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What are minimal reps? 

1Minimal representations of a削 uctivegroup G 
AIgebraically， minimal reps are infinite dim'l reps whose 

annihilators are the Joseph ideals in U(g) 

Loosely， minimal representations are 

.. 'smallest' infinite dimensional unitary rep. of G 

... one of 'building blocks' of unitary reps. 

.. 'isolated' among the unitary dual 
(finitely many) (continuously many) 

.. 'attached to' minimal nilpotent orbits (orbit method) 

二..m訓 xc州 ficientsare of bad decay 

寸

」
極小表現の解析 p.1154 

寸

」
極小表現の解析 p.2154 
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Building blocks of unitary reps 

lunitary即 sof Lie groups 
↑direct integral (Mautner) 

irred. unitary reps of Lie groups 
↑construction (Mackey， Kirillov， Duflo) 

irred. unitary reps of reductive groups 
↑“induction"， etc. 

finitely many “very small" irred. unitary reps‘ 

of reductive groups 
(e.g. 1 dim'l trivial rep.， minimal rep， etc.) 

L 

Building blocks of unitary reps 

I unitary reps of Lie groups 
↑direct integral (Mautner) 
irred. unitary reps of Lie groups 
↑construction (Mackey， Kirillov， Duflo) 

Cf. Orbit philosophy 

Jordan normal forms 
↑semisimple matrices 

finitely many types of nilpotent matrices 

L 

。。
η/心】

寸

」
極小表現の解析-p.3/54 

つ

」
極小表現の解析 p.3/54 



Orbit philosophy 

「 Orbit philosophy a la Kirillov-Kostant一Duflo

Ad* 

G パが coadjoint action 

L 

Orbit philosophy 

「 Orbit philosophy a la Kirillov-Kostant一Duflo

ド可可77両両両l
works peげectlyfor nilpotent group G 
not work perfectly for reductive group G 

L 
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」
極小表現の解析 p.4/54 

「

」
極小表現の解析-p.4/54



Orbit philosophy 

「 Orbit philosophy a la Kirillov-Kostant-Duflo 

ι竺旦三三型竺叶
nilpotent orbit吋|?

「

)(吋(1 dim'l trivial rep 

/;:号;l:::::糸、~

L 
G = SL(2う~)
minimal nilpotent orbits ~ minimal reps? 」

極小表現の解析-p.4/54 

Minimal representations 

loscillator rep. (= Segal-Shale-Weil即) I 
Minimal rep‘of l\IIp(n，~) (= double cover of Sp(nぅ~))
. .. split simple group of type C 

Today: Geometric and analytic aspects of 
Minimal rep. of O(pぅq)，p + q: even 
. simple group of type D 

Cf. There is no minimal rep of simple group of type A 
Minimal rep‘of O(p、q)，p+q:odd，p‘q > 3 does not exist. 
. simple group of type B 

One does not know “canonical" construction of minimal 
representations 

L 」
極小表現の解析-p.5/54 
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Minimal representations 

loscillator rep. (二 Segal-Shale-Weilrep.) 寸
Minimal rep. of 1¥1])(71， ・，IR)(= double cover of Sp(71"IR)) 
一splitsimple group of type C 

Today: Geometric and analytic aspects of 

Minimal rep. of O(pぅq)，p + q: even 
. simple group of type 0 

(Ambitious) Project~ (IKー， to appearD 

Use minimal reps to get an inspiration in finding 

new interactions with other fields of mathematics. 

If possible， try to formulate a theory in a wide setting 

L without group， and prove it without representation theory. ~ 
極小表現の解析-p.5/54 

What are minimal reps? 

1Minimal representations of a削 uctivegroup G 
AIgebraically， minimal reps are infinite dim'l reps whose 

annihilators are the Joseph ideals in U(g) 

「

Loosely， minimal representations are 

... 'smallest' infinite dimensional unitary rep. of G 

.. one of 'building blocks' of unitary reps. 

.. 'isolated' _ among the unitary dual 
(finitely many) (continuously many) 

.. 'attached to' minimal nilpotent orbits (orbit method) 

L .. matrix coefficients are of bad decay 」
極小表現の解析-p.6/54 
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MinimalφMaximal 

(Ambitious) Proiect~ (凹)

Use minimal reps to get an inspiration in finding 

new interactions with other fields of mathematics. 

