETS?
VRT L EREE L - WMEERZE T RYICEE Y — EERR or XA
FERBEIEDEHLNT UL B4

ITT7—HEIBDEHHD AR MHE
— BHENEER, finZetk,. 70O /77‘1—

BHETADFTRIET DDHKE
> N—KJxz7 V7b0xzT7, ATV IVIEEORIRT
/s (Haskell, Rust7: &)




ETIVIRE

ETIRE ME ¢

7O LI EDRIEELT-W X T L
— IRREBB AT L M

Tk —

T H

E

VAN

=

fBER g (F—bvbrTRTILED)

g 7O T LINTIE
REEBIE S X T L(ETIV)ABEREE-THEEE

. T — %R I THERMDPUT)

ITo5—AFTo ¢ HAEU?

F [ ] (—error)



o AREE F iR DHHZRAL

—
—
—

Wk D E Y DRBHE L L

FIEDFRRA LY AT LANDILEDN ZNENFHESINT WS

ILARABERH TEAWEREBENICAHI N TWAZ EAH D

st Blime HWOWTHRIE - BT T %

FEDABNRRE, RELEEDNHD D
kD —1ETFICAD

FEDHE. IFEFHEFAE
HRDEFMICIETET AW L Z2RtE 5

DEEED I

i



=P/

1. B8 ETLVEREORNKK. TEIRBIZHEA
© R FNEISBERR
*© NP R & IREERRE

2. product construction®no-go theorem
o REREAIProduct construction

* no-go theorem
3. Recent work : KIBRVEBED7-ODEwRINN 7L —LT—7




HR

1. B ETVIREORRE,. FE
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HE | /R, TBANERS

HEEFICET 5 RAE

o XM c: S —> FS ('f‘%%{ FA —>A) where F: C - C
c JREEBB VAT LZETILT B EETI2ED
MNIRREDES. FIMDIEDOR, cA1RT v 7DIRDE W

o B I IERTEVEEBEE S X T L c: S —> PSS (PIIEESEF)

o BBl s w7 EEc: S —> TS (D

WD

ISHER D MEF)

1
c(sy) =(s > —, 8 > —),
(s9) = (s 5052 2)
2
3

=)

c(sy) = (s = 5, Sy >



HR | SRE FRRMERS
VAT LDEKR

S RATIc: S —> FSORIRFA > ADDH & TOEM[c]: S— A

g [[c]]>A
A

C a

Y P[]
FS > ["A

o ®:=qgoF(—)oc: Hom(S,A) » Hom(S, A)D &) =

- MRALFEIRR | [c]BEDETE. [~ mizIH?

o [c]DEVFITFRA

° H/INTEIR
s TRETHEEINDH



BE | R, B EERKEE
Bl | RTFLDOER

®:=aoF(=)oc: AS - ASOBR/INTREIE[c] q [c] 4
F1E IEHom(S, A) DHEIE THRaE(e.g. Cpo,) l T
) GRIRBET & <L O 7 &) F[c]
el FS—FA
S > 10, 1]
A given by
C a
a(d) := Z red(r) + d)

Y D[] o]

Dng >D<1[O 1]

o HEXR(c(s, s\ TBBs - s 2T B, EEY<1—ZC(S,S’))’C“S—>/

o [c]l(s) € [0,1]1EsH D FIRFEV IZEZE T B FESR

10




BE | R, B EERKEE
Bl | RTFLDOER

BRRRBDTRETHEE I NS 5] g [c] y
BIGREMEF—F~ b o) Cl T“
b S ............. [[C]] ....... > 214* FS [[C]] FA

SAXZ .......... >(2A*)A><2

o cHIX(1) BBEs S5 (2) sHZIEIRENE D D2 RT

o [cl(s) €2V, sHLRBINDFTE ([BEHEODazESH RS
. KRB &R T

(aeA* |5’ s S sD DD =
11

I'I'




