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1. Introduction 

れJekrasov'spartition function of SU(N) gauge theory: 

ZNek(ε1ぅω ;q)=玄 qk 玄 ν J 00 

k=O 丘 PN(k)日立β=1n~ ，ß(ε1 ， E2， a) 

whereエ={九}ご=1and

ηdd品とEι，sβ〆(山
Sε壬:弘主

x II ((f九(t)+ 1)εl-aη(t)ε2+αβ -aα)， 
tεη 

Ry (s) : the leg length αy(s) : the arm length 

PN(k) : the set of N・.tuplesof Young diagrams such that 

the total number of boxes is the instanton number k. 

[N. I¥Jekrasov， hep-七h/0206161]
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The contribution with the instanton number k is given 

by an equivariant integral of “1" over the moduli space 

M結晶 offramed instantons on C2 with rank N and 
the second Chern class k， which is computed exactly by 

the localization theorem for the following toric action; 

1. On (Zl， Z2)εc2 ; (ZlぅZ2)→ (eiE1z1ぅe'"ε2Z2)

2. The action of the maximal torus (e'"α1γ ・.，e '"αN)ε 

TN-1 on SU(N) withεL1句 ==0

In general the equivariant integration gives a Laurent 

series in the equivariant parameters (Elパ2，の.

Localization Formula 

If all the fixed points of G action on M， (d i m M == 2R) 

are isolated， the equivariant integral of G-equivariantly 

closed form μis given by 

ん 0(8)
げ μ==(-2πゾ乞一寸
i凶 sεMGdet芝乙と(8)

where乙と(8)is the homomorphism of TsM induced by 

the G action and μo is the O-form part of μ. 

When G =U(1y，detj乙と(8)== rrr==l (ki(8).E)， where 
(kl(8)， .・・ぅk.e(8))ε (ZT).e are weights the toric action 

at 8 and εis the generator of g. 
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By the localization formula Nekrasov computed J ̂A(N刈 1
.，!Y ιADト1M

= the "volume" of the moduli space， which arises from 
the path integral of the partition function of N = 2 su-
persymmetric 't匂ng-Millstheory. 

(N，k) 
The fixed points of the toric action on MAD'HM are in 
one-to-one correspondence with the elements OfPN(め.

[H. Nakajima : Lectures on Hilberl schemes of points on surfaces] 

We only have to evaluate the weights (eigenvalues) of 

the toric action at each fixed point. Note t肋ha剖tthe denom圃

i阿na附a剖tor町rof Z 卜トA胤‘、峨、

2 川 = ω伽m町cM結L白詠:kL¥¥!1fa 伽 S

When ξ1 == ---E2 ==九， we find 
1 00¥  

ZNek(九a;q) = exp卜玄 liLr-LFr(a;q) ) 
¥ r=O ノ

and Fo(a; q) = :f演ず(a;q); the instanton part of the 
Seiberg-Witten prepotential. 

This is regarded as a version of (Iocal) mirror symmetry 

A間sIde:ZNek(九ぅa;q) from the equivariant integral over 

the instanton moduli space by localization 

B開 side:.rs訪~(互;q) from the period integral ofthe Seiberg圃

Witten curve (to be explained in the next section) 

[N. Nekrasov and A. Okounkov， hep-七h/0306238] 

[H. Nakajima and K凋 Yoshioka，ma七h.AGj0306198]
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2. Seiberg-Witten Prepotential 

人(== 2 supersymmetric 5U"(2) Yang回Millstheory 
in four dimensions has [Aμ?ゅう+fermions]， 

which are in the adjoint representation (su(2)ーvalued).

P伽 1tialfor the com似 scalar:V(ゆ)==戸r[ゅうが]2

ニ〉ゆ =ασ3 to minimize V(ゆ).

Moduli of N == 2 SUSY vacua: u == (Trρ〉
in the wealくcoupling(UV) region Iα1>> 1，u(α)rvさα2

Higgs mechanism 

When αi= 0， only U(l) photon multiplet (proportional to 

σ3) remains massless and other fields acquire masses 

with scale Iα|‘ 

Spontaneous symmetry braeking 

Consequently the low energy effective symmetry is U (1) C 

SU(2)‘ We are interested in the non-perturbatively ex-

act low energy e仔:ectiveaction for the abelian gauge mul-

tiplet. The non園 perturbativee仔ectscome from the exis-

tence of SU(2) instantons (anti-self-dual connections). 
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By the restriction of N = 2 supersymmetry the most 

general action of abelian gauge theory (up to two deriva回

tives) is known to be determined by the holomorphic pre-

potential F(A) as follows; 

r r -14 θF(A)A I 1 r -12θ2F(A)α1  
乙eff=-lm|/d O A  +-/d O 勺 WαWα|
47r IJθA . 2J θA三 |