Observation. τv: minimal rep of G 

DIM(∞) (Gelfand-Kirillov dimension) 

== ~ dimension of minimal nilpotent orbits 

< dimension of any non-trivial G-space 

寸

J 
極小表現の解析-p.7/54 

Minimal仲 Maximal

(Ambitious) Project~ (凶)

Use minimal reps to get an inspiration in finding 

new interactions with other fields of mathematics. 

Viewpoint: 
Minimal representation (亡 group)

応 Maximalsymmetries (C= rep. space) 

「

」
短小表現の解析-p.7/54 
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Indefinite orthogonal group O(p + 1ぅq十 1)

1 Throughout tt削 alk，p，q三1，p + q: even > 2 「

G = O(p+ 1うq+ 1) 

二 {gεGL(p+q十日): t 9作乙1)9 =何111)
. real simple Lie group of type 0 

L 」
極小表現の解析-p.9/54 

Minimal representation of G == 0 (p + 1， q + 1) 

highest weight module E9 lowest weight module 寸1'" ?_ _1 
ル thebound states of the Hydrogen atom 

.. p= q 

spherical case 

s; p = q = 3 case: Kostant (1990) 

.. p， q: general 
non-highestヲnorトspherical

SJ algebraic construction (e.g. dual pair) 

(Binegar-Zierau， Howe-Tan，トluang-Zhu)

si construction by conformal geometry (K-0rsted) 

SJ L2 construction (K-0rsted， K-Mano) 

」し
極小表現の解析-p.10/54 
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Two constructions of minimal reps. 

「 7 
Group action Hilbert structure 

1. Conformal model 

Theorem B Clear つ

V.s‘ 

2. L2 model 
(Schrodinger model) つ Clear 

Theorem 0 

Clear Picture . .. advantage of the model 

No single model of minimal models has clear pictures for 
L both group actions and Hilbe山 tructu防

極小表現の解析-p.11154 

Two constructions of minimal reps. 

「 寸
Group action Hilbert structure 

1. Conformal model 

Theorem B Clear Theorem C 

V.s. 

2. L2 model 
(Schrodinger model) Theorem E Clear 

Theorem 0 

Clear Picture . .. advantage of the model 

3. Deformation of Fourier transforms (Theorems F， G， H) 

L (interpolation， special functions， 0川lope附陪)~

極小表現の解析-p.11/54 
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~1 Conformal construction of minimal reps. 

「
Idea: Composition of holomorphic functions 

holomorphic 0 holomorphic = holomorphic 

l taking real pa巾
l harmonic 0 conformal = harmonic I on (c r'V }R2 

make sense for general Riemannian manifolds. 

But ~型り竺竺坐竺竺出型型竺J in general 

=二i>Try to modify the definition! 

し

「

」
極小表現の解析 p.13/54 

Co州Xぅク)コIsom(Xぅク)

I (X， g) pseudo-Riemannian manifold 
ψεDi宜eo(X)

Def. 

ψis isometry 牛=今戸g=g

ψis conformal牛今ヨpositivefunction C<.pモC∞(X)S.t 

内 =_C~g

C<.p : conformal factor 

Diffeo(X)コConf(Xぅg)コIsom(X，g) 
Conformal group isometry group 

L 

I 

J 
極小表現の解析-p.14/54 
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Harmonic 0 conformalヂharmonic

I Modification 
ψεConf(X¥g)，ψ*g ~ C~g 

「

.. pull-back 吋 twistedpull-back 

fo ψ へ件+ Cψ 2 f 0 ψ 
conformal factor 

.. Sol(ムx)~ {fεC∞(X) :ムxf ~ O} (harmonic functions) 

~斗 Sol(ムx)~ {fεC∞(X) :ムxf~ O} 

ムx ニムx +前κ

L 
Yamabe operator Laplacian scalar curvature 

L 
極小表現の解析-P 15/54 

Distinguished rep. of conformal groups 

I I 
harmonic 0 conformal土 harmonic

~ Modification 

Theorem A ([K-0rsted 031) (X¥g): pseudo-Rieman-
nian mfd 

=今 Conf(Xぅg)acts on Sol(ムx)by 1 I→C;-2-lo ψ 

し

Point ムyーム)(+ AJ1'二Lκ一一=二 λ 一 λ 4(η-1) 
ムxis not invariant by Conf(X， g). 

