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1. Introduction
Nekrasov’'s partition function of SU(IN) gauge theory:
1

)

(o.e}
Znek(€1,€0,3:9) = Y. ¢ % N Y =
k=0 YePy(k) Iy g=1 Ny gle1, €2,3)

where Y = {Y,})_, and

negler,62,@) =[] (—Ly,(s)er + (ay,(s) + ez + ag — aa)
SEYn
x ]I (b, @) + De1 — ay,(De2 + ag — aa),
tEYﬁ
fy (s) : the leg length ay (s) : the arm length

Py (k) : the set of N-tuples of Young diagrams such that

the total number of boxes is the instanton number %.
[N. Nekrasov, hep-th/0206161]



The contribution with the instanton number & is given
by an equivariant integral of “1” over the moduli space
MEEE) | of framed instantons on C2 with rank N and
the second Chern class k, which is computed exactly by

the localization theorem for the following toric action;

1. 0N (21, 22) € C?; (21, 20) — (€121, €'220)
2. The action of the maximal torus (e*@1, ... ¢ N) ¢
TN=1on SU(N) with =}_; a; = 0.

In general the equivariant integration gives a Laurent

series in the equivariant parameters (e1, €5, @).

Localization Formula

If all the fixed points of G action on M, (dim M = 2¢)
are isolated, the equivariant integral of G-equivariantly
closed form u is given by

— (_om)! Hols)
/M'u ( ) se%/[G detéﬁg(s)

where L¢(s) is the homomorphism of TsM induced by
the G action and pq is the O-form part of p.

When G = U(1)", det% Le(s) = Hle(ki(s)-e), where
(k1(s),...,ki(s)) € (Z")* are weights the toric action

at s and ¢ is the generator of g.



By the localization formula Nekrasov computed | M; ]\é ,;)M 1
= the “volume” of the moduli space, which arises from
the path integral of the partition function of ' = 2 su-
persymmetric Yang-Mills theory.

The fixed points of the toric action on ng\é]f_,)m are in
one-to-one correspondence with the elements of Py (k).
[H. Nakajima : Lectures on Hilbert schemes of points on surfaces]
We only have to evaluate the weights (eigenvalues) of

the toric action at each fixed point. Note that the denom-

inator of Zyek has =24 Zgz._l (Zi Py T X5 Nﬂ,j) =

2Nk = dimg Mg\éﬁ)M factors.

When €7 = —eo == h, we find
o0
Znek (B, d; ) = exp (— 72;0 K22 (&, q))
and Fp(@;q) = F&H(a; q); the instanton part of the
Seiberg-Witten prepotential.
This is regarded as a version of (local) mirror symmetry

A-side : Znek(T, @; g) from the equivariant integral over
the instanton moduli space by localization

B-side : ]—“g%t (@; ¢) from the period integral of the Seiberg-
Witten curve (to be explained in the next section)

[N. Nekrasov and A. Okounkov, hep-th/0306238 ]
[H. Nakajima and K. Yoshioka, math.AG/0306198 ]




2. Seiberg-Witten Prepotential

N = 2 supersymmetric SU(2) Yang-Mills theory
in four dimensions has [A,,, ¢, 4+ fermions],

which are in the adjoint representation (su(2)-valued).

Potential for the complex scalar: V (¢) = Eler [6, ¢1]2

= ¢ = ao3 to minimize V (¢).

Moduli of N’ = 2 SUSY vacua: u = (Tr ¢2)
in the weak coupling (UV) region |a| >> 1, u(a) ~ %aQ.

Higgs mechanism
When a #~ 0, only U (1) photon multiplet (proportional to
o3) remains massless and other fields acquire masses

with scale |a].

Spontaneous symmetry braeking

Consequently the low energy effective symmetryis U(1) C
SU(2). We are interested in the non-perturbatively ex-
act low energy effective action for the abelian gauge mul-
tiplet. The non-perturbative effects come from the exis-

tence of SU(2) instantons (anti-self-dual connections).