J d4()ぅJd2() are integrals of superfields Aぅ日/α・

Fclassicalω=トJ () 4π4 
Tn 一一一ー←ーーτ-
...， 2π 9ど

Special Kahler geometry (Why F is called下repotential")

δF_ i IθFδF_¥ 
K(αぅ5)=Im-5=-|-α一一αI=lmαD5 

θα2  ¥θδθα/  

gives a Kahler potential for the metric on the vacuum 

moduli space; 

勺 /θ2F¥
(ds)ぷ=1m lすすJdαda= 1m dαDda 

¥ aa~ I 

i (dαDda dαdaD¥ 
一一 l一一一一一一一一一一Idudu
2¥du du du du ) 

The metric is invariant under SL(2うIR.)action on (α?αD) 

which realizes abelian electromagnetic duality. 
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Seiberg圃Wittenprepotential : FSW(α?八)

Exact (including instanton effects) prepotential has the 

following (instanton) expansion: 

つ/ 町 内ハバ¥4k

FSW(αぅ八)=2J+ι(log竺-斗+α2乏(斗広
2 . 2¥ 八 2/k=1¥α/

where八isthe scale parameter in the renormalized the-

ory. The second term is perturbative contribution (1・loop

e汗ect).The last part is the non-perturbative terms and 

the coefficients Fk are the "symplectic volume" Fk 

fMk "1"， where人1.kis the moduli space of (framed) 

SU(2) instantons on JR4 with instanton number k. 

Seiberg圃Wittentheory =官刊odel
U

computation of F sw 
[N. Seiberg and E. Witten， hep-七h/9407087]

The prepotential F is a holomorphic section of an appro-

priate line bundle on the moduli space of vacua， which 

is CP1. Thus it can be reconstructed from monodromy 

data and global consistency. 

Note also that a subgroup of SL(2， JR) is realized on the 

lowenergye仔ectivetheory， thus it is not surprising to find 

a close connection to the beautiful theory of automorphic 

functions. 
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The prepotential F sw (αぅ八)is obtained by solving the 

Picard-Fuchs equation for the period integrals on SU(2) 

Seiberg圃Wittencurve; 

y2 == (X2 _ u) 2 -4八4

where u is the moduli parameter. 

Consider the period integral 

の):==レswぅ aD(U) :==レsw
ofSWd肝e削 ialM=-3守

The period integrals satisfy the Picard圃Fuchsequation 

L θ2 1 
θu2 4(八4_ u2)う

乙a==Oう

which has regular singularities at u 土八ぅ∞. The 

SW curve degenerates at u ==土2八2，where a mass圃
less monopole (dyon) appears. This fact determines the 

monodromy of (α(u)，αD ( u)) at the singularities and the 

solution is given by the hypergeometric functions; 

戸 1 /パ， 1 1 1、 2
、/2八αム/~っF1(一一‘一司 1:-)~ α 
， ι 占、 4' 4' .α， ， 八斗

3 1 、

7(α-1)2Fl(一?ー，2;1 -α) 
4'4 〆

α(u) 

αD(U) 
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Substituting the inversion u == u(α) (the inverse mirror 
map) ofα=αい)toαD(U) ==δ52w.， we obtain a series 
expansion of FSW(αぅ八)around infinity， which gives the 

coefficients of SW prepotential 

一4
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[reference] Expressions in terms of modular functions 

(3八4+u2)303+02
j (7) ;.: ~ -') ^ A つう u( 7) == 一 血27(u2一八4)2' -'"J 191 

(7) 主(E2+ 19~ + 194) 
ふり2¥ / 

3. Topological String and BPS states counting 

The expansion of the Nekrasov's partition function 

I C泊、

ZNek(厄うa;q) == exp (-L IiLr-L Fr(a; q) ) 
¥γ=0 / 

reminds us of a genus expansion in string theory. In fact 

the relation to the (topological) string theory becomes 

more transparent， if we consider the five dimensional 

(“trigonometric"， or K theoretic) lift of Z，¥lelく(厄，a;q). 
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Five dimensio川 ift:ηる(勺ぅ引f)今 Nる(いQβα)

Nる(いQβα)== S!z!!Lα(←1一内
×JIβ(1-〆山

where t :== e-E1
ぅ
q:==ピ2，Qβα==eαβ-aa， 

We can show that， when q == t == e-9s， the five dimen-

sional lift is nothing but the topological string amplitude 

on an appropriate local toric CalabトYau与foldKs. 