BE | R, T BIEREKEE
(B48) ¥4 1o R T L D=k

s STEMREMNZT DI R T LDOERR
« Kleisli, EM category%{£ > 7= b L — X EBRi®JacobsSS, JCSS'15]
o ®% FDfibration (C/A - C)ICA> 71 F b LEIFTEZ 5

s R EFTFL LITOXFIN

Aguirre&Katsumata, ENTCS’20]

» dD LY —fRAIRERY A
REzHFHB EIFTHRADEFEL EIT (codensity lifting)

o WEE[c]: S - ATIEAR <, BERc]: SXS - AL EIERTZE S

e T/ OV 7 LDERITGINEE?

TR F % ETIL

. P<®Q) e Plc]Q o E
Swhd OB Y 3D

EHIICPARR Y AL, 7 AT 7 Lcks

13
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2. product construction®no-go theorem
o RAEAIProduct construction
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Ba | ABi= & REEEIRE
G

MRELFEIRE ¢ ¥ R T L(DEKR[c], TEBIR) DIk ZE m iz H 7?7

BB R T LDEREH)

ZERBELIRREDES ([cll(sy) &' RELREDES

Bl(< L3 7EHEDZEIHE)

¥ R T L DZEIEFEZR([cll(s)) > p
TRz MR- ITHERERZHET S L

15



Bx | TEIR L REERE

Z:E;J,m 75:1% e, f' *ﬁ;iEquf

THR(ODTER[c]) BEZEFTHET S

RITENSud% L <P L<.-DOBRE LTEHET 5 (Kleene

theorem)

IEFH LRV - EWCEEHDHDT, LYELLIPNEFET S E
HINEFTET S

RE) R Z L L TIREET %
dX < X = ud® <X by Knaster-Tarski theorem

Z D& XIEinvariantE BE N B, invariantz £ B D lE—
RRICEEL <. RAGBHIEASINT WS

(e.g. constraint-based[GulwaniSV, PLDI'08, SrivastavaG, PLDI'09])
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B R % > 7-(1REE) FERFH

EEICL >TEASIRIAFEVERD > FHRDOEBEZHS

s FIARE R, AN ES—HTHIDIENDOH?
— /N RE R D ET(H BT T)—ET B [Kori+, CONCUR21]

P(E initial algebra
~ final coalgebra

r(B initial algebra
c 2ONEAEBZRBEBHHBITETBDIELDH?
— ZERREEREAFELHIEEICEENTWLS)

TXJ 9 B [Kori+, LICS'25] rao(-)
@C[S,[O,l]x[o,oo]] L [8,]0,00]] ) w(=LoR)
Hq’\//’—\,ulll
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RE B % {E - 7= (IREE) FERF

BEF O (WREE) FE2DBR - R E Il LK 2R, ik, E
o EFIIEETILOY XLPDRDIHERE [Kori+, CAV'22, 23]

o YRTLIZH LR ARDEBROMEND & T, WEMNICTFRD
EElEETELTWD

M

» Product Construction D £ HIE R

o TEHRWIZ & DIEAR & FH L WL Product Construction iR
[Kori&Watanabe, FoSSaCS’26]

c BILFEDOHBNFETH 2ETHAORAEAIHRI

[Kori&Watanabe, CONCUR’26]

© {ERHAR = REMIREL + FE0HE
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o KA. TERHIRKRam
s RNEJR & IRALERE

2. product construction®no-go theorem
o RHHEIProduct construction
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fEAProduct Construction

ETFILIEEDProduct Construction

HAADMERRZ ED L B UWVEIZT DD ?

