P — VSRR D EY 25 A Davo 7 MM

ALiRE RS B AR

1 FHICEED

2012 4FE 12 H 16 H. BSRZFREDEMDIMS v RS 7 LA TEFEI T T LELEENHY £ L
72, FEEIE projector ZFHWE LD T, ZOFEZINERL T2 &k £L7, Z0EE
T TIZERDELD 12 WHFEMEDSH 2 DT, 2004 4 TH2E ) B I NFEREIC, 2ADA LN
EL2bDEEDLETIERL T2 2 eicnh) Lk, MEEIEL 2801, & TBeaLo
SLHE) O TT ., FEL W i%%ibko

2 Hesse D 3 XEHIR

Hesse O 3 KM & WHEN LIRS D 5. Z1UIH B EFE K u % L > T, 2 RouMw2M P @
Hric

Clp) @ o3+ 25 + 23 — 3uzor122 =0 (1)

EEFRIND. UL CP OB 1+ 2% + 9y — 3pry =0 K 3HORZMITMAZbDTH 2.
w00, 1,(3,(2 DR C(p) 1E RRBROLVIEHIRTH D, p=o0,1,(, 3 DR, Cp) 1& 3ARDE
A 2 ARTORL ZETELVEEIES. HL (v =™V UN L33, L7dSoT (g =2V 1/3
F 72 C(00) 1F 2wz =0 2 RDT.

Cp) IFEFIHIER 2 &, EAMHRMEMICIZ 2RI —FATH S, —77, 3ADHEMD TELR,

CIEERM PL 2RO L 2 RICHKETH 5. pddoo ¥ (FITEDC &, 21\75%—71#375 BiNS
(U\fﬂ‘( STHDIRETTELBIRICTED S, 2N C(00) B ED 3 ADERDE, 12IFD7%6 7k

CWETE S R WEBO 2 22Fi 2 AL > T N E ¥, 2 Dlliskz 50> ﬁab@; C(o0) &

L’C%/vt,c%)@%/u\w#bvxﬂ:tf: FiZ &k,

Z i, 19 L Hesse X > T (826 K) WO TED LI o7z, 1849 F DD
[Hesse] DBEF IZERTIUILLTD X ) 1Tk 5.

TR 2.1 (1) EARIERFR 3RS, SLB) ofFT (1) oicT 22 e TE5. Hit, b2
Clp) (m# oo, > #1) LRMETH 3.
(2) D C(p) b IMWOEME[1: —B:0],[0:1: -], [-8:0:1] #F>. (HL g=1,(,¢3.)
(3) C(p) & C(p') 25 IEDZEM A Z T E IS SLEB) DEHTEV HIDIE p=p/ DELEEFIRS.
COEHD (1) & (3) 12X b, IERFE 3 Rhfi o “FRBE I IERE p (1P # 1) Ik > TRES
5. Btz g,

(O TS % 45 X 72) JEREER 3 Rl £ 20 2 5 4 %21 = C\ {1, G, C2)



W ETHS. ZDavRy P TROEY 274 22 T4l 3 kil C(1), C(G), C(R) B
LU C(o0) (D “FABIE") Z DA T, av X7 FRZEM PLIZT 5 EMNTES) T &% Hesse
DEHD ) WEARLTwS, KaZLid, fonkar 7 b aZEEBEb 7, KDIEVWr 7 A
DIRMBOEY 27 A EMEE NG ZETHD. UT T2l 4Enar 7 vl £S5 213,
BETRIHIWI I LEIET.

Naw T, THesse DEHAZBRMICHENR, LZOT7F0Y—%272E0, Abel ZIREADEY 254
2D Z[¢n,1/N] LD a v 37 b SQ, k T 5.

BV 294D a7 MUDORE L X, & 2FEOEM AN 2N ROME%E Kk 2 HETH %
L L TRTCOMmRERDZD EI12ES . 72 & 21F Hesse D 3 XD G EICa v 7 MranizE
Y27 A%/ P TH o7 kI, ROMMBLEID & DORESKREZE T 2BEIC, TR
Wb D3 TEDEY, TELREFIL R ES;) LwIHIMETH S,

ZORIEE, EARBMENNREERICE L, REGEAFAIICIZBEIRE S L TH B, HANE
WNRTH MR E Abel LA E KIHHHDEY 2 7 4 £/ 5wk, av 87 MUz Lz v E
B HEOBAIRTTICAIS N TV B0 5, K Abel ZEEDIGAICR A ), 203 2 TORME
EBikThs. LrLznldaolE, 1950 FRP»6E DAL DHEDLH D, TTIZESDav,y
MEDSHER I N TS, INAGTHITDIE, THARLZLD, 20L20BRT52EThHS. Nt
BHRICRZ 2, WSODDBEL 2EHH SR L a2 v 87 MUICERET 2 L3, 20Ut TEHRR
AV Ml EATEORES S av 7 ME SQu i EZD LI IILTHRLNS.

Z 2T "Hesse DEHOLARM R & 122 7, ZEEICHHL 2w, £7

C(0) @ xoz122 =0 (2)

ZHZ . 3MEORRAZERC EHEGEZ L, HERIEL LT

~—

C(o0) \ Sing C(o0) = C* x (Z/3Z) ' (3

70, Hesse 3 RHIFEDIE (1) 13 p = oo DIEFF T Tate BIFE OB TH 5. 3 Xehfft (FEMHAR) -
DT =YL 7 — ) TR EFEZTI0D, HEKkE C* LoB#Kb 7—Y ZEZF LV E
BT, C* 1 3 RMFRD TXWIRIR) TH 2. 2Dk I % THOHEHE~DRL, O#lE» 6, —
X 76T Grothendieck, Raynaud, Mumford, Faltings, Chai FEDWZE03H 5. dlFPHMLE VIR
EHLDED, ZNDE D THAWZ, BRTH 5.

—J7, Hesse 3 K ifR12 1% Heisenberg #f & FEIE4L 2 75k 27 OFE G(3) MEAT 2. PL DFEEEE
B oxo, 21,20 DEKT 5 3RTTRY MIVERV OBE o, 1 %

olx;) = Céxi, 7(z;) =241 (1=0,1,2 mod 3), (4)

I &> TED, Heisenberg #f G(3) & o, 7 TERI NS GL(V) = GL(3) DHOREL L TERT 5.
PL /7 bV OEMEAL LT,

G [0, w1, 2] > [0(w0), 0(21), 0(x2)] = [0, (31, C3aa),

()

T @, w1, 2] = [T(x0), T(21), 7(22)] = [21, T2, Z0]

TR, PLOAHE 55 2 L HTE DA, TS Hesse 3 KR C(p) DHCHEEZED, L bIC
3ENRICK B TBETHD. N7 PNVER VIE(4)ICXD GB) D 3RILEREL 2508, 2
L 12 UL Schrodinger #IR & HIEIZN, BHICHH 5 X I IR TH 5. fit> T Schur DHEIC
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D, (ZD&) BB ELEZT2) HIE 20, 21,20 ZEBEZBOTHEOLEDEL 2. ZOBE
DO, B 1o, v, 10 FFEIICT— BB SR\, ZOBEKTT — BB IEERTHIEL
CHIB %>, 2’ Mumford, Moret-Bailly 512 &k 25— THRMAWNZ, BRTH3. H 0
EDDEELMERIE Mumford @ GIT-stability 12 & 2 D7E23, ZHUTDOWTIE 4 B 5 6 B &
TALEL AT 5.

