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Motivation: Simultaneous uniformization problem
Motivation: Simultaneous uniformization problem

Let m: R — A be a holomorphic submersion of a 2-dimensional complex
manifold R to a disk A = {t € C | |t| < p}. Assume that each fiber
R(t) =7 1(t), t € A, is non-compact and irreducible. Assume that

@ R is a 2-dim Stein manifold,
@ each R(t), t € A, is planar.

Fact 1 (Nishino (1969, Kyoto), cf: Chirka2012, Ohsawa2020)
R(t), t € A, is conformal equivalent to C — R = A x C.

v

Fact 2 (Yamaguchi (1976, Kyoto), Maitani-Yamaguchi (2004, Math.Ann.))
R(t), t € A, is of class Og = R = a univalent domain in A x P!

Theorem 3 (H; 2014, Ann.Polonici Math)

R(t), t € A is of class Oap and (C1) type = R = a univalent domain
in A x P!,

v
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Background Motivation: Simultaneous uniformization problem

e Schottky covering Sofa compact Riemann surface S (g > 2)

At A- As Az

A:B ]
@ AY Ar

Theorem 4 (H; 2011, Michigan Math)

Let A be a disk in C;. Let m: S — A be a holomorphic family of compact
Riemann surfaces S(t) = = 1(t), t € A, of genus g > 2. Let S(t) denote
the Schottky covering of S(t) for each t € A. Then the total space

S = Usea (t, S(t)) is biholomorphic to a univalent domain in A x P!.
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Smooth variation of open Riemann surfaces
Smooth variation of domains D(t), t € C

For t € A = {|t| < p} C C, we consider the variation of domains D(t):
D:te A— D(t) C C,.
We identify D with a subset |, (t, D(t)) of A x C., and write
D=|J(tD(t) and 9D = J(t,0D(1)).

teA teA

We say that D is a smooth variation if
there exists a C“-defining function (¢, z) of 9D in A x C;, and

% #0 atany (t,z) € 9D.
e A Stein manifold has a C¥ strictly plurisubharmonic exhaustion function.

We discuss here some analytic invariants associated with a holomorphic
family of open Riemann surfaces.
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Smooth variation of open Riemann surfaces
Smooth variation of open Riemann surfaces (R(t), x(t))

Let 7 : 75~—> A be a holomorphic submersion of a 2-dimensional complex
manifold R to a disk A = {t € C | |t| < 7}. Assume that R(t) := 7~ 1(¢),
t € A, is non-compact and irreducible.

Let 7|z : R — A be a sub-holomorphic family of R s.t. each fiber
(wlr)~1(t) =: R(t) (€ R(t)) is an open Riemann surface of genus g

(1 < g < 00) with C smooth boundary OR(t) = 37, Cj(t) in R(t).
We identify R with the smooth variation of R(#) in R.

For t € A, we may take a canonical homology basis
x(t) = {Ax(t), Bi(t)}{_, of R(t) mod dividing cycles C;(t) (j =1,...,v)
s.t. all Ax(t) and By(t) move continuously in R with ¢t € A.
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Variational formula for the Robin constant
Variational formula for the Robin constant
Let D be a domain in Cs.t. dD=3_"_, C; is C* smooth, and fix ( € D.
Definition 5 (the Green function ¢(z, () for (D,())
g(2,¢) is harmonic on D \ {¢} and continuous on D s.t.
@ g(z,¢) has a pole of logrlq ,

@ g(2,0)=00onC; (j=1,...,v).
A(Q) = lim, ¢ (g(z, ¢) — log IZ%CI) is called the Robin constant for (D, ().

V.

Fact 6 (Schiffer 1946, Suita 1972)

Let K(z,() be the Bergman kernel function on D, and K((,() be the
Bergman kernel on D. Then
_19°X(¢)

~20%(2,¢) : _ ,
T 0200 (by Schiffer), K((, () = r 0C0C (by Suita).

K(ZvC) =
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Variational formula for the Robin constant
Assume that a smooth variation D contains A x {0}. Each D(t) carries
the Green function g¢(t, z) and the Robin constant A(t) for (D(t),0). Then,

Fact 7 (Hadamard; 1907, Mém.|'Acadé.de Sci.)
1 2
OA(t) _ _/ (. 2) lag(t, z)

z

ds,.