EZZAHMEBE . RTLDH

oy
: =
semantics S
S > |&
system traces
semantics
R > — o
traces
duct evaluating
pro uc. a query
construction v

semantics

A4
Probability

S®R

traces

20



fEAProduct Construction

% | MCEDFADETIVIEE

e VATLITINATEHCCX > D X)XA

o [lcll: X = D (AT)

o e W) IExD bwZ 5

. [d]: Y = PAH)

. [d(y) C Aty D D FBENS S
. ETINVIRERRE [ ERZB T HATIwORESRK
VIR L Y el EtE

welldll(y)
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fEAProduct Construction

% | MCEDFADETIVIEE

YATL I RIILATEHEH: X > D4X)XA

>D<1(AT)
A

TS

D<1[[C]]XA
—>D<1(D<1(AT)) x A

o 70, )l E—XFH%ZaTH> TZXFBURFcEFE>TERINDHE
=57

o [elldzge (D (=) X A) o cDER/NTENH

o [cl@W)idx e XD ow e AT A LTI X 5HESR

22



R MProduct Construction
% | MCEDFADETIVIRE
e YRATLITIIATEH X > D 4,X)XA

o llel: X = D,(A7)

o Tl ah Hwk HH) LTIk & 2R

o [dll: Y- PAT)

- [dG) CATRyh SRS WD EHE

o :E?‘}b¢ﬁ7ﬂkﬁﬂﬁ% . 1:':4‘%%5%7'—:—3—{::1%5””/@6%%
(X,Y)Ciﬁ L Z [[C]](X)(W)%ﬁ‘l‘%:

welldll(y)
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fEAProduct Construction

% | MCEDFADETIVIEE

15k : REMEBREA—F< b (DFA) d: Y > (Y x2)A
[d]

Y > P(AT)
A
d TR
Y (x4
(Y x 2)4 >'(P(AT) x 2)4

c pla)={alol@)=(—,T)Ula-wloa) = (S —),weS]

o [dlllETo (=) X 2)4 e dDER/NIEN R

m

« [dl(y) CA Iy O REINDEEE
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R MProduct Construction
% | MCEDFADETIVIRE
e YRATLITIIATEH X > D 4,X)XA

o [lcll: X = D (AT)

s Ll Dw A LT IE £ 2R

. [d]: Y = PAH)

o [dI(y) CAtIEyh ORIBINDFEE

. ETIIIEERE R Z2 BTk

(x,y)t:j(er, Z [[C]](X)(W)%ﬁ‘l‘%:

welldll(y)
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fEAProduct Construction

% | MCEDFADETIVIEE

ETIIVIRERIE | IRz W Ik

o [cll: X = DAY, [cl)m)iExD owZ

o [d]l: Y = AN, [d(y) CATIZyD b =E

H 5w D FESR

CeVIRIL Y el EEE

weldI(y)

SINns

H A LTIEF BHEXR

= =z4
/) AF

4: D (AN X P(AY) > [0.1]%¢(0.5) 1= ) (W) TEERT B &\

weS

g ([l X [dl): Xx Y — [0,1]0 TR L 7c L&
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R EAProduct Construction
Product Construction

o [lcll, [d1Z ZNZENETE L Tgo ([cI X [d)=HF 5 DI
HEaX FAFWL
o cldERIFICEDLED VR T Lc@d%EY.
[c @dI( =qe([clx[d])Z5TET %
<)L 78 ¢

27
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fEAProduct Construction

RRABNETIVRE

« YVATLIRNLATEH X > D4XXA [ apme: x - Fux)

o [lcll: X = D (AT) & 751 Fg(Qg) = L

TEEUARE S

o [l at Hwk HF) LT IE & 2 R

o HHEE  SREMERA— < kY (DFA) d: ¥ — (¥ X 2

‘ [[d]], Y—>@(A+) If—%ﬁTR:FR(QR)_)QR

(A

. [dI0) C A*idyh HBBI N B SE
. EFVRERIE | AR T E AT O

(xa y) L: ;(j- [./ Z [[C]](x)(w)%ﬁ-l—ﬁ q. QSX QR —_ QS@RT\
welldll(y) g e ([cll x4
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R #BProduct Construction

Productid BAZI{ Ay y: FeX X FrY = Fegp(X X V)l CERE

product c®,d:=1e(cXd): XXY = Fggp(XXY)
oroduct D ZEMR[c ®,dll R#r.o, TERE L IcR/NB R