But Sol(ムx)is invariant by Conf(Xぅg).

Diffeo(X)コConf(Xぅg)コIson1(Xぅg)
Conformal group isometry group 

」
極小表現の解析 p.16/54 
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Application of Theorem A 

「 「
ほうg):= (SP x sq，ζムヰーζムー)

P q 

Theorem B(I7. Part ID ムx=ムSpームSq十 const.

0) Conf(Xぅg)竺 O(p+1ぅq+ 1) 
1) 50l (ムx)ヂ{O}に今p+ q even 
2) If p + q is even and > 2， then 

fでヤ ---ー-Conf(Xぅg)( ~ 50l (ムx)is irreducible， 

and for p + q > 6 it is a minimal rep of O(p + 1ぅq+ 1). 

し

↑ 

ヨaConf(Xぅg)田 invariantinner product， and 
take the Hilbert completion J 

極小表現の解析 p.17154

Two constructions of minimal reps. 

ド
Group action Hilbe吋 uctu

1. Conformal construction 

Theorem B Clear つ

v.s. 

Clear . .. advantage of the model 

」
極小表現の解析 p.18154 
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「

Flat model 

I Stereog即 hicprojection 
conformal map Sn→}Rn U {∞} 

More generally 

SP X sq←-' }Rp+q conformal embedding 
+…十 一 ds2 =d:ri+…+dx~-d弓十1--dz;+q

Functoriality of Theorem A 

Sol(ムIR，p，q)

と
Conf (}Rp，q) 

C Sol(ムSPxSq) 

C 
Conf(SP x sq) 

」
+---' 

L 
極小表現の解析 p.19/54 

Conservative quantity for ultra-hyperbolic eqn. 

「I Ja.p，q = JRP十qぅ ds2== dXI + . . . + dx~ -dX~+l -. . . -dX~+q 
ロ

グ一切+
 

+
 

R
 

~ム

Unitarization of subrep (representation theory) 

牛二二〉

J 

Conservative quantity (differential eqn) 

L 
極小表現の解析 p.20/54
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Conservative quantity for ultra圃hyperboliceqn. 

IjRp，q =即 +qがーが+...+ dx~ ーがーーが つ
- UJ...vl I --- I UJ...vp UJ...vp+l UJ...vp十q

~RP， q ==長+...+義一五芸一一 一言妥一三口I'J)，(J
VWl V'VJp 叫'p+l vWp+q 

尚尚

Problem Find an 'intrinsic' inner product 

on (a 'Iarge' subspace 0りSol(口Ip，q)
if exists. 

L 」
極小表現の解析-p.20/54 

Conservative quantity for ultra圃hyperboliceqn. 

IjRp，q = jRp+q， ds2 = dXI + . . . + dx~ -dx~+ 1一・ -dzLq 「
~RP， q ==益+・ 十三喜一万妥一一・・・一五主一三日間

VWl V'VJp 山 p+l 山 p+q 回目

q == 1 wave operator 

energy . . . conservative quantity for wave equations 

w. r. t. time translation IR 

|?，. •• conservative qu附an州t甘ityflわor凶
W渇.r，工r，仁川'淘I上.t.淘 conformal group O(ωp 十 1 うq + 1) ) 

L 
筏小表現の解析-p.20/54
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Conservative quantity for [コPぅqf= 0 

IFiXαc ~p+q non-degenerate hyperplane I 
For f ε50l(口p，q)

川:ニバQαf (…e山 oon) • .⑦ 

Theorem C(I7， Part 1111+ε) 

1 )⑦ is independent of hyperplane α. 

2)⑦ gives the unique inner product (up to scalar) 

which is invariant under O(p + 1ぅq+ 1)‘ 

。ケォ十九 lRPぅq 謝隅耕。(p十 1ぅq+ 1) (Mobius transform) 
」L 

短小表現の解析-p.21/54 

Parametrization of non-characteristic hyperplane 

I~p，q 二(~内ぅ ds2 == dxt + . . . + dx~ -dX~+l -. . . -dX~+q) 寸
Fix vεlRPぅq s.t. (vぅV)IRp，q==土1
C εR 

l 
lRp，qコα三 αりうc:== {xεlRp+q : (ιυ)IRp，q 二 c}
non-characteristic hyperplane 

L 

/

水

/

」
極小表現の解析-p.22/54 
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'Intrinsic' inner product 