LD 3 ODBRNERIAENICFAETH D, Hesse 3 XMFRIZZDERRD LD, 2D 3 DDfRE
W6 BARICELNS. CHBBROICHIEL LTHIF7, EELR D D THesse DEFDIAH 72 BfF
ThH5. 3D20BMMNBEHRZ, 2> 7 MUPE~NEZ 320RL2EHTHS. Tl nzg
JERFEH L 72\ &S . DT, oz oF & L TEFERE C L3z 3.

3 #ERIV/NU MMEE Mumford 2>/ 7 ME

(FfRt) Abel ZRRIEDE Y 2 7 A 22 A, DEFRMBITEME L TDa v, 7 MU, 3T 1950
FRIERICL>THE e, ERa v 87 MuE LTHISNTW S, 2D, b —7 ALEEDEZRD
—ODFEE L LT, Mumford I X D (A, DELYIO) FREOH L a7 Mo niz., 6
12 % D% Mumford ® 2 > 2% 7 MMk Faltings-Chai OF TRELI N, Z Lo a v 87 MupEs
LT\ %, Mumford @ 2 ¥ 37 MEDKHI 254 TH % Voronoi 2 > 2827 MUY [Namikawa76] T
SN T3R8, JHUE 2 Dimat I BIRASE .

INS BT LDT, BRTEZI) Rl var s MUZe TR LR Sn-Ead 5.
TRLERTREZLELDH S, §1 THHLX I, T2 74 M ary 7 Mby &5 K,
Y%7 MESNFERDEY Ta v P RN ROES 2 7 A 2, THE I E2EHL
722 & TH 3. R, Mumford, Faltings-Chai @ a3 > 2827 MUz Ed ZDBEFFITIFIEZ TR,
Voronoi 2 ¥ 87 MUIFEY 2 74 EE D0 E ) »EETH 5.

ZITETHMEL R 2DIE, Abel ZRREDEY 2 7 4 El% ZDEFBIIEZ 5 L Hicav 7 MMu
TELZENTEDIDLEIDTHS. EZAMRICaV T MUTERZELTY, ZHUIFOLED
TRV AL, ENLPELCEETH S LA 2w, L TR OMEIR, K%k a
Vo7 MW LIZAEARR V87 MUREVPZ L ZOBEEZMB 2L, L)l Licikzs. Ly
LIRS, ARTERE L TR Z L3 TE 201772, RESMENICEER 287 b
6 SQyx DEFIET 2LV T ERITTH D (EH 10.2). Z DR 2MEEICOWTIE, Z[Cy, 1/N]
B AX—LTH B L) T EDANRIZH D> Tk, Voronoi 2 287 MM E DEIR D
FREIL Do TR,

HARZaAV R MEEWIBEICH ED LIF-E D LAERITR D, stability IZHAR b DD
5, ZHUIH LDV THEREI NS SQq x ZREGEMEMICIEEARLZ D LARLTLVWES). L
LREGERMAICE EES T, Z LORIMERDOIE» 6D SQ, x WEARLDTHZ I EHHS
PICEINDHD, WOk I EERMFFLIV. ZOENC SQyx % Z LD a vy MUICHRRL T
BhRUNER6 50 LiEE)EThR0.
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4 FAEEDZEE
4.1 %l

2TH ) EHFERICRES T, Jvar sy MUERBUTHTEBICOWTERATAS. ZDOFH
DO k 1% Mumford @ stability D, Al b RMAEIAZEN G (GIT=geometric invariant theory)
DHERBEINS. FTROGIZR LS. 2 XGEFFE C? DEEREZ (z,y) £ LT G=C* DIFH

(o,2,y) = (az,a”'y) (e € C) (6)

25, MEIT TC2oCITLkBHEMERMNL?, EI)HEREDP?) THD. C*IZXBHT
HBOITIF, FTHESRL TEIEE 1 SEZBEZNUTLWIETTHS. B2 LT

O(a,1) = {(z,y) € C*zy = a} (a #0),
0(0,1) = {(0,y) € C*y # 0},
O(1,0) = {(z,0) € C*;z # 0},

0(0,0) = {(0,0)}

LS AEEOWER . L2 25C?/C R TS OB L T 5 &, BRI Hausdor
THV. KB O(x,1) = O(1,2) (z #£0) 25

0(1,0) = lim O(1,2) = lim O(z,1) = 0(0, 1) (8)

Lo, AUERSS O(z,1) (z — 0) PR ZRICICRT 2. Zzll) 5121d G OAERERZ
Rz, (6) Ickiud, G OARERBROERICIE 2y THS. 2 I TEE L WRgZEH %z

C?//C* = {xy; 2y € C} (B oy ZERE L § 21EF) (9)

LEETHDTHS. C?2//C* TIE 3 2DHE 0(0,1),0(1,0),0(0,0) BE—HIN T35, ZDH
Rz MR D DT, 0(0,1) 2 O(1,0) PEAIE TRV EWFERATH 2. 2 I TOEDEER
CERERLTECL

EIE 4.2 W% C?//Cr = HBuERRE.

FADEE, T bt {aja € C D&, LO@B2HG3 L, 0(a,1) (a#0) LT 0(0,0) &
W D EDDOBHEICHIET B, ZRNTEHOBEKRT 2L ZATHSE. ZOEHIT—BDGAEIC
HIEL W, EH 42 0—fkbz D LAIEMTIZ D 2 DMl el TE L.

EE 4.3 (Mumford-Seshadri) X ZHHWAF— L4, G %2 X IEAT 2 @R EREL 5. ZOKX
DZETH\ BIES X (semistable) A X — LY, LU G-AELRIEHER 7 : X (semistable) —
Y DEE L TROEMED G- S 5.

(1) BAREEEZED.
(2) a,b € X (semistable) & 3 % & KIX[FA.

— 7(a) = m(b).



— 0(a)nOB) £0 1EL, O(a), O(b) & Z N ZF N X (semistable) 121} 2 G-H1HE O(a), O(b)
DEAE.

(3) Y =Proj(X ED G-AERXLZEAXDETR), LEDD L,
Y = X (semistable) IZ& 1} 2E G WiE24k.

FEH 4.3 DY % X (semistable)//G THEb . BHEHE & v ) DI, RRAEIEMEED#EDY 1B
I h—7 2 LEBIE 2 2 RBHRF, & LTERINS. SL(n) R C* 1ZZDHITH2. MFAL I LI

X (semistable)//G = PAIE D 2k (10)

EWVWIHIEETHE. UTIOEEL L EIC, BP9 ZED a7 MuLolEEZEZE L THAK
V). semistable % KEiD properly stable DEEICFRI TS WVWBEERHIDT, TITEEZEE
T 5.