BE-WETIILRERED product D =R ZHETNITEIT DA ?
[c®,dll =q-cl x4l

Prop.[watanabe+, 00PSLA25] gh'strict, omega-continuous? 2

q ° (t5 X Tp) = Tggr © Fsgr(q) ° A7& D IXc @, dll = g ([c]l % [dT)
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No-go theorem for product construction

MC & NFA®Dproduct construction

c IERTEMBRA— b~ b (NFA) :
ANICHT L, &V 5 2BENEBEDL Y 1F5

a,b a a,b
start %@ e >é b > Y25 ZabhEHN B

 DFAHL,NFAL RIBAHIZEMSEH. DFAO AHIIREBHEIIERKT S
» MC& NFATproduct constructionld (RERHRY) ICTE 4L

 MC&unambiguous#t— b~ k>~ (acceptd Brunldm4—2) TILT
= B [CouvreurSS, LPAR'03, Baier+, JCSC'23, -]

o DAL IARZ S Z 7
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No-go theorem for product construction

Thm.
MC & NFAIZH 9 % ETIIVIEERIREZ fiE < 7= Dproduct MCIETETE L 22 U (i.e.

q o (Tg X Tp) = Tggp © Fsgr(q) o A& M= TAUIFEL G W)

proof sketch. BAZEHE({1y y: D XXAXPY XD > D_ (XX Y+ 1)}y X
L. P> D DTE—DDHTHBIEZEWN, ADHY 5 BF%EFIRT 5,
ZD D ZTqo(tgX1R) = Tsor ° Fsor(@) oA TSI W & &R IRTY,

MC & DFA, MFAICIZFTE L. HALEHET THE—

INoZEMI 70T,
powerset functor &, subdistribution functor o,

multiset functor #Z7 & DEID BIAZTHZ VT D 1T 7-

32



No-go theorem for product construction

(Bi%:) €F F Dno-go theorem

TFFTSICXTL. EF FDORECEIL: SeT=2ToSHDHB EZF
ToSIFEFF = 2 DDFEMNMEZER L TETEMNRZIENS

no-go theorem: €+ KO ECHIL: So T = To SHFFEL ALY

° Do P = PoP [VW06E], Lo P => Po P [KSI8l, LoD = Do FPVar03, without

proof]

» no-go theorem®D+90 5 H(zwart22] (6.8. Do D = Do D,FL o L = Lo F)

TS FD

NN =

|

' REFICEZ o NI R D]

EE E AN B BIAEEL: SoT=>ToSHHBH ?

RIS & BRI BARHE

At (X))o (FgX Fg) = Fygre(

X ) dp D H 7
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No-go theorem for product construction
A€ /M4 F T5EZX5EF

CMonz AJ#2€ /14 F OB & 9%
Def. F_,: CMon — [Set,Set] I F TEFKT %, (A, +,0)I,

F\(X) := {h: X > A | supp(h) is finite}, F(f)() := ) h(x)

Example
o« Fy1yvl&tinite powerset functor 2.

FoimvoX) = {H|HCXand H is finite} = 2(X),

FoomwoDE = \/ HE = {(fx) | x € H} = P(f)
xef~'(0)

° F(N,-l—,()) (rj:mU|t|SGt funCtOr %. R;O = F(RZO’-I_’O), R;O = F(Rzo,xyl)

34



No-go theorem for product construction

HAZH: F, = F,O%EDO T

Nat(F,, Fp) & RIE A EA: Fo\Fa

REWIDE X V) Natw(F,, Fp)ldSa5Zz%hd, TOFHDIITZIToT7

Py M R;O T\’,;O

Py
M

+
R

2 1 1 2
N N N N
2721 N2zt R33N RS

R>0 R>0
2 1 R 7

(Non-gray entries are our new results)