By the restriction of A/ = 2 supersymmetry the most
general action of abelian gauge theory (up to two deriva-
tives) is known to be determined by the holomorphic pre-
potential 7(A) as follows;

OF(A)—. 02F (A)

A2 ——W W,

ﬁeff_—l [/d"’f@ A+ = /d29

[ d%0, [ d?6 are integrals of superfields A, Wk,

1 471‘7,
Felassical(a) = 57002, TO - 2_7r _|_ —

Special Kahler geometry (Why F is called "prepotential”)

K( )—Im%a——— ga——é—}“c—z =Imapa
o Oa oa da | b

gives a Kahler potential for the metric on the vacuum
moduli space;

2
(ds)? = Im (‘2 f) dada = Im dapda
a

_ ¢ (daDda_ dadap
2\ dudu du du

) dudu

The metric is invariant under SL(2,R) actionon (a,ap)

which realizes abelian electromagnetic duality.



Seiberg-Witten prepotential : Fgoy(a, \)
Exact (including instanton effects) prepotential has the
following (instanton) expansion:

0 5 a2 4k
Fswla,\) = a +?( 9K‘§)+ Z ( ) Tk

where A is the scale parameter in the renormalized the-
ory. The second term is perturbative contribution (1-loop
effect). The last part is the non-perturbative terms and
the coefficients F;, are the "symplectic volume” F;, =
Im, “1", where M is the moduli space of (framed)
SU(2) instantons on R* with instanton number «.

Seiberg-Witten theory = “B-model” computation of Fqy
[N. Seiberg and E. Witten, hep-th/9407087]

The prepotential F is a holomorphic section of an appro-
priate line bundle on the moduli space of vacua, which
is CPL. Thus it can be reconstructed from monodromy

data and global consistency.

Note also that a subgroup of SL(2, R) is realized on the
low energy effective theory, thus it is not surprising to find
a close connection to the beautiful theory of automorphic

functions.



The prepotential Fgy7(a, \) is obtained by solving the
Picard-Fuchs equation for the period integrals on SU(2)

Seiberg-Witten curve;
y2 = (22 — u)2 — 4Nt 7

where v is the moduli parameter.

Consider the period integral

a(u) := /QASW, ap(u) := /BASW

of SW differential Agyy = —12°dz.

The period integrals satisfy the Picard-Fuchs equation

02 1
La= 0, L= - )
. ou2  4(A* — u?)
which has regular singularities at u = +A,0c0. The

SW curve degenerates at u = +2A2, where a mass-
less monopole (dyon) appears. This fact determines the
monodromy of (a(u), ap(w)) at the singularities and the
solution is given by the hypergeometric functions;

111 u?

= 2N\ 1/4 Fi(—,—,1;,—), = —

a(u) V2hat/ 4oy ( 3414 a) & =7
- —=2;1—a)
4° 4

ap(u) = (e~ DaFi(



Substituting the inversion v = u(a) (the inverse mirror
OF,

map) of a = a(u) to ap(u) = =52, we obtain a series
expansion of Fqy (a,A) around infinity, which gives the
coefficients of SW prepotential

1 5 3

:"_—2—5-7 FQZ j:—"_ ......

fl 5174__7 3—2187

[reference] Expressions in terms of modular functions

N A o _ 95+ 9%
i(r) = 27 (a2 NV u(r) = 9

1
a(t) = 5795(]524'?9%4‘193)

2

3. Topological String and BPS states counting

The expansion of the Nekrasov’s partition function
Znek (R, G} q) = exp (— §O W2 Fp(@; q))
r=
reminds us of a genus expansion in string theory. In fact
the relation to the (topological) string theory becomes
more transparent, if we consider the five dimensional

(“trigonometric”, or K theoretic) lift of Znek (R, @; q).