EEF 4d4pecX T35,

(1) X LD GAZELRRLZENF TF(p) #0 L% 5 bDFET 5 L E, p% semistable TH 5
EE.

(2) p DB O(p) 7 X (semistable) DEHEEGTH 2 L &, p & Kempf-stable £ )

(3) p 7 Kempf-stable T, & 512 p D G ITBIT B EIEGBAHE (stabilizer) DSERDEE, properly stable
EEYD.

X (prop-stable) & X U} X (semistable) 12X > T, ZNZ#L X DT XTD properly stable 7% 5D
£E, BLUY X DT RTD semistable RrDEAERDLT.

4.5 EVa1TA EWEHE — YRR
EV2T4 ¢ GITEABEEBOMICIZIBELRRD X I LRIRNH 5.

X = & B EDEMAN 22 W ROEAR,
= X BT 2 NRDOFEEEBRD 2§ HE,
D%, a,be X DA < O(a) = 0(b),
X (prop-stable) = generic 7% B F X1 5R,
X (semistable) = semistable 7 F{A[EXT R
= X (prop-stable) U { X (prop-stable) DILDFERH> 2 iR },
X (prop-stable) /G = generic B ENRDE Y 2 7 A Z2fH],
X (semistable) //G = €Y 2 74 2D a 37 M.

% DE, BANCEA DA ) €Y 2 7 A 2

YY = X (prop-stable) /G (11)
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TdH 5. X(prop-stable) DRIFETHU 72 G-#liEZ 52 %. L7235 T a,b € X (prop-stable) IZXf
LTIk

m(a) = 7(b) < O(a) N O(b) # 0
< 0(a)NOb) #0 (12)
— 0(a) = O(b)

ThH2. bUOLNOMEIZ Y Dav 7 MU T 22 L TH 2, ZDE—DEMIEED Y
ThHh 5. FBRORMETIZ X (semistable) 13527 D RE LR EMLEAGTRETE RV L% W03, [
ERIER // (ZERL L 1357 5 DT, X (semistable) 564 ICHE L T H DS\, L 2508

Y = BB D2k (13)

206, YODESLELTDay Ry MUY IZBAWEZ RO RMENR 2 TR TEDIUIHERT 5
ENTES. L bH#EZ R ONROMORMERLR // 138 E OEE (HuED—K) ITiZrk 5 kL.
INDIAHC S EREE 2 B S D 258, T 2Tk 2 OFEIEA <.

L AAMEL TICERT 2 2 LICRIES R LD IT TR, BRYOFIOEAE X = C?, G =C*
TH5. Ox,y) VEAWGETSH 5 720 DILEA35ME 2y # 0 XUF (z,y) = (0,0) THS. L7di>T,

X' = {(z,y);zy # 0, £ (z,y) = (0,0)} (14)

E ) BB IS IERBE A TIE R R ZRIEIC L T UE e 5 v, Sk X PIEEBIE, BE
DEAHZ - MEEMRO FEES O a v 87 MuoftREIc b Hbn g, 26 L, RESHEED
WazELT, 29I LI EDTEBLDRERLDE LELNS.

5 GIT-stability &RFERDLZE M
5.1 TERRRS

Morse BA#UIZ X > THA RS HREDMHZTARZ AEE LA Tw 5. ZOHE5KI LD
BB DRSS & Z DEEFUESTH 2. BFIEEIRKDORE, BIH Hessian 23S IEDEH EIZD D F>
IR, ZE R &9 . THUEBEED (RATINIC) l/MEZ & 2854 C, Morse B$tz = 2 1 ¥ — &
AL, TRV —NORE L 2HTH D, HE, EVWIZTEIZDOEKRTHELOND Z 1%
WDZD3 GIT D stability 132 DEZEZ A2 R VERADO "ZE) LIFBEFGR3 RV, LirL, XD
Kempf-Ness DEHRIZ & o THYERERERDO O 2 800 5.

V % C EOBRXITLARY FIVER, G %2 C LOfFHIRBECVIEHTA2bDET2. KZGD1
DDmRAVNRT MEAHEEL,|| |2V D KAELBZINI—F/VAET S HIZIEG =SL(2,C)
%61 K =S8U0Q2), $2VE84ofltE)E, V=CG=C"K=5"={weC*|w=1}T
HY,VDOKAERINVE—FVLIE, |[(a,b)] = |a>+ b2 THEZ 5N 3.

EFES52veVv£0LT 5.

(1) V 2O GAZELBRARLZEANF TF) #£0 L% 2bDBHFIET 5 L E, v % semistable TH 5
EE.
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(2) v DWIHE O(v) 3V DEAEETH % & &, v 2 Kempf-stable L5 ) .
(3) v 1S Kempf-stable T, & 512 v D GITBT B EEHIHE (stabilizer) DWERDEE, properly stable
EED.
2 5.3 Kempf-stable 72 513 semistable TH 5. § 3 TIXEENREEITOWTEARD, BR%

BB r:V\{0} = P(V)IZX 28 n(v) 23§ 3 DFEKR T Kempf-stable (% 7213 semistable) TH % D
&, LDOERT Kempf-stable (% 7213 semistable) TH 5 D & IZ[FETH 5.

LIAT,0#£00eV DEE,
pu(g) =llg-vll, g€G
LEDD L p, 1ZHUE O(v) FOBISKE RS,
CDORFRDEMDH ST 5.
FIH 5.4 (Kempf-Ness [KN79])
(1) p, DELE O(v) EDEEFRR T p, 3HR/IMEE & 2.
(2) py DERMETD 2RM571E (1ZEAL)IETH 2.

(3) v % Kempf-stable <= p, 2% O(v) LE/IMEZ .

ER 9L,
v 2% Kempf-stable <= p, 7' O(v) L& EREER R ZHD.

Z 9 L T GIT @ stability IZFEFRROLEM: & B#ED T CHETE 5.

HRRITI2 DD, GIT OFIMRIE 1965 4, Deligne-Mumford ? stable curve Diw % 1969 4, Kempf-
Ness DX 1979 FFOHIRTH % . GIT DHARIZTTIZ TP OIEFFEFE ML properly stable T
B2, LI EEIER ST S, Deligne-Mumford DL Z O 4 G5O HIET, 1965 12 13
stable curve DEE&IE F 72HEZ L T2\ 223, Mumford (& GIT #EMIEF, RO €Y 2 7 1 % stability
Lo Tav X7 MEL &I LT 2HEEZTTILR>TW I EEZ 2D HATH 5. stability & \»
I MEEIF B Z 5 <, (Grothendieck IZ & % Abel Z1kfED) stable reduction % stable curve 7% £ % /&
JHICB W& TH o725 9. —J7, Kempf-Ness DEHD GFERIFHE LC) FEHIZEEL < 2w, Z
I ) HEEZEB/T 5 L, Mumford & stability &\ 9 HZEZEAL DD, GIT & YKFICIZ F
FPREREFSEOBEF TERIL Qo tBbnd. LrL, 2D ICHLR2BRTHo 2
ELTHOAREZ IS RLEGHETHO R LES>TEITHAS ).