I Forα 二 αv，c，] E C∞(JRp，q) with some decay at∞ 寸
Point: ] = ] + + ] _ (idea: 8ato's hyperfunction) 

]~ . .. normal derivative of f土 w.r.t.v 

Qι~(日一江)

L 
(xうり)Iap，q 二 C 

」
極小表現の解析-p.23/54 

Conservative quantity for口Pぅqf= 0 

1 IFixα 二 αv，cC即 +q non-degenerate hyperplane 

For] ε50l(口p，q)

(]，]) :=かf -・⑦

TheoremC 

1 )⑦ is independent of hyperplane α" 

2)⑦ gives the unique inner product (up to scalar) 

which is invariant under O(p + 1ぅq+ 1). 

Theorem C is norトtrivialeven for q = 1 (wave equation) 
In space皿timeJRP+l ニ JR~ x JRt， 
average in space (i.e. time t = constant) 

二 averagein (any hyperplane in space) >くJRt(time) 」L 
樋小表現の解析-p.24/54 
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「

L 

Two constructions of minimal reps. 

「
1. Conformal construction 

Theorems A， B 

V監s.

2. 

つ

G叫 ac伽 Hilbeωuctu

Clear つ

つ Clear 

Clear . .. advantage of the model 

L 」
極小表現の解析-p.25/54 

Two constructions of minimal reps. 

1也 Conformalconstruction 

Theorems A， B 

V‘s. 

2‘ 
つ

Group action Hilbe附 uωJ

Clear 
conservative 

quantity 

Theorem C 

つ Clear 

Clear . .. advantage of the model 

」
極小表現の解析 p.25/54 
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Two constructions of minimal reps. 

「 G叫 action 川吋uc加

1. Conformal construction 

Theorems A， B Clear 
conservative 

quantity 

Theorem C 
V.s. 

2. L2 construction 
(Schrodinger model) 

Theorem 0 

つ Clear 

Clear . .. advantage of the model 

L 」
短小表現の解析-p.25/54 

Conformal model ~> L2_1 

「
口 θ2θ2θ2θ2
p，q 二て一十・・・+一一一一一一一一
ozfθZ2θZ2h2  p+q 

三:=={ご ξIRp+q: C-f + . . . + c-; -C-;+1 -.. . -c-;+q == O} 

極小表現の解析-p.26/54 
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「

L 

「

L 

Conformal model二二?L2圃model

一 θ2θ2θ2θ2
Upぅq 一一+・・・+一一一一一一一・・・一一一一一]Z2δX~ θdδX2 p+l V <Alp+q 

3. {ごεRP+q:d+ +d-d+l一・・・ - ~;+q == O} 

=玄 (figurefor (p円。

寸

」
経小表現の解析-p.26.応4

Conformal model ==今L2-model

口 θ2θ2θ2δ2
p，q 一一+・・・+一一一一一一一一・一一一一一
XI δZ2θz;lb2  p+q 

3. {ごεR内:~í + . . . + ~; -~;十1 一… - ~;+q == O} 

口弘σf== 0 _::===? SUpp Ff c 3 
ιFourier trans. 

F : S' (lRp，q) 二 S'(lRp，q) 
U 

[

H

]

 

u
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Theorem D(I7， Part 111D Sol(口p，q) 斗

L2皿 modelconformal model 

寸

」
極小表現の解析-p.26/54
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Two constructions of minimal reps. 

「 G叫 action Hilbe吋 u伽J
1. Conformal construction 

Theorems A， B Clear conservative 

quantity 

v.s. 

2. L2 construction 

(Schrodinger model) 

Theorem 0 

つ Clear 

Clear . .. advantage of the model 

し 」
極小表現の解析-p.27/54 

~2 Lにmodelof minimal reps. 

Theorem o p + q > 2， even. 50l(口p，q) 二 L2(三)
「

conformal.model よ2-model 

{
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unitary rep. 