[A.lqbal and A.圃 K.Kashani-Poor : hep-七hj02ユ2279，0306032]
[T. Eguchi and H.K. : hep-七hj0310235] 

For example for SU(2) Yang-Mills theory the toric sur-

face S is one of theトiirzebruchsurfaces IFop1?2・

IFo == pl X pl and KFo has two Kahler parameters tB 

and tF' The SW prepotential of SU(2) theory is 

obtained by taking the "double scaling" limit ε→ o of 

QB == e-tB == (ε八)4う QF== e-tF == e-4εα q == e-2E9s 

in topological string amplitude on KFo 

[S.Katz， A.Klemm and C.Vafa， hep-七hj9609239]

In this limit the fiber pl is collapsing， while the volume 

of the base pl becomes quite large. 
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From the viewpoint of M theory， the free energy of the 

topological string is expected to have the following form; 

F(乙ω= ε 去三争(2sin学)2r-2 e一切
βεH2(X，Z) r=O k=lん¥ L / 

where n's is the integer inva附 ltSof Gopakuma州 afa

[R. Gopakumar and C. Vafa， hep-七h/981212 7] 

Thei加n陶t恰eg叫 tyof吟C∞omesfrom川1the fact that it is the mul・
tiplicities of BPS states in five dimensions! In the Calabi・

Yau compactification of M theory， the BPS states with 

charge sεH2(X， Z) arise from an M2・branewrap-
ping on a holomorphic cycle L with [工]== s. 

The irreducible decomposition of the BPS states w.r.t. 

the five dimensional spin SU(2) L X SU R(2); 

性別2何?バ③NdiL，jR)[(j山)]
Since BPS states preserve half of N == 2 SUSY， 
it always has tt削 actor(き0)⑦ 2(0，0)
Then the GV園 invariantsare identified by the relations; 

NjL:=ZNjωR)( -1)2jR(2jR + 1) ， 
JR 

Z吟(_1)r(ql/2_ q-l/2)2r ==工lvj切 -jL+... + q+jL) 
JL 
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4. SU(2)L X SU(2)R spin decomposition 

When Elε2  == 98， the 5-dimensional lift of Z，¥Jek 
reproduces topological string amplitude and related to 

the BPS state counting. A natural question is whether we 

can find a similar counting problem of BPS states even 

if El +ε2手O.It is natural to expect that it gives a full 

information of SU(2)L x SU(2)R spin decomposition of 

the BPS states obtained from M2圃braneswrapping over 

holomorphic 2圃cycleβ.

[T. Hollowood， A. Iqbal and C. Vafa， hep-th/031 0272] 

It is conjectured SU(2)L x SU(2)R spin decomposト

tion of the five dimensional BPS states is mathematically 

identified as the Leおchetzdecomposition of the coho圃

mology of the moduli space of D2 branes. 

Thus it is an interesting problem to check if the the 与

dimensional lift of Z，¥Jek gives a consistent “spectrum" 

with BPS state件 Cohomologyclass ofthe moduli space 

The moduli space of D2-branesルtsconsists of the de圃

formation of the holomorphic cycle in C乃 togetherwith 

the moduli of flat (=stable) U(l) bundle over it. 
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We have a fibrationπ:ん匂→ん旬，where the baseんら

is the moduli space of the two-cycle s without the choice 

of flat bundle. For example， if the two-cycle is generically 

the Riemann surface of genus g， then the generic fiber 

is T2g， the Jacobian variety of the Riemann surface. 

80thん1sandん1sare Iくahlermanifolds and the Lef，圃

schetz action is defined by the multiplication of a Kahler 

form. It has been argued that the SU(2)L spin is ider下

tified with the Lefschetz decomposition along the fiber 

and the SU (2) R corresponds to the action on the base. 