Five dimensional lift : ngﬁ(el, €2, ap) = No%ﬁ(q, t,QBa)

NO%B(Q,t, Q,BOI) — y (1 . t—eﬂﬁ(s)q—aua(s)—lQﬁa)
S€ U

x ] (l—teua(t)ﬂ-lqa“ﬂ(t)QﬁQ)
teug

where t 1= e™“1,q := e®2,Qg, = ",

We can show that, when ¢ = t = e™9s, the five dimen-
sional lift is nothing but the topological string amplitude
on an appropriate local toric Calabi-Yau 3-fold K g.

[A.lgbal and A.-K. Kashani-Poor : hep-th/0212279,0306032]
[T. Eguchi and H.K. : hep-th/0310235 ]

For example for SU(2) Yang-Mills theory the toric sur-
face S is one of the Hirzebruch surfaces g 1 5.

Fo = P1 x P! and K, has two Kahler parameters tg
and tx. The SW prepotential of SU(2) theory is
obtained by taking the “double scaling” limit ¢ — O of

Qp=rcB=(N)*, Qp=ecF=et, g=e 20
in topological string amplitude on K.

[S.Katz, A.Klemm and C.Vafa, hep-th/9609239]

In this limit the fiber P is collapsing, while the volume
of the base P1 becomes quite large.



From the viewpoint of M theory, the free energy of the
topological string is expected to have the following form;

o o0 o0 7'& 2r—2
F(t,gs) = > > 2 £ (2 sin __) et
BeHL(X,Z) =0 k=1 2
where ng is the integer invariants of Gopakumar-Vafa.

[R. Gopakumar and C. Vafa, hep-th/9812127]

The integrality of ng comes from the fact that it is the mul-
tiplicities of BPS states in five dimensions! In the Calabi-
Yau compactification of M theory, the BPS states with
charge 8 € Ho(X,Z) arise from an M2-brane wrap-
ping on a holomorphic cycle > with [>] =

The irreducible decomposition of the BPS states w.r.t.
the five dimensional spin SU(2), x SUR(2);

:0)©2(0,0)] © NFLI) (51, j)]

Since BPS states preserve half of ' = 2 SUSY,
it always has the factor (3,0) @ 2(0, 0).

Then the GV-invariants are identified by the relations;
NJL ZN(JLJR)( 1)2.7R(2] + 1)

an(*l)T(ql/z —1/2y2r — EN]L(q'JL + ...+ qTiL)

JL



4. SU(2)1, x SU(2) g spin decomposition

When €1 = —ex = gs, the 5-dimensional lift of Zye
reproduces topological string amplitude and related to
the BPS state counting. A natural question is whether we
can find a similar counting problem of BPS states even
if e + eo 7= 0. It is natural to expect that it gives a full
information of SU(2) 7, x SU(2) g spin decomposition of
the BPS states obtained from M 2-branes wrapping over
holomorphic 2-cycle 8.

[T. Hollowood, A. Igbal and C. Vafa, hep-th/0310272]

It is conjectured SU(2)1, x SU(2)g spin decomposi-
tion of the five dimensional BPS states is mathematically
identified as the l.efschetz decomposition of the coho-
mology of the moduli space of D2 branes.

Thus it is an interesting problem to check if the the 5-
dimensional lift of Zyek gives a consistent “spectrum’

with BPS state « Cohomology class of the moduli space

The moduli space of D2-branes M g consists of the de-
formation of the holomorphic cycle in CY3 together with
the moduli of flat (=stable) U (1) bundle over it.




We have a fibration = : Mz — Mg, where the base Mg
is the moduli space of the two-cycle 3 without the choice
of flat bundle. For example, if the two-cycle is generically
the Riemann surface of genus g,'then the generic fiber

is 729, the Jacobian variety of the Riemann surface.

Both Mg and Mg are Kéhler manifolds and the Lef-
schetz action is defined by the multiplication of a Kahler
form. It has been argued that the SU(2), spin is iden-
tified with the Lefschetz decomposition along the fiber

and the SU(2) i corresponds to the action on the base.