卜M 二 p+q-1===}三 istoo small to be a州 byG.I 

ポ泳 三 c Jap，q C JaP+l，q+l 。(p十 1ぅq+ 1)ぺ円
r L"L (三)

L ~ 
極小表現の解析-p.28/54 
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三asLagrangian in Onlin 

「

し

ザコ Omin二 Ad*(G)入 minimalnilp. orbit 

i ? “geometric quantization" 
Gラπ minimal rep of G 

Assume T == (+ n parabolic S.t.入Ip三 O
=今 E:二日nOmin is isotropic in Omin 

E主 G== Sp(凡 IR)~ ， T == Siegel parabolic 

二?OminコS Lagrangian 
ouble cover ，......... + IRn

¥
{O} UVU~→ニ x ト→ xtx

G ~ L2(IRn )evenどL2(三)
Schrodinger model of Segal-Shale-Weil rep‘ 

「

J 
極小表現の解析-p.29/54 

3 as Lagrangian in Onlin 

「 つ
がつ Omin== Ad*( G)入 minimalnilp. orbit 
i ? “geometric quantization" 

L 

G3π minimal rep of G 

Assume Tニ(+n parabolic S.t.入Ip三 O
二二:;:.S :== n n Omin is isotropic in Omin 

E茎 G== O(p + 1ぅq+ 1)， T == conf(SP x sq) 
二争 OminつS Lagrangian 

Gパ L2(S)

L2-model of minimal rep. (Theorem 0) 

-46 -

」
極小表現の解析 P 29/54 



Inversion element 

「 G == PGL(2ぅ(C)パ JPl(C竺(Cu {∞} 
Mobius transform 

宇 0(3，1) 土}R2ぅO

L 

叶(~ ~): a E CX， bεC} 
ω= (~ 01) 
(} is generated by P and lI ' • 

G=0(P+ld+1)M6biぷnsbl?q
P=={(A，b):AεO(pぅq).}Rx， b εIRp+q} xト→ Ax+b

ω=(ι サ川ト→ |Z112flzJjf)(inversion)

zt--+αz+b 

Z片 -j (inversion) 

つ

」
極小表現の解析 p.30/54

N ew Fourier transform F~ on三

「
三:=={ごε}Rp+q: Cr +・ +d-d+1一・-c;+q == O} 

二塁山川
Fourier trans. ..F~n on }Rη 乃 on S ==玄

O lem Define new Fourier trans. F官

L 

つ

」
極小表現の解析-p.32154 
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「

L 

6Fourier transform，FE on E 
寸

」
極小表現の解析ーp.33/54

「 「
Fourier trans. F]Rn on JRn Fs on 己ユ玄
Qj ト→ -Pj Qj I→ 
乃ト→ Qj Rj I→ Qj 

L 

Fourier trans. F]Rn on JRn Fs on 2:玄
Fz' == id F4 == id 

6Fourier transform，FEonE 

Qj二 Xj (multiplication by coordinates function) 

1θ  
，-. ・ーーーー ーー・開曙開聞開ー・・園幽-

勺 vコθXj
Rj ==ヨsecondorder differential op. on :3 

Rediscover Bargmann-Todorov's operators 

oo 

d
斗
晶

」
極小表現の解析-p.33/54



「

L 

「

L一一

'Fourier transform' :Fc::: 00三

1 
Fourier trans. ..F}Rn on JRn F士

;n J〉玄
Qj ト→ -Pj

乃ト→ Qj Rj ト→ Qj

Qj二 Xj (multiplication by coordinates function) 

1θ  
，一'・ ーーーーー ーーーーーーーーーーーー・ーー・

っ vごTθXj
Rj=ヨsecondorder differential op. on三

Notice 
Q12 +・・・ +Qp2 _ Qp十12ー・・・ -Qp+q 2 == 0 1 

> onニ
R 12 + . . . + Rp 2 - Rp+ 12 - . . . - Rp+q 2 == 0 J 」

極小表現の解析 p.33/54 

U nitary inversion operator :F三

p + q: even > 2 
G二 O(p十 1，q + 1)パ L2(三) minimal rep. 

w-action ... ..F'2， (unitary inversion operator) 

Problem Find the unitary operaotr ..F'2， explicitly. 

Cf. Euclidean case rp(t) == e-it (one variable) 

..F}RN f(x) == C J~N 引いう y))f(υ)dy 

Thm E (K-Mano，!o appear in Memoirs AMS) 

(:Fc;f)(x) = c k叫 -4/川川

つ

」
極小表現の解析 P 34154 

-49 -



I On]RN 

FJRN v.s. Fs 

町 ) (x) 二 C kNレレNf川ψ以山山(“仰仇(い仏川Z丸川うJ川川川Uωω州州川))川川)げ川山f六仰(ωωUω)
( jト十+iう)叫州州tり)ニ o 

聞い)二 Cか((川))川U

((d)2+:(ρ+q-4)tj十サ的)ニ。

「

つ

」
極小表現の解析-P 35/54 

Mellin-Barnes type integral 

「
Idea: Apply Mellin-Barnes type integral to distributions. 