Fact 8 (Levenberg-Yamaguchi; 1991, Mem AMS.)

- 1 t
9 )\(7) :—/ ka(t, z) ag( 2) —// da:dy.
875875 T BD(t) D(t) ataz
Here, for the defining function (¢, z) of 9D in A x C, we set
Op |0p -1
F(t,2) = ot | 0z ’
oty ) — (2% 00| gpe [ Do D000\ (00" 00 | 00| o,
2=\ oot | 0z 0t0z Ot 0z ot azaz 0z '

The total space D is a 2-dim pseudoconvex domain in A x C,.
= Ka(t,z) > 0 = A(t) is superharmonic on A.
Variation formulas and Pseudoconvexity September 11, 2026 8 /20



Fact 9 (Maitani-Yamaguchi, 2004)

Let K(t,z,() be the Bergman kernel function on R(t), t € A.
If R = Uiea(t, R(t)) is a 2-dim pseudoconvex domain in A X R,
then log K (t,(, () is plurisubharmonic on R.

Fact 10 (Berndtsson, 2006)

Let D be a pseudoconvex domain in C§ x C?, and ¢ be a
plurisubharmonic function on D. For each t, let ¢ be the restriction of ¢
to the n-dim slice Dy = {z | (t,z) € D} of D, and denote by

Ky(z,¢) the Bergman kernel function of Dy with the weight function ¢".
= log K((, €) is plurisubharmonic on D.
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Variational formulas for principal functions

C.>D>{0,¢}, 9D =37"_,Cj: C¥ smooth.
Let Q(D) be the set of all univalent functions w=Q(z) on D s.t.

Q(z) = +b0+512+ at z =0,
Bl(z—§)+Bg(z—C)2—|—--~ at z = (.
circular ) Qi(C:)  [Boundary condition]
slit mdpping _l) OneachC;i(j=1...v).
w = Qi(z) Qu(C1) P 1Qi(z)|=r1; (constant)
‘\""i—_-l"
© o(C1
l-ah\ o
slit mapping 0 argQo(z) =0; (constant)
o /z C2)
e ¢i(z) :==1log|Qi(2)| (i =1,0) : L;-principal function for (D, 0, ().
° 3= log|dQl( ¢)| (i =1,0) : L;-constant for (D,0,().
@ h:= 1 — Bp : harmonic span for (D, 0, ().
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RETAN IR TadleWEll  Variational formulas for harmonic and Schiffer spans

- 00000000 [mewsimei |
Fort € A ={|t| < p} C C, let R(t) be a bordered Riemann surface of
genus g (> 0). Let {Ax(t), Bi(t)}{_, be a canonical homology basis of
R(t) modulo dividing cylces OR(t). Assume that R(t) > {0,((¢)} and

z = ((t)(# 0) is holomorphic on A.
el

Lemma 11 (H; 2011, Michigan)
CI1 (t,2)
— The simultaneous uniformization of the Schottky covering of cpt R.S.

0tz

?/i(t) 1 8q1 (t,2)
L = — t
atot /;)R(tf 2(t,2) d dy.

Lemma 12 (H-Maitani-Yamaguchi; 2011 Nagoya)
0* 1 dqo(t, (t,
CIEY Sy L CET gL
AR(t) R(t) 6t6z

otot
_Im{z p (/ xdqo(t, z)) ;</13k(t>l)<d%(t72)> }

If R is pseudoconvex in R and each R(t) is planar, then the harmonic
span h(t) := [1(t) — Po(t) for (R(t),0,¢(t)) is subharmonic on A.
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RETQUITITSRITTSHI NI  Variational formulas for harmonic and Schiffer spans

P(z) = ig+0+Al<z—<)+Aa(z—<)2+---

at z = (.
ical A i Pi(C2) [Boundary condition]
C \?mca . Pi(C1) | OneachCi(j=1...v),
slitariapping I [S—— ’
‘b w =Pi(z) | ]0 RePi(z) =¢; (constant)

izontal %0 Po(C1)

SiTANE —To > ImPo(z)=d; (constant)

0 = Po(z)

Po(C2)

M.Schiffer (1943) showed that the maximizing function of the Schiffer
P P
span s for (D, () is 1(2);0(2) € P(D).
e pi(z) :==RePi(z) (i =1,0) : L;-principal function for (D, ().
e o;:=ReA; 1 (i=1,0): Lj-constant for (D, ().
@ s:=ag — oy : Schiffer span for (D, ().