6 Deligne-Mumford O stable 73 BHi#R
6.1 Stable REIHRDOEY 2 512 M,

1969 FE DAL [DM69] T Deligne-Mumford & stable 7z lift %2 EA L, IR IROEY 2 7 4
Mz a7 MUl D HLELCE,

T g DI RO EY 2 7 A 22/ : = HE g DIFFF R 2 iR FASE 2K
C Deligne-Mumford @ 2 > /87 MMt M, = THE g D stable 7 HIfR O R 24
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&7 %. Deligne-Mumford @ a 37 MUIZIES, MHEDOE GO RS I 7 —WHEICEEL 72
Gromov-Witten A& D%, Kontsevich 12 X 5 Witten FHOMGRE Y XV 7 F 71k % M, D
cell 73 &7 EBIRZEFEES % C MFEROT L e 89 .

EEK 6.2 C2EED 2 LD (BT LA EEHE S 20 B Rl e 2. C 22ROt
%72 T stable curve (stable 7% HfR) & W5

(1) CIZRATINCIEEIC 2 RS RE (£ 7213 RAKMhE) Lo <d b |, JFFEE 2,y
ZHOTCz=0Xldzy=0LtRbINS.

(2) b L C IFRFRAGHMM C 2 BRI TR TE, ¢ 13 C DOBERIE Y & A5t 3 M ET
L 5.

FRZ ZDEFED O stable ZHIfRO AR BRI TH 2 2 L230d 5. (> T, B2 DEHFZH
CHEBEEIERETH 2 L F A T K. HEEZBHECXY 5 72912, BUT Deligne-Mumford
O stable 72 BHfE % moduli-stable ZHifEE 59 2 L1127 5.

6.3 HS5V0EDOLTEM
moduli-stable FfRIZ XD ERTLETH 5 [DM69):

o [ERED 137 A =% —fiEZ E L ICHEL T (DD, SIERL & IFBIL L RO R BRSO
MR X > T), &TD 7 74 /N—23stable RHIFEDRICET Z LN TES

o FOWRHEDETD T 74 /N—73stable 22 fllifit 2 518, EEFUEEZ VIS DBRELTH 7 7
AN—IED S 7\,

GIT O stability & DBIHEIZ DTl Gieseker ° Mumford DL H 5.
T’ 6.4 RD 3DDFMIFFAMETH 3.

(1) C %% moduli-stable.

(2) C DREDKE > Hilbert M4 T2 properly stable. ([Gieseker82))

(3) C DRIEDAKE > Chow FA T2 properly stable. ([Mumford77])

C @ Hilbert % Chow MDTEFKIF I I TITRRZ2\01D3, C DERITTE 2R AN DMH DHIAAR DIREE
% SEAIZEOR T B —FED Plicker JEED L ) b DT, BOEDZERITGOFHEEMOETH L. O
EOD CITH L, HDIAAD L 72126 U TERME O Hilbert % Chow MOSEE 5.

6.5 BZ(FAH

FEI 6.4 DX ) ICHMOOHRLEEHZZ, €254 a7 MLOHEGRORKOHETH %
FEEHIZIHIBLTwE. 252 bRBEHREDBNME VW IBRIE, BIUCTIEIHHDORAZBEZ 7-48
HRFHEZRE T2, Y2742 D a7 Muild, Z20B{bz 287 P RZERTNRI X T
ARTEBBRE, B/BRICHFEILL) L3230 TH35. 22 TREEREBLLOAZEDT, 29
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THRVWHDIFETEDLIEILRE. ZOX)REBEZIDE, EH 64D L) IT, Tarvy 7 MU
BNRRE L SNBBILOBEHED 3 WIFEE, 205 2 EMEORLERB.

IV EDDOEELMEIZa Y ) MEDEEDFMAMNETH B, 72 & ZIFHMFEDEY 25 1 22
fill My, @ Chow #EICBE ¢ % Mumford F48 L U DOWIZE %, Abel ZEEDHT L \EY 274 D a v s
7 MU SQux IR LTHEITT S I ETH S0, ZHUTDWTUIERRITHHERIIZ .

§5 Tl¥ moduli-stable 72 HiARIC DWW TR 7. §6 DIFEIZ Abel ZEREDEY 2 7 A ITDW AN
%. % ZTlE moduli-stable Z2fifR & D Z & 2 A7 \». BEIZET

FERF B2 Abel ZRRIEDE Y 2 7 A [ Ay k
= JERE R Abel Z1ktE 4+ L UG D RS RO EA
C Abel ZAk{A K ONEY 7B LERRF + L VS D FIBIH 2
=HLVEY 274 Dav7 M SQq i

D&Y RAETLT 5 & (BH 10.2), 2 L TXRIT, a2 v 37 MucBlb - RES RG-S % E
HW64Dk) W TREOTZZLThs (EH 10.1).

7 B0 Hesse D 3 REHEF
7.1 T—5E¥

GBI E(r) = C/(Z+Zr) o HFELTEZS. 22Trid FETFEHOK, T4b
HIm(r) >0 ERDEERETD. 20D 21,20 € Cld 21 —20=n+mr (n,meZ) DK, ZD
RFICIR> T BE(r) OFF CHURZED S. B(1) LOL L3 DT —FBEEEZRD X ) ICEET 5:

05 (7, 2) = Z 627r1'(3n+k)27—/6627ri(3n+k)z

neZ

=Y aly+kwt* (k=0,1,2).
yey

(15)

HL, a(z) = e (x€X), q=e>/6 w=e>% X =7, =3Z. ZDEE O IFROEHNKX%
729,

Op(T,2 4+ 1) = 0i(T, 2),

0 (16)‘

Or(1,2 +7) = ¢ 2w 30k(, 2)
t->TE5H 0 BE(t) > PL %
O : z = [Oo(T,2),01(7, 2),0a(7, 2)] (17)
LED B L, O 1F well-defined TH D HDIARTH 5. Z4UF Riemann-Roch DEIE i\ CEEHA S
NBH, ZDFER BE(r) DRIZ PL O 3XIMEE 5222 EW0Hh 5. E5IC 0, FEHBEAR