No-go theorem®D 7= |IZH T THLKFEEFTRELTWLWS

» Corollary 1 (from Proposition 21). There is an isomorphism A=) : [0, 1]N>1 — Nat(M, D<)

defined by

_f(m)— ) b( E:EEX f(CE)) ?’f ZxEX f(CU) > O

Ay (f)(@) = {Z @)

0 if ZmGX f(z) =

35



No-go theorem for product construction

HAZH: F, = F,O%EDO T

SRBIIDEF V) Natw(F,, Fp)ldEaZzRd, COFHDIITZITo7

=1 o~ € AN
Py 2 1 1 2
N N
M 2">1 N1 RFT RSP
R, |2®° 1 R3F 7

(Non-gray entries are our new results)

Remark: F(_)L;tfaithfulffb“full’é‘ I 73 L

o CMon®DEEDH i: (N, +.,0) > (2,Vv, DIFitn) = i(H)xim7=d
& > TCMon((N, +,0),(2,Vv, L) =2
o Nat(Fy, F,) = Nat(M, P;) = 2V 3B W) LD

36



No-go theorem for product construction

HAZH: F, = F,O%EDO T

FIC2DDIGEEZERT-
1. AD’—TTERD & & (e-g- P = F({J_,T},V,J_)’ﬂ = F(N,+,O)>

. P> HME— — MCENFADNoO-go
o M > RIDD: N, - R,y TRED — MCEMFADRE— 4
2. Fy=%T D& E (A= Ry +.0)

o D= RN [0,1] » RyyTRED — MCEMFADME—E
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No-go theorem for product construction

A F, = F,DH4E

Lem. n - f(x) =f(x) = n- AL (f)x) = L4(f)(x), for each fe F,(X),n e N, x € X.
e n=0ZFEZBE, f)=0= L(f)x) =0
- n=2%ZEZ5%&, f(xyhidempotent = A,(f)(x)Hidempotent

» Lemma 16. Let A and B be commutative monoids, and \: F4 = Fp be a natural ,
transformation. For each f € Fa(X), x € X, a € A, n,m € N, and >1,>2 € {=,>}, we d S a

assume that Iﬂ: Ha”. a _|_ a// — a/
f@)>in-a, and 3. cx\(n f(@)P2m-a.

Then there are a1,a2 € A such that f(z) =n-a+a1 and ), cx\ 14y F(2') =m-a+az by
definition of > and >o. For these a1 and as, the following relations hold:

Ax(£)(@) 17 Apmr2(F)D), Ty oy A (DE) 2 Amea()(D),

where f' € Fa(n+m+ 2) is defined by f/(n+m+1) = a1, f'(n+m+ 2) = a3, and
f'(i) == a for each i € n+ m.

_f)D 2 FOOICX T 5 (BEEIC K 2)EIE 13X D 2 A(F)0)1Z

NI 5EGE—H
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Characterisation of natural trans
AD —ITTERRD & &

Casel:A=(Ll—-a—-2-a-— )

There exists an isomorphism A\~ : {b € BY | b(0) = 0} — Nat(Fu, F):

Ny (f)(@) = N(f(z))-b( Y  N(f(z))).

rxeX

. .8 M => R, is determined by b: N,; — R,

Case2:A=(J_—>a‘{——>(?l)-a)

Let n be the least natural number such thatn > 1 and n-a = a. There exists
an isomorphism A : {c € B | n-c = c}i% "2} 5 Nat(Fy, Fg) given by

N (F)(@) = N(F(@)) - b([ 3 N(f(@)]),

xeX

where [l] is the remainder of | modulo n — 1.