S.Hamano (Kyoto Sangyo Univ.) Variation formulas and Pseudoconvexity September 11, 2026 12 /20



RETAN IR TadleWEll  Variational formulas for harmonic and Schiffer spans

Assume that the total space 7 : D — A contains A x {(}, and each
D(t) := 7w 1(t) is planar.
Lemma 13 (H; 2014, Polon.Math.)
2 2
Op1(t
+ ‘pl( %) > ds,
‘82p1(t, z)

0?s(t) 1 Opo(t, z)
= ¢ S0 )
atot /BD(;”?( 2) (‘ 92 82
O0toz

po(t z)
// (‘ |
Theorem 14 (H; 2014, Polon.Math.)

D is a 2-dim pseudoconvex domain in A x C,

D
) dxdy.

v

— ‘s(t) = ap(t) — ai(t) ‘ is subharmonic on A.

/I\

= Schiffer span s(t) for (D(t),() is logarithmic subharmonic on A.

— The simultaneous uniformization of planar R(t), t € A, of class O4p .
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RETQUITITSRITTSHI NI  Variational formulas for harmonic and Schiffer spans

Non-smooth variations under pseudoconvexity
D = Usea(t, D(t)) i 2(t) %
pseudotceoAnvex in A': C. @ \ %
(F1) e .
(@ - @

w @-8 -&

D(t),t' eq’ D(t),te? D(t"),t" e A

Lemma 15 (H; 2013, JMSJ)
@ For D of type (F'I), the harmonic span h(t) for (D(t),0,((t)) is
C* subharmonic on A (but not of class C2, in general).

@ For D of type (FII) or (FIII), there exists a counterexample s.t.

h(t) is neither of class C' nor subharmonic on A.

S.Hamano (Kyoto Sangyo Univ.) Variation formulas and Pseudoconvexity September 11, 2026
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How are they related?

Theorem 16 (H; 2016, Math Z.)
Let R be a finite bordered planar Riemann surface. Then

@ The metrics s(¢)|d¢|? and 71raaéla 2|dC|? are identical on R;

@ s(Q)|d¢|? is of negative curvature at every point ( € R and complete
on R.

Theorem 17 (H; 2016, Math Z.)

Let R(t) be a bordered planar Riemann surface in R. Assume that total
space R is 2-dimensional pseudoconvex in A x R, and R contains two

holomorphic sections oo and o over A with oo Mo = 0. Then log s(t, ()
8%h(t,¢
a¢coC

and log )|dC\2 are plurisubharmonic in two variables (t,() on R.

Remark. This is the same phenomenon as the Bergman metric
K(t,¢,¢)|d¢|? is in Fact 9.
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Reproducing kernel K (¢, () for S(R)

Let R be a bordered Riemann surface of genus g(> 0) with a finite number
of C“-smooth contours C; (j =1,...,v) in a larger Riemann surface R.
Let A(R) be the space of L?-analytic differentials on R.

Let S(R) be the space of semi-exact L2-analytic differentials on R.

Let K(z,¢) be the reproducing kernel function for S(R).

We have two metrics ds? := K((,¢)|d¢|? and ds = K(¢,0)|d¢?.
In view of the orthogonal relations A(R) = S(R) @ S(R)*,

~2
we see that ds — ds? < 0. For example, for the annulus
A::{\/?<\z]<%} 0<r<1),

~ 1
K(¢, Q) — K((,¢) = W <0
Lemma 18 (H; 2016, MZ)
I _ gaQ(jl(Z,C) _ _gaZQO(zaC) % _ ia2h(<.)
K(27C) - T 8262 - T azaz ’ K(Ca() - 17T 8(82 .
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Closings of an open Riemann surface