We thus have the following decomposition of the coho園

mology of the moduli space of D2 branes; 

H*削*叱(反拘s)片=乞N吟jω2) [(ωjdd{rt伽吋b舵ε

In particular this identification implies that the SU(2) R 

spin contents with the highest SU (2) L spi加nl恰sgiven by 

the Lef:おschet包zdecomposition of the cohomology of the 

baseん《旬s'

[H. Hosono， M.-H. 8aito and A. Takahashi， hep-七h/9901ユ51{

ma七h.AG/O工05工48]

[8. Katz， A. Klemm and C. Vafa， hep-七h/9910181]
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The spectrum NaiL，jR) ofthe five dimensional BPS states 
contributes to the low energy effective action as follows; 

F(qぅt;Qβ) 

∞ N(jLJR) 

= L L L μ 
βεH2(XZ)jLJRn=1n(qn/2-q-n/2)(tn/2-t-n/2) 

X (u-n'JL +... + un吋(V-n-JR+... +りn吋Qs

where u :== qtうり := q/t and Qβ=e-M. 

Let us look at the Nekrasov's formula for pure SU(2) 

case， which corresponds to local Fo = pl X pl. 

Take a holomorphic curve βζF  0 with bidegree (α?の.
The curve has generically genus 9 = (α-l)(b -1). 

The result for the class B + nF with genus zero is ob-
tained from the one instanton part; (Q :== ea1-a2) 

Fone灼st(q，t; Q) 

UQ E(き(υ吋+けーさ)) Qn 
(ql/2 _ q-l/2) (t1/2 _ t-1/2) nL...J

O 
\k~ 'v -I V - / ) 

Comparing with the general structure of the free energy 

F(qぅt;Qβ)，we find 

lvFJP=6.106u rH，r Ju，VI JR，n十芝
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This result is consistent with the geometry of the moduli 

spaceルtB+nF.

Firstly， the curve B +ηF has generically genus zero 
and the fiber (the moduli of flat U(l) bundle) is trivial， 

implying the left spin vanishes.キ 6jLぅO

Furthermore the moduli space of curves of bi-degree 

(仏b)in p1 x p1 (without the flat budle over them) is 

shown to be p(α+1)(b+1)-1. When いうの==(1ぅη)，
the moduli space is p2n+1 and the Lefschetz decompo圃

sition gives a single multiplet of spin n +与キム_"，，， L 1 
' 一一一一Jlむ'む 12

Similarly by looking at the two instanton part of the free 

energy， we obtain the following “spectrum" of BPS states 

arising from the homology class 2B + kF; 
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k==l ゆ
1~ ， 1_  7， 1_  5 
(二，4)E9 (0，一)⑦ (0，一)

2" -'-'2 

11， _ /1 _， _ /1.， _/_ 9" -'_ 7， 1_  5 
仏-__)E9 (一ぅ5)EB (:，4) E9 2(0ぅ一)E9 (0， ~) EB (0，一)2 .1 '-l./ '2' -.1 '-.L/ '2' "/ '-.L/ -¥.'"'， 2/ '-v \.~， 2/ '-v ¥.'"'" 2 

13， _ ，，~ 11" _ -，1 _， 11 ， .， 1 
(;，7)E9(1ぅー)⑦ (1ぅー)E9 2(一ぅ6)E9 (:，5) EB (:，4) 2" - "2/-J~"21-J""""2 

11" _ 1_  9， 1_  7， I 5 
⑦2(0，ー)E9 2(0， :) E9 (0ぅ一)E9 (0，一)2"' -，，-I 2 J ~ ，，-12 

k==2 

k==3 

k==4 
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Thes叩pi加ncontentof the highest left s叩pi加n(υf=kうm== 1) ) 

i陪s(伴主与ラ手主 3吋すT明2つ)川
the moduli space of D2 bri悶anesas follows; 

The genus of the curves with bi-degree (2うた)is gener-

ically k -1 and the generic fiber is T2k-2， whose Lef圃
r fl '¥ /'T"¥ r"¥fn'¥ 1②(k-l) schetz decomposition is l (豆)EB 2 ( 0) J D'  ¥ IV ~ J • H e n ce， 

the highest left spin is (k -1)/2. 

The right spin contents with the highest left spin agree 

with the fact that it is identified with the Lefscetz decom-

position ofん12B+kF== p3k+2 

Conjectures and Chall告nges

1. Free energy of 5 dimensionallift of Z，¥lek is expanded 

in terms of the characters of SU(2)L x SU(2)R; 

F(匂υ川?パtの)f'J 玄玄 N(j川)、χjιL(ωq併ωtの)χぷd
βεH2〆(X，Z勾)(j比L，j段R) ， 

2. The coefficients NaiL，jR) a削 ntegral
3. The expansion gives the the Lefschetz decomposi-

tion of the cohomology H* (ルiβ)of the moduli space 

of D branes; 
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