FiXm εN. Take a contour Lm S.t. 

1) Lm starts atγ-z∞ 

2) passes the real axis at s 

3) ends atγ+i∞ 

where 

γ

「。
-m  -1 < s <-m 

-1<γ<0 

L ~ 
極小表現の解析-p.36/54 
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Explicit formula of Fs on三

「 Theorem E (&[) Suppose p + q: even > 2 

日川二cbi22J川))f(y) 
つ

(ε== 0) 

(ε== 1) 

む
極小表現の解析-p.37/54 

I Cf. Euclidean Fourier transform e~it εA(Ia) n L[oc (Ia) n つ
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φら(t)== 

ho r(，¥fJ(ペ:刈仁U《一…川Jハ一~¥ (λJ¥孔(附2

h_f引mJぷ」(υJJよ入JよよI「1:;|山灯m刈m)(2け)附dω入

んιL 

Regularity ofφら(t)

Recall two distributions on Ia 

d (t): Dirac's delta function 

t-1: Cauchy's principal value 

=同([:+ loo)(~ 
these are not in L[oc (Ia) 

L 

可

E
i
F
O
 

」
極小表現の解析-p.38/54 



Regularity ofφら(t)

ICf. E川 deanFourier transform e-it E A(lR) n Lfoc(lR) n 寸

監盟工(I|く-Mano1) We have the identities mod Lfoc (lR) 

(ε= 0) 

-M3ーInly-1)l-;¥iO(l)(t) (ε= 1) 
九 (t)三〈百

El! it-l-1 (ε二 2)
J=021(m-l-1)・

Cor. Fs has a locally integrable kernel if and only if 

G is O(p + 1ぅ2)，0(2ぅq+ 1)， or 0(3ぅ3)(土 SL(4うlR)).

」し
極小表現の解析-p.38/54 

Bessel functions 

r 「
(Z¥Vι(-l)j ( ~)2j 

J山)= (~) L 

んい):=e-4九 (ε引
Jv(Z) cos νπ -J-V(Z) 

じい):二
Slnvπ 

Kv(z) :二円 π (I-v(z) -Iv(z)) (third kind) 
よ~Sln vπ 

L ~ 
極小表現の解析-P 52/54 
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Bessel distribution 

「 「
空白色([1]) 争ら(t)solves the differential equation 

(()2十m()+2t)u=O

where 。二t長

Explicit forms 

吟(t) = 21fi (2t )アJm(2♂τ)
ド (-l)l d[) 

φ人(t)二 φら(t)-πt y d61Lj(t) 
白 2l(m-l -叩

札(t)=2M(2t)7Ym(2JE)
十4(-1 )m+li (2t)二号Km(2y0:L)

し 」
極小表現の解析-p.53/54 

Two constructions of minimal reps. 

「
Hil刷 st…Group action 

1. Conformal construction 

Theorems A， 8 Clear conservative 

quantity 

v.s. 

2. L2 construction 
(Schrodinger model) 

Theorem 0 

‘Fourier transform' 

F士
Clear 

Clear . .. advantage of the model 

3. Deformation of Fourier transforms (Theorems F， G， H) 

L ~ 
極小表現の解析-p.39/54 

円，

J「ひ



Two constructions of minimal reps. 

「
Group action Hilb吋 U伽J

1. Conformal construction 

Theorems A， B Clear Theorem C 

v.s. 

2. L2 construction 
(Schrodinger model) 

Theorem 0 

Theorem E Clear 

Clear . .. advantage of the model 

3. Deformation of Fourier transforms (Theorems F， G， H) 

L ~ 
短小表現の解析 p.39/54 

Application to special functions 

「 Minimal reps (C= group) 
ぉ Maximalsymmetries (仁 space)

寸

二今I'Speci_al fu_nctio~s' ， 'ortho_~?nal polynomials' 
I associated to 4th order d胎 rentialeqn [皇室， 3b，姐

with J.Hilgert， G.Mano， and J.r¥Aoellers 

with 4 parameters 

( pぅ q ムm
"-v戸〆'-v--"

dimension branching laws (multiplicity-free) 

Special case q == 1: Laguerre polynomials 4 == 2 x 2 

L 」
極小表現の解析 p.40/54
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Interpolation of Fourier transform :FJRN 

「
'Fourier transform' on S c IRPぅq

Fourier transform on IRN 
につ

rq

「一

Assume (J二1.Set p == N. 