For a given open Riemann surface R of genus g (1 < g < o), we fix a
canonical homology basis y = {Af, BJR};?:l of R modulo dividing cycles.
Definition 19 (closings)
Let S be a closed Riemann surface of the same genus g,
¥ = {Af,BjS}?:l be a canonical homology basis of S, and
¢ be a conformal embedding of R into S such that

L(Af”) is homologous to Af and

Ry S 3 —
t(Bj") is homologous to By (j =1,2,...,9).
Two triplets (S, x°,¢) and (S’, X', ¢) are called equivalent if there exists
a conformal bijection f of S onto S’ such that for="/.

Each equivalence class is referred to as a closing of (R, x''). We denote by
C(R,x™) the set of all closings of (R, x™).

v

Our aim is to study the set M(R, x?) of the period matrices of C(R, x'?).
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Slesitigs & @ G (REmE suis:
e Oikawa (1957): M(R, xT) is compact and connected in T,.

e Shiba (1987): g = 1, the set M (R, x®) of moduli is a closed disk in H.
e Schmieder-Shiba (1998) and Masumoto (1999): each diagonal element
757 of T[S, X%, 1] is a closed disk 90;(R, xT) in H for 2 < j < g (< o0).
Remark

In the higher genus cases, even at a boundary point of I;(R, x™), the
closing of (R, x) is not always uniquely determined.

Theorem 20 (H-Shiba-Yamaguchi (2017, Kyoto); g =1)
Let m: R — A be a smooth variation of open tori (R(t), x(t)), t € A.
Assume that R is pseudoconvex in R. Then the following holds:

@ the hyperbolic diameter o(t) of M(R(t), xT(t)) is subharmonic on A.
@ o (t) is harmonic on A if and only if R is a trivial family A x R(0).

Theorem 21 (H (2022, Math.Z.); 1< g < o0)

For a marked open Riemann surface R of genus g (1 < g < c0) and a real
g-vector a = (ay,...,aqy) # 0, the diameter of the a-directional moduli
disk M, (R(t)) for higher genera is subharmonic when R is pseudoconvex.

v
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(RIS TSV IEL WG iICOVEIEM  Variational formula for hydrodynamic differentials

Variational formula for hydrodynamic differentials
Definition 22 (hydrodynamic differential ¢ € Z%(R))
Let & € R. A holomorphic differential ¢’ on an open Riemann surface R is
called a hydrodynamic differential with parameter value 0 if
@ outside a compact set on R, exact ¢ = d® and Dirichlet finite,
@ on each component of R, Im [e~"/2®] = const. along OR.

Lemma 23 (H-Shiba-Yamaguchi (2017, Kyoto); ¢ =1)

Lemma 24 (H (2022, Math.Z.); 1 < g < o0, ¢2 € X(R) for 6 =1,0)
Let ¢%(t,2) = fo(t,2)dz (0 =1, ()) by use the local parameter z of R(t).

Let (t) = >9_ 11Ak¢0 (t, 2 jB . Then, fort € A,
0?Im 7 (t) 1/ Haqﬁ t,2)|?
— 2 t,2)|fa(t, 2)|7|dz| + a

o 2%()<>|<>|| | i

2t (1 0
éM%_—<2AM)uauaznuw+ m)
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Variational formula for hydrodynamic differentials
Main Theorem 1 (H-Shiba, submitted)

Let (R, x) be a marked open Riemann surface of finite genus g.
Then, the period matrices T of the closings of (R, x'?) satisfy a system of

inequalities in G: c (T — %) te| < Qe

for every c € CY9. Here,
TH e T9+1 T@ _ T9+]_

1 T*:f € Gg and # 0_7)62 ¢ Gg,

where the g X g matrix () is a positive semi-definite Hermitian matrix.
Equality holds for some if and only if T" is the period matrix of a
hydrodynamic closing of (R, x'?).

Main Theorem 2 (H, submitted)

If R is a two-dimensional pseudoconvex domain fibered by open Riemann
surfaces R(t) of the same topological type, then pc(t) is subharmonic for ¢.

Thank you so much for your attention.

sachiko@cc.kyoto-su.ac.jp
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