We thus have the following decomposition of the coho-

mology of the moduli space of D2 branes;
H*(Mg) = ¥ NGV (i, jhose)]

In particular this identification implies that the SU(2)
spin contents with the highest SU(2), spin is given by
the Lefschetz decomposition of the cohomology of the
base Mg.

[H. Hosono, M.-H. Saito and A. Takahashi, hep-th/9901151,
math.AG/0105148]

[S. Katz, A. Klemm and C. Vafa, hep-th/9910181]



The spectrum N éjL’jR) of the five dimensional BPS states

contributes to the low energy effective action as follows;

F(q,t;,Qp)
o NéjL,jR)
B BEHEX,Z) jL%R nél n(g™/? — q~"/2)(t"/? —t—1/?)

% (u—n-jL 4+ .. 4+ un'jL) (U—n'jR 4+ .. 4 vn'jR> Qg _

where u = gt,v := g/t and Qg = e 8.

Let us look at the Nekrasov’s formula for pure SU(2)
case, which corresponds to local Fy = P! x P1.

Take a holomorphic curve 8 C Fg with bidegree (a, b).
The curve has generically genus g = (a — 1)(b — 1).

The result for the class B + nF with genus zero is ob-
tained from the one instanton part; (Q := e%1792)

[one mSt(q,t; Q)
_ UQ 0 n k:+l _k_l )
(@Y =g ) (/2 —¢71/2) 7;0 (kgo(” 2+ 2)) Q
Comparing with the general structure of the free energy

F(q,t;Qg), we find

Ur.Jr) — 5.
Npnt = 9,0 5J’R,n+%



This result is consistent with the geometry of the moduli
space Mg F -

Firstly, the curve B 4+ nF' has generically genus zero
and the fiber (the moduli of flat U (1) bundle) is trivial,
implying the left spin vanishes. = 4, o

Furthermore the moduli space of curves of bi-degree
(a,b) in P1 x P1 (without the flat budle over them) is
shown to be PatD)(+1)~1 " When (a,b) = (1,n),
the moduli space is P27 11 and the Lefschetz decompo-

sition gives a single multiplet of spin n + % = 51’3 n41
[AALI)

Similarly by looking at the two instanton part of the free
energy, we obtain the following “spectrum” of BPS states
arising from the homology class 2B + kF;

o kE k—£+1

GLdr) -+ N m-+11/4—1 3¢+ 2m
O N Lin=® O o] (5
(r.ir) =1 m=1
For lower values of k;

o 5
e (235) 7 5
k=12 (5,4)@(0,5)@(0,5)

11
k=3 : (1,—2—)@(%,5)@(%,4)@2(0,—2—)@(0,-;-)@(0,2)

k=4 : (—231,7) ) (1,12—3) @(1,%) @2(%,6) ) (%,5) ® (%,4)
® 2(0,—12—1) ® 2(0, -z-) @ (0, g) @ (0, g)



The spin content of the highest left spin (£ = k,m = 1)

is (kgl, Sk 2). This is consistent with the geometry of

the moduli space of D2 branes as follows;

The genus of the curves with bi-degree (2, k) is gener-
ically & — 1 and the generic fiber is 72%—2, whose Lef-

]®(k—l). Hence,

schetz decomposition is [(3) @ 2(0)
the highest left spinis (k — 1) /2.

The right spin contents with the highest left spin agree
with the fact that it is identified with the Lefscetz decom-

position of Mopgp = P3%12,

Conjectures and Challenges

1. Free energy of 5 dimensional lift of Zyk is expanded
in terms of the characters of SU(2), x SU(2)g;

Flg)~ Y X NYWRxG (@) xju(a/t)
BeH2(X,Z) (3L.R)
2. The coefficients N éjL’jR) are integral

3. The expansion gives the the Lefschetz decomposi-
tion of the cohomology H*(M ) of the moduli space

of D branes;