¥/  pr吋ection ，/づ NIRN，lコ三 y proJectlon> /7  

-・・・・・・圃・・・・圃N
R

 

;

-

r
内

Y
Jli

 

e
，，，
a
 、、，

J
'
s

・
1
1

、、
、ノ

圃E---EE-----圃/'
1

:F~ 

」

Interpolation of Fourier transform :FJR1V 

つ
'Fourier transform' on Sζ IRp，q 

Fourier transform on IRN N
 

rh]

九

Assume (J二1.Set p == N. 

IRN，l => Sニマ附ectiペD==

斗一
interpolate 

E
E
i
 

，，，.、/，.、

----------E圃
rh] 

J 

戸

hu
「ひ

L一一



(たうα)ーdeformationofexpi(ム-lxI2)

~ Foαouri 

self-adjoint op. on L2 (lRN) 
;-ー凶ー一ーヘ

九 N 二 C 叫2(ムーい12)) 
v
l
 o
 

i
T
E
-
-C

N
一4

z
l
u
π
一

e

e

 

お

二

」
Hnド Laplacian 

Hermite semigroup 

I(t) :==吋(ム-lxI2)

し
Mehler kernel using exp( -x2) 

」
極小表現の解析-p.42154 

(たうα)ーdeformationofexpj(ム-lxI2)

「一Hankel-typetransform on 3 
民同oi山 p.on L2(lRN布)

~ーーヘ

乃 c 叫子(Ixlム-Ixl))
phase factor 
πi(N-l) 

ε2  

Laplacian 

“しaguerresemigroupU ([K-Mano]， 2007) 

l I(t) :==吋(IxlムーIxl) I Ret > 0 
closed formula using Bessel function 

L 」
極小表現の解析-p.43/54 
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(たうα)圃deformationof exp ~ (ム-lxI2)

I(伏υυ川7刈Jαα吋'，)圃9抑enera州r悶凶a剖Ii刷Zお剖e凶dFo肌川L

当t!E三ヨ5丑] C 

phase factor Dunkl Laplacian 
;7r(N十2(k)+α-2)

== eu 2α 

(kぅα)圃 deformationof Hermite semigroup ([BKO}) 

Lkα(t) :==仰!(I，TI2-a丸一|げ)I Ret > 0 
G 

L 
k: multiplicity on root system冗， α>0

」
極小表現の解析-p.44/54

(たうα)田deformationof Hermite似 nigp

Ikニ(ん):multiplicity of root sy蜘日inRN "1 
仇 α:二L2(IRN，Ixlα-2 I11(ぃ)Ikαdx) 

αε?之

Thm F(I'with Ben Said and 0rsted}) 

Assume α> 0 and α+ L:kα+N  -2> O. 
Lk，α( t) : == exp ~ (1 x 12ーαムk-Ixla) is a holomorphic semigp 
on 冗kヲαforRet > O. 

-、、--Point: The unitary rep onチlk，αisSL(2， IR)-admissible 
(i.e. discretely decomposable and打nitemultiplicities) 

L ===? 'i/ Sp州 umof Ix12-α九一 Ixlαisdiscrete and negative ~ 
筏小表現の解析-p.54/54 
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(たうα)-deformationof Hermite semigp 

Ik二(ん):multiplicity of root sy蜘叩inJRN 寸
仇 α:==L2(JRNう Ixla-2II I (x， a) Ikαdx) 

αε冗

Thm F(Iwith Ben Said and 0rstedD 

Assume α> 0 and α+乞ん+N -2> O. 
Ik，a(t) :二 exp~(lxI2ーαムk -Ixlα) is a holomorphic semigp 

on 1-Lk αfor Ret > O. 