1
Ox(r, 2 + 3) = (§O(7, 2), (18)

2
Or (T, 2 + g) = ¢ 'w g1 (T, 2)
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b7z . Lo T, e A, 20— 24 (1/3) L) E(r) OEHLUE, PL Tk
007, 2),01(, 2),05(7, 2)] — [Bo(r, 2+ %),QO(T,Z + g),eo(f,z + g)]
(19)
= [01(7, 2),02(T, ), 00(T, 2)]
EWVY) (4) DRIEZEH 7 25| FRIT. 29 LTER O(E(1)) & GB) DIERICL > TAETH S T
ENOD B, Lichd> T 3R O(E(1)) &, 3 XD G(3) DAEXZF 21F G(3) DHNAERDE
REGLRZ. —75, z; ©3RAXRKXDZEM (10 Xot) 1% G3) MEFE LT, £% 2 8D 1 Rtk
I L AERD 2§ 2 ZOUMBEOEMICORI NG, Lo T, G3)-AE% 3 Kih#kiZ, G(3)-
AL 3RATERING D, £720F 2] + Gad + Gl % L SHOMHMAEXTERS N, & Ik
FHD 3 REFRE 8L 27\, O(E(T)) 13 H D G(3)-A£7% 3 RIROHHETRVWIERE 2 20
5, 2 D G(3)-AZE% 3RRD 1 KEEAICL> TEESN, HIEH u(r) ZHVT

Cu(r)) : 3 + 23 + 23 — 3u(r)zozi20 = 0 (20)

ERDLINDZZEDTD S, ZNHEL T Mo, x1, 20 1ET—FYEBICIEL R 572\ ERRNLHBT
H5. (IEMEICIE (22) DEEFZHVT 2 =600 TH 5.)

7.2 3FENR
Clu) D 3%5 R, Cp) D IHOEMMTEZSNS ELTEL, BEMIIX[1: —5:0],[0:1:
=B, [=B:0:1] (LEL, B =1)DIMTHS. ZITC(u) PEAE o = 1, -1,0] IE,
e1r = [1> _C3> 0]> €2 = [_170, ]_] (21)

LT, B o, T DOER IS C(p) DHTCRAE (5) 1%, 2N ey, en IS X 2 FTREITH
5. e1,e0 & C(p) D 3EFHROBZERT 5. 355 HOFEIZIE Weil pairing & FFIEL5 1D 3 FlR
IZfiE%z & 2IERA GRIER) ZRERX ew DIEEIND. 7ot 2 ew(er,e2) =00 771 =( TH
2. EEOEHIGE E 0 3 %5 HOBEIC D Weil pairing ey IFEZRENS. B(r) DHBATSZAIF0
DERT, 1/3,7/3 % ED 3 EXHTH DD, ew(1/3,7)3) =( TH 5.

EE 7.3 M (C(n),e0,e1,e2) 2 Clp) D)L SHEE LS. FARRIC EDFER%E eg LT, ED
3% er,e0 DY ew(er,en) =( £ B L E M (B e, e1,e2) & E DL )L 3G L LS.

7.4 EBHIAMHE Proj
B O : E(1) — PL 13HDIAARLDT

E(r)=C*/{w— qzyw; y € 3Z}
= (Proj Cla(z)w®™d,z € X])/Y

. (22)
=" Proj(Cla(z)w®9,z € X]¥ ™)
=~ ProjCl0x9 (k=0,1,2)].
B a(z), ¢, w, X, Y 1Z (15) EAL, 9 FXE 1 DAETLE TS, £ Y OEHIFERERT
Sy (a(z)w™) = a(z + y)w™ Y9 (23)



WL TEETS. (22) DE2DHELIFE 1 OHADOEZHZ T, HAZEAMTH 5. 6 2HOIAL
THBHEVIEENFEADOAHATHY, (22) DIREIZE 2, 5 3, 5 4 OELOHRWENICH 5. (22)
D 3 DALIFAIEHETIZD 2 EBIGIEFEZ T T N2 D TE L TE W, (22) ZEEMICIE
LT3, B3nALZERTIEX .

WAWAEWED, (22) 1& E(1) S O(E(1)) LAMTH 2 LEFRLTWEETTHS. KUADIF
CORTPNEY 274 DAV MUORETIIRITTZIDE W) 2L THS.

7.5 1-/N\TA—%—J&K& Proj

(q ICBi¥ %) BlffHiER%Z R=Cllg]] £ T%. T5& REDOEDHRNZ 1-37 X =5 —ED
Grothendieck A&l X DL 7 74 83— Xy 1X C(c0) &—3T 3

X = (Proj Rla(z)w™ ¥,z € X]/Y )8,

(24)
Xy = (Proj Rla(z)w™,z € X]® (R/qR))/Y.

7220, a(z) R, yeY RERET(A5) ERALDDETE. ZOBEIIE (15) D O, (EAHEICEIL
TG 2DTX D EOBKRDUIWZE52%. UT Xy 23C(c0) E—HTHIEERT. £3,V T
Bz EiOZEMIZEHERA X —L L LTEREOT 7 74 Y AFX— LV, TEEbN 5:

V,, = Spec Rla(z)w*d/a(n)w™d, z € X]
= Spec Rla(n + 1)w”+1/a( Jw™, a(n — 1w /a(n)w"]
— Spec R[ 2n+1 —2n+1 —1]
[

q
& Spec R xn,yn]/(xnyn — @), zn=¢"w,y, = ¢t

EoT an =22 Yn_1, Yn =21, THIC
Vo N{qg =0} = Spec Clzn, ynl/(@nyn) = {(zn,yn) € C?% zpyn = 0}.

Xy B PL OMO Y ISk 5HEHTH S, ¥V DAV, 5 Vips = Vige — <+ -,
(CCmZ/n) %3 ($n+3>yn+3> = (Invyn) BELB T oHR 3 ED P%} D235,

b b o db g db. ¢

Li q =0 DL TlF Hesse 3 KMHRDIED 1 = co DEHE~DHIR & FELI 2 5. INEOREM

BIF2RE7 743D \ﬁuaﬁf;mi I3 TH %, /NMF [Kodaira63] 1= & > THREHTITICHE

ﬁ‘éﬁ’u": bDE X IFRMLTIUSIZIEFEETH 53, (24) DFERIE [Mumford72] DIEIERTH 5.

DR, H2 I3 (24) @ﬁs”%wi%&,ﬁai, B TRENICERTULTE S, Lw)H I ETH

3. EE, a(z) ® X,Y 2 £ D PANTERTLOH L CRESHREZERTE 5. EH 10.2 ([ZHn 3
Kempf-stable 7z PSQAS &, TRTCZD L HICL THFELNS.
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8 3RHIEDEY 2 T71EHR
8.1 j-Fa%
%9, GIT % G = SL(3), X = 3 K2 = 3 XD 22D SHAL 1@ L <
SQ1.1 = X (semistable)// SL(3) ~ Pg

) 3RO EL 254 ZHRTES. §4 DEFICINRE, YO Darv 7 rbE LTY %5
AR ZEICES. BAAIGNTWS X )12, UMD j-BEOMmTH 5. e I3hlE
B 8.3 TH % X 91T, Kempf-stability Z 2% £ b o & X\WEY 27 A 22 SQ1 3 (fine moduli) 23
BTE2. 7L, ZOBEIIEAMOERD SQ11 DHALIZEZ, ZOMRLELTa v 87 b
LY HBlDb D%EFES. Hesse DEHE (EHH 2.1 8 X OEM 8.3) 1Z Kempf-stability &[54 SQ1 3
DHFTH . $7DODEY 274 %M SQ1,1 & SQ13 PBRESEFORTEZ 6N S:

B +8)°

HCw) = 277 b

(25)

8.2 3 RAHMRD stability

3 R EFRD SL(3) 12BIT % stability IR 1 IR THEY TH 5.

# 1: 3 REAIE D stability

HiER (Rr2A) stability [ ZE
176 P properly stable HIE

SADER, 3HEREL Kempf-stable 7223 properly stable T7\> 2 XJG
[EAR &2 b, e L semistable 722 Kempf-stable T7% > 1 XL

B, B 2 EAD D semistable 727% Kempf-stable T7z\> HIR
3ARDER, SERH D semistable T72\» 1 X%
B &2 XR, R DD semistable T7z\» 1 Xt
BERY, RELH D semistable T7z > 1 X7t

BIF C(c0) % 3-gon EMER. C % 3XIRLET 5 &

C 7 Kempf-stable <= C |3MEM R £ 721% 3-gon IC[FE
<= C %% Hesse @ 3 XD &I AR
= C HG(3) D CGL(3) T HEDIEHTAZE,
C 73 Kempf-stable 2> OFFREZ KD
<— C & 3-gon
= C 18T X =8 — & (24) D Xy IT[FAT.
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T 2T (24) I ZEMEARD (22) DT FRY —TH 5. £, ROEMIE Hesse DEH (EH 2.1) »
5HED . SQu 3 1 EHE 4.3 D X (semistable) DETAF —L EARRTIEINTEEN, Y LIdRLRS
ZEWHEE LY. ZOBAIIZY = SQl,l L.

EHE 8.3 G(3) Z o, T THEMINS L)L 3D Heisenberg ff& 5. ZDELEDED SQ13 13 Ay 3
DavRy METH 5.

SQu3:=1{ stable 7 3 KD L ~)L 3-HExE } /I

Il
o e e e

G(3) A% 3 KIHRO L~V 3-8 |
Hesse 3 Ko L L 3-#5E& } ,
#%E3&Eﬁ@V&w&%ﬁ}Jﬁ@

%ﬁiHﬁw3%Eﬁ®v&w&%ﬁ}.

e
W
I

SQu3 (= Py, 1/g) 1 Z[Gs, 1/3] ERBIZLRBBRRIET, stable % 3 KHifRD L L 3-FED
TY 2 74 22 (fine moduli) TH 5.

9 PSQAS
R % SEMR I BEBAAESR, 2 Z DT A —F — k(n) % ROFEMWE, X =729 T 5.
E#&E 9.1 a(z) (v € X) 1ZRD 3 5272 W Faltings-Chai DL 7 — % &S,

(1) a(0) =1, a(x) € k(n)* := k(n) \ {0} (Vz € X).
(2) b(z,y) = alz +y)a(z)taly) ™! (v,y € X) 1T X x X EOFEHM—RKIE.
(3) B(z,y) :=valy(a(z + y)a(z)ta(y)™!) (z,y € X) 1T X x X LDIEEMEZEN—XIEA.

> T, IEEMER WK P(2,y) # £, a(z) = ¢"@®) L3R, a(x) (v € X) 1% Faltings-Chai
DT =% L7455,

% 0.2 LLALEEDOTT, Y& X OHREMOBSEE, K = (X/Y) ® Homg, (X/Y),C*) &
T3, coLE

(Z,L) = (Proj Rla(z)w™),z € X|, Oproj(1))/Y ® (R/qR)

DI Lz k) D K-PSQAS &WEL. fHL, k(0) = R/qR. %%, PSQAS I3 projectively stable
quasi-abelian scheme &\ 9 BWHHATOBMETETH 5.

9.3 T—YEHDIRE —

PSQAS D&% H15 1T Delaunay 7 EIIZEETH 5. Delaunay 7l & 137 — & B DOMRER % 5t
BT 20ETHE. 22 TET Hesse 3 KD HZEIZ, C(o0) 2% 3-gon TH AEH%Z Delaunay 77
ENDOSIEPSHEZ D,



B(r) ETF— S BIBERD & 5 ER S hie.

ek(q’ w) — Z q(3m+kz)2w3m+k (k — O, 1, 2)
meZ

BL, g=e>"/6 w=¢>"*TH 5. 0, DEDEFRNIZ
C(u(q)) : 05 + 65 + 05 = 31u(q) 000102

THEZ6N%. 22 TC(0))233-gon &5 2 L%, pu(0) =00 &7 5 2 LZFIHT 2D TIE R,
O DIRRZEREFHET A2 LICKDEEHT 5.
I=qREL,ue R\ITIZNLTw=qtu, u=u modI £§2%. ZOK

p— 2_
eo(q’q 1u) — Z q9m 3mu3m
meZ
— 1+ P+ g2 4+ U 4

— 2_ -
91(q,q 1u) — Z q(3m+1) 3m 1u3m+1
meZ
=u+¢ou? +gPut 4+,

02(q, g u) = Z q(3m+2)2-—3m—2u3m+2
meZ
2,1

=+ Put + U P
fit>TPE TERDE )T S:
lim [0(q, ¢~ u)] = [1,7,0]
q—?
lim [0x(q,q3u)] = [0, 1,7,
q—-)

lim [0x(q,¢~"w)] = [4,0,1].
q—)

—H,w=qgPu,uc R\I £35¢

lim [Qk(q,q_?‘)‘u)] =

q—0

0,1,0] (1/2<A<3/2Dk ), (26)

{ [1,0,0) (=1/2<A<1/2Dk ),
[0,0,1] (3/2< A<b/2DLE).

AR ZECIKECRELZ TS L, Y =3Z 2L LTHUMBREIMEDIRT. 29 LT lim, o C(u(r))
D3 3-gon : zoT1T0 = 0X7R BT EDIDNS.

EE9A4NeR=X@zRICHLT, T X =2 OB F\, ZRDXIITED S
Fy(a) = a* — 2)\a.

Fy(a) DFe/IMEZFEBT 22 TD a e X DIMEAEZ D(N\) T&Xb L, Delaunay cell & 5.
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ARz ELDL L,

1
D(j+5) =lij+1):={z€Rij<z<j+1},

D)=} (-5<A<j+y0EH)

[Oklk=01,2 1 = ;LI%{@k(%q_DU))]k:o,m
- {ﬂj (j € DN (k+3Z) D& =)
0 (DA)Nk+3Z)=0DLZ)
L% BIAIE, D(3)N(0+32Z) = {0}, D(2) N (1+32) = {1} BT
;i_f%[@k(q,q_lu))] = [00,61,02] = [a°,@,0] = [1,a,0]

Eb ML <A< A=32 < A< S Lo THBRZRS L, LOFHEIE, C(u(c0))

2 2
W3 ODLRILD C* L 3FDAHELATHLI L, ZOEHDLD7D, b k) £ Delaunay cells
mod Y (= 3Z) DML bk T & —BTH I L2RLTwb. DT oj=[j,j+1], e ={k} LT 5.