. e.8. P => Rt is unique. ({c|c*=c}'=1)
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Characterisation of natural trans
AD —ITTERD & =

SubfunctoriZX LT HEH DT o3

Prop.

o No natural trans %, = 9 exists.
P = R isunique,and is A,

. There exists a unique 2, = 9. Ayin D, X butnotin DX

e No natural trans Z = & exists.

o Thereis anisom 19): [0,1]N — Nat(#, D) defined by

M (f)(z) = <( s N Crex f@) i Xoex f2) >0,

0 if ) x f(z)=0.
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No-go theorem for product construction
Feo - TOMHOFER

product construction:
ETILEMARAEZRT AT LI=EDproduct c @ dDEREETE L |

WEMICETIIVIREREZ#E < FE
FREHIproduct constructionDHEA T, U TFZRL 7=
MC & NFA®Dproduct construction®No-go theorem

MC & MFA®product construction® ME—14

MC & MFA®product constructionZFFE & L TIEE
MFA®polynomial ambiguity® % & Tpolynomial time T (T 3
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GETPNEEAPIEU S

syntax®d & semanticsdD &

[—1: C - D

IEKmES5ZT-WbD(eg. AT L) HRT

[.MECOBEZRD (e.g. [fogll = [T gl
- 7077 L2k 0ERZEHBDOBRELAEGHE TERES

B = D%V finitial algebra, final coalgebra, trace in monoidal cat,

BATNR(BELTF o v 7 I NIE+2R)EE2IK D DIFBE
— KIS IL?

—
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R L 7T 7 DEREE
KB EEE THE—FET 54 E=

@l
s BBV AT L c: S>> PS,a: PA— A

o f9)=a({f(s) s €cs)NEMICTABRf: > A

. chH'well-founded7z 5 £ I ME—

cD 73 4 75‘%%6% i ff C7§‘+'%%1’b7§& (Iﬁ Cﬁ‘%ﬁ%%’f‘b?&) |Osius, J. Pure Appl.
Alg.'74], [Taylor'95-96, '99], [AdamekMM, FoSSaCS’20]

o I
chBEIRRMRE A
iff T?E%\@a(:f cC = aﬁsﬂﬁ— = a
Y Py
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KISHEE I & 520 DRBEO—K
2 7EHDTE - 59 HAFIREN

o %)L 7 EEH

rew(s,) = 1,

. EEHIEFHM - TRTDH/IRICDWT D ERFHREN (uWP)
U

kK — (s—rew(s)+ Xy P(s,s") k(s))
o EROHREFEREN ¢ vICEET B /3R IZD W T D HREFERI (ud)
0

d: [S,0,1] x [0,00]] = [S,]0,1] x [0, o0]] =L A\
ko= (s—(p,r))
where p = P(s,v) + XgesP(s,8") - mk(s)
r:=rew(s) - P(s,vV) + XgecsP(s,s) - (mak(s") +rew(s) - mk(s"))

45



KEBHMEHEIC K 32D0DFE

STE -

u¥(Sy) = 6, u®(S,) = (1,6)

p(S)) = 1, u®@(S) = (1,1)
(S, =9, ud(S,) = (1,9)

IIITFEEICEHERBE
(1,u'¥) =

I

I\w W

2B A SR B oD —EX

Prop. /L3 7 E#HHFITHEE
D & T HRFRILY &

ICEZERBE(Vs € S. Pr(s,v) = 1)
SE MO =

[T—2T %

2R EARS

rew(S;,) =1,

1
p¥(Sp) = 00, u®(Sp) = (5,1)

p(S) = Lud(S)) = (1,1)
u¥(S,) = oo, u®(S,) = (0,0)

FIFHEE ICEERBETA UL
(Lu¥) # ud
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KBS & 52> DB HD—K
FZER[REMERGF T TR DOXTIG

KAV ST TD2D DAE) 2 B BREE D XTI & FHER U [Koriwy, LICS™25]

o 2DDAERERGE — B, 1y or .
® C 1 D LOR
L -

P T & R O

— RE) R D EZITWB D e

(1p € Alg(®)|c. FENRDME—1E & Ff) Ale®llea = Alsll®R)o.,

X )] Alg(R) W
o' uen

Bl : < 7EHE - I T REBEDES - TEHFHRMO—2. NFA
Dunambiguity® ¥ & THOEKRIRD —E

e WILAT7REBETII—ARICAONTVWABEHELYFVEENEOLNS
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