Ik，a(tl) 0 Ik，a(t2) == Ik，a(tl + t2) for Re tlうらど O

(Ik，α(t)jぅg)is holomorphic for Re t > 0ぅ forV j， V g 

L J 
極小表現の解析 p.54154

(たうα)-deformationof Hermite semigp 

Ik=(ん):multipli州 ofroot sy蜘日inJRN 寸
討ω:==L2(JRNう Ixlα-2II l(x，a)lkαdx) 

αε7之

Thm E(Iwith Ben Said and 0rstedD 
Assume α> 0 and α+ 2:kα+ N -2> O. 
Ik，a(t) :二 exp~(l xI2-αムk 一 Ixl α) is a holomorphic semigp 

on冗kαforRet > O. 

Fk，a :==、シ Ik，α(す)
phase factor 
Jπ(N+2(k)十α-2)
ev 2α 

L J 
極小表現の解析-p.54I54 
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Special values of holomorphic semigroup Ik，a (t) 

「 (k，α)-generalized Fourier transform Fk，α 

|IH伽明州licsemigroup Ik，a(t) 11 一/¥α→1
|九州)I I Ik，l(t) I 

t→手〆¥，k→o k → 0〆\~t →手
|同Du山m川川州n川爪1廿水kltr陥'8n伽 n叶|いトHe町rr打耐T

kい→かKへ、~〆 t →手\、， /k令→刊0 
|Fourier廿a州 orml |トlankeltransform I 

寸

:ゃ 'unitaryinversion operator'今:

L~廿拘h陥1冶eW附eil re打同r陀町epr悶 n耐州t匂凶凶a説凶t討ion吋of t廿h附1
the me討ta叩pl陥ect凶iぬcgroup Mげifpバ(N爪叩，Ia悶R悶) the conformal group O(仰N十1，2刈2勾)一-

極小表現の解析-p.

Generalized Fourier transform FKA 

「 :Fkα=44)=c叫(三(lxI2-a~k -Ixlα)) 寸

Thm G{I到i1) 
2) 

:Fk，αis a unitary operator 

370?2=Fourier transform on IRlV 

Fkα== Dunkl transform on JR.1V 

九1ニトlar制醐・typetransform on L2 (玄)
:Fk，αis of finite order牛キ αEQ

:Fk，a intertwines Ixla and -lxl2ーαムk
3) 

4) 

===} generalization of classical identities such as Hecke identity， 

Bochner identity， Parseval-Plancherel formulas， 

L W陥eb阿e町r郎，

ハ
同
d

【

h
J
V

極小表現の解析-p.46β4



「

L 

Heisenberg-type inequality 

Thm H (121) (Heisenberg inequality) 

IlIxlif(x)llk Illcli(九αf)(ご)Ilk 三 2 (k)+アα-~llf(x)ll~

k三 0，α==2 ・・・ Weyl-Pauli-Heisenberg inequality 
for Fourier transform FTR.N 

k: general，α==2 ・・・ Heisenberg inequality for Dunkl 
transform Vk (Rosler， Shimeno) 

k三 0，α=l，N=1・・・ Heisenberg inequality for Hankel 
transform 

「

J 
極小表現の解析-p.47/54 

Special values of holomorphic semigroup Ik，a， (t) 

「 (丸α)-generalizedFourier transform :FI.;α 「
下→守

|I Holom州，icsem帆 JpIk，a(t) 11 

α→シ/¥¥41→1
|九2(t) I 九1(t) I 

tH→守/¥k→o k → 0/\~tゾt →す

| D臥ωDunl山叩川J汀川n川1甘lωn 伽 nlH附e町r州r什r
kい→(へヘ / t → 手¥A → o 
i Fourier廿a耐 brmI I Hankel 廿ansformI 

:仁‘unitaryinversion operator' =今?

L~廿the陥1冶eW仇ei川iυ同r陀附epr悶n川伽制1吐陶制t泊凶a討tion吋of th附1
t拘h陥em附1ηm制1鳴制e剖t泊切a叩pl胎e倒ωctic9σ卯rou叩pM仰p(川NうR悶 t何h陥ec∞捌O∞nn伽O町rm附a剖Igσ仰rou叩pO(川N¥V+刊1，2刈2幻)一

極小表現の解析-p.48/54 
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Hidden symmetries in L2(IRN
う
()kα(x)dx) 

I I 
|O(N十 1，2)""1

/イみ i
Coxeter group 

| ~xS広k)I~I O(N) x S~)I 
(れ :g…1) 、;→2

lMp(N，Ia) I 

L 」
極小表現の解析 p49/54 
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