0_3 g_9 o_1 gp g1 g9
P I e
—& & € © < & @—

T-3 T—2 T—1 70 T1 T2 T3

O(1) O(oo) O(m)

T ROEAEEZD. X =79 L, B% X x X FOIFEEWN1XERET 3.
E&E 9.5 A€ X@zR I LT, X EOBIK
Fy(z) = B(z,z) — 2B(\, z) (x e X)

DEAMER £ 2 X)) kv € X 12X > TRSNAMEAG%E D()\) TRb L, Delaunay cell &S,

A X@zR Z B K, \ A\ 257 Delaunay cell ##5%. #7422 MIIA L THU Delaunay cell %
BrlLldbdHs. ZN22THEDL EEH X @z R ZHOR T, BTERAZHEDEINE LN
%. 2% Delaunay DEIEE 9. BIKEL TEESEDTDelg EERDT. 0 € Delg LEITIE,
ZAEXQZRICHLTo=D(\) £%5 I L2E%RT 5.

E# 9.6 Delaunay cell o € Delpg IZFEfE L 72 Voronoi cell V(o) ZRD X HICEERT 5
V(o) ={A e X®zR;0=D(\)}.

ZDLE {V(o);o €Delg} i3 XozR DRTARZZHEDEZ52%. Tz Vorg LRDT.
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2 RILD Delaunay 2ElE, GL(2,Z) D, T b bIETOREED L D FOHMEXZRE, DE D5
HowgFig L —K7T 5.

9.7 T—YBEHOME - —RDFE

Faltings-Chai DB 7T—% {a(z);z € X} 52615 &, K-PSQAS WEEI N/, 51
K-PSQAS L7 — ¥ BB RO & 5 IcE&/EN D,

0= Y a(@w™ (ke X/Y).

z€k+Y
C I, EE 91T KD, Y PREEREEIVEIE C(x) Z1EAT
a(x) _ qB(m,z)/2—|—C(:c) u(:c)
LEROEBILICHEETS. 2 Lulz) e R\I. T2 LHiERARKCLT

0k(q, q_B(’\")u') _ Z qB(x,x)/2+O(a:)—B(>\,m) u(m) "
zek+Y

ERDEIND. HE-T, ¢ — 0 DR (Xik mod ¢R) 2% Z &%, B%
F\(z) = B(z,z) —2B(\, z) + 2C(z)

DER/MMED I Z TINS5 2 EIlwEI NS, FAROFREIZ T TIC [Namikawa76] IZH 5.
Delaunay cell o = D(A\) 2 & D, g — 0D & ZMREH0 &% 285313 SFk< &

(\
(y
A

lim [02(g, 4~ w)] = [u® x ((R/1) DHT)acorx € L
L% o TZDHIT% Oo) TEDT &
0(0) = {[u"]aconx,u € (C*)?} = (C*)*™7,
TEE 9.8 Xy # K-PSQAS £ T 5.
(1) O(o) = (C*)4me.

(2) X 1 O(c) (o€ Delg) DEHEATH 5.

(3) o,7 € Delg IZA LT, 0 C 7<= O(0) C O(7).
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10 SRTDEI 2740V IRT ML
EH 83 IFXRD L) Ic—MfhE g, DUT, HEEDOFHHIEL 2w Tih 3.

EE 10.1 K 3R 2R > ER Abel # T, S/NOHK T3 U L ERET 5. (Z,L) %
Abel ZIRAICERZ AT RE 2RISR & L, % D Heisenberg #£2Y K IZf1h6T % Heisenberg #f G(K)
ThHsrET5. ZDEEDEDIFMITFME.

(1) (Z,L) DREDK Z \» Hilbert m4xTAHY Kempf-stable.
(2) (Z,L0) 13 G(K) DIEFTAZ.
(3) (Z,L) |% (24) D & 3 1B R 185 X — 8 —[EOHL 7 7 4 /38—

EF10.1 D (3) 12 (Z,L) DAF—L L L TOMEZ 5ERICFRT % b DT, stable Z#Hi#RD moduli-
stability ICHH4 2. FH 10.1 1ZTFH 6.4 D Abel ZIRIFRTH 5. EEBEIVIZIX, B 10.1 1&RD &
IR B ZEHTE A

Kempf-stable <« #f G(K) OfFfiTstable < moduli-stable.

EIE 10.2 K 3IBEML AR EZRFOBR Abel # T, RANDHRE T3 U EERKETS. N2 K
DERDBERTFETH. 2D L &, Z(y,1/N] EHFEBAF — 4 SQ, k BLXUOZ DRI A ¥ —
LAy g DFEL T, B N &R ERORERAME b icf LT

(Z, L) 1% Kempf-stable T
S5Qqk(k) =14 (Z,L); Abel ZIRIFICET IS k-2 ¥ — L ko o /AR
LAV G(K)-f
(Z,L) i3 G(K)-AET
(Z,L); Abel ZIEMEICE S k-2 % — L ED
L)L G(K)-REiE
(Z,0) 13 G(K)-FRET
(Z,L); BBl 189 X =8 —[ROFLT 74 N—FED 3,
LV G(K)-RE
- (Z,L) & k ED Abel ZHkfF o
L~V G(K)-Hi&
(Z,L) 13 G(K)-F% 7%
=< (Z,L); k £ Abel ZHtE LD
L L G(K)-Hi&

}/ﬁﬂ

L%,

g=1TK=(Z/32* DL & GK)BIVSQ r ZZNZENG(3), SQ13 TEDLT.

EH 102 13EH 8.3 DEmXTULTH D, SQq4 k »° Kempf-stable iRl Abel Zikik LD L~
G(K)-HEE®D fine moduli THBZ &, ZLTEND Ay g DAV RT MLTHE Z Lz, 7o d
CHR7D B D TH B, 5Q, (k) DIE (Z,L) % k EO K-PSQAS EWEE. 8 10.2 %, AL E
Db ETEYIEREICIARS &
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T 10.3 Z[(n, 1/N] EOBHIA X — L ED L0V G(K)-f#ii% b2 K-PSQAS DEFIX, Z[(y, 1/N]
LOBEA X — L SQ, k IT ko THRHAETH 5.

10.4 EBEDFEE

[NakamuralO] 12 £ > T SQq x ERERTIEDH 23 —MRICIZRD B Ay DHTL a7 MUDE
btz SQ, x DEFROFICHN S K-PSQAS 1%, &P REFTLE LD DWH 253, HL
287 METlk, B Abel ZHER E L URBERBIREZ LA BB WL DDAZIS. 4 RILET
TIRTHIE 3T 228, 5 KL ETEHT L v a v 87 MUk SQu x & 13E% 5. [A02] 12 bk
BHH BDY, A7 MUDRTEA dim Ag ;e + /K] — 1ICF L. DB Abel ZREADHEIEE
BREFTLE b2, BV 274 ORR FORRERZFF OB Abel ZiREZDNDONDOL D EH
BysLdot%0.

HBLRY 7 L ~OUIEE & ERE 10.2 O L OUEEE IZABIEAE ETIR—B0T 228, —RICIZR 2 518
RTHSH. [NT2001] DHT g = 1 DHEIC, MHDOEHEIROEERE Z I L TENPHS Iz
72, g=1DHBEICIFETY 2 74 ZEIEEETH 228, THBHEROEEBRIZFRL LD & E—K
L,ﬁﬁv«w@kﬁﬁﬁéjkmomﬁﬁ wCTD 5.

I BEDERZ GO THEM L 72b D% [Nakamural2) 225 51§ % &

EE 10.5 Let K be a finite symplectic abelian group with any of 2g elementary divisors > 3,
N = /|K|, ¢(n a primitive N-th root of unity, and Oy = Z[(y,1/N], and d any positive integer.
Then

1. 5Qq4 Kk 1is a projective reduced-fine moduli O -scheme [Nakamura99],

2. SQ;‘}’}?C is a projective reduced-coarse moduli Oy -scheme [Nakamural0],

3. both SQg4 x and SQ;"’%C contain the moduli space Ag i of abelian varieties with level-G(K)
structure as a Zariski open subset,

. AP, 4 is a proper separated coarse moduli algebraic space over Z [A02],

. the dimension of SQq Kk and SQta”C is equal to g(g+1)/2,

. the dimension of AP, 4 is equal to g(g+1)/2+d —1,

. there exists a bijective proper birational On-morphism

5q: Smec—’SQg,K

QS A

extending the identity of Ag k-, which induces the isomorphism between their normalizations
[Nakamural0],
8. (without any restriction on elementary divisors of K ) there ezxists a nonempty open subset U
of PV and a natural morphism sqap : SQ;"’?C x U — EQ,N such that the resriction of sqap
to SQIRe x {v} is a closed immersion of SQYK® into APy for anyv € U,  [Nakamural2],
5Qiorie ~ APy, [Nakamural2].

©

10.6 #PpbOI(C

HEHOEHE, EENEALBIC L CIOMEICEBL 2z, F#FLIBFELELL, VEILETE
ZE, INEHEOEMMIEGRZ FEAZDONE >01F T L, GIT PEGHRMF 2 RHEICE L0356,
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INFEGR 2 SRILIC— ML L &9 & T3, BARNICATRTH L 28#Hicn s, LE-oTkny
59 ERVET, S BRTEANIETCOEEZLETS I, BEuESAZROAIETTI, 2953
BORER, BORRE TADKHERPERT 2759 LRVET, 29T, BEEEOBLIZ.
PR 7 — VSRR DTS 2 7 4 EHOBLORENE KRBT 2 LIcAD ET, ®OTZ T
T2, TOPHRETZV, 2HEoTBHLTwBLEZATT, (2012412 A 18 H)

E PG

[A02) V. Alexeev, Complete moduli in the presence of semiabelian group action, Ann. of
Math. 155 (2002), 611-708.

[AN99] V. Alexeev and 1. Nakamura, On Mumford’s construction of degenerating Abelian
varieties, Tohoku J. Math. 51 (1999), 399-420.

[Chai85) C.-L. Chai, Compactification of Siegel moduli schemes, London Math. Soc. Lecture
Note Series, vol. 107, Cambridge Univ. Press, 1985.

[DM69] P. Deligne and D. Mumford, The irreducibility of the space of curves of given genus,
Publ. Math. THES 36 (1969), 75-110.

[FC90) G. Faltings and C.-L. Chai, Degenerations of abelian varieties, vol. 22, Ergebnisse der
Mathematik und ihrer Grenzgebiete, no. 3, Springer-Verlag, 1990.

[Gieseker82] D. Gieseker, Lectures on moduli of curves, Tata Institute of Fundamental Research,
Bombay 1982.

[Hesse] L.O. Hesse, Ludwig Otto Hesse’s Gesammelte Werke, Chelsea Publishing Company,
Bronx, New York, 1897.

[Kempf78]  G. Kempf, Instability in invariant theory, Ann. Math. 339 (1978), 299-316.

[KN79] G. Kempf and L. Ness, The length of vectors in representation spaces, Lecture Notes
in Math., 732, Springer, Berlin, 1979, pp. 233-243 .

[Kodaira63] K. Kodaira, On compact analytic surfaces, Il Ann. Math. 77 (1963), 563-626.
[MB85] L. Moret-Bailly, Pinceaur de variétés abéliennes, Astérisque 129 (1985).

[Mumford66] D. Mumford, On the equations defining Abelian varieties I, Invent. Math. 1 (1966),
287-354.

[Mumford72] D. Mumford, An analytic construction of degenerating abelian varieties over complete
rings, Compositio Math. 24 (1972), 239-272.

[Mumford77] D. Mumford, Stability of projective varieties, L’Enseignment Mathematique 23
(1977), 39-110.

__71_



[GIT] D. Mumford et al., Geometric Invariant Theory, Ergebnisse der Mathematik und
ihrer Grenzgebiete, vol. 34, 1994.

[Nakamura75] I. Nakamura, On moduli of stable quasi abelian varieties, Nagoya Math. J. 58 (1975),
149-214.

[Nakamura98] I. Nakamura, Compactification of the moduli of abelian varieties over Z[(n,1/N],
C. R. Acad. Sci. Paris, 327 (1998), 875-880.

[Nakamura99] I. Nakamura, Stability of degenerate abelian varieties, Invent. math. 136 (1999),
659-715.

[Nakamural0] I. Nakamura, Another caonical compactification of the moduli scheme f abelian
varieties, Algebraic and Arithmetic Structures of Moduli Spaces (Sapporo 2007),
Editors I. Nakamura and Lin Weng, Advanced Studies in Pure Mathematics,
58, Mathematical Society of Japan, 2010, pp. 69-135. math.AG/0107158 and
http://www.math.sci.hokudai.ac.jp/ nakamura.

[Nakamural2] The closed immersions of S’th?}éc into AP, y, preprint.

[NS06] I. Nakamura and K. Sugawara, The cohomology groups of stable quasi-abelian schemes
and degenerations associated with the Eg-lattice, Moduli Spaces and Arithemetic Ge-
ometry (Kyoto 2004), Advanced Studies in Pure Mathematics 45, 2006, pp. 221-279.

[Namikawa76] Y. Namikawa, A new compactification of the Siegel space and degenerations of
abelian varieties, I, I, Math. Ann. 221 (1976), 97-141, 201-241.

[Namikawa80] Y. Namikawa, Toroidal compactification of Siegel spaces, Lecture Notes in Math.
812, Springer-Verlag, 1980.

[NT2001] I. Nakamura and T. Terasoma, The moduli space of elliptic curves with Heisenberg
level structure, Moduli of Abelian varieties, edited by C. Faber, G. van der Geer,
F. Oort, Proc. of Texel conference, Birkhauser, 2001, pp. 299 — 324.

[Seshadri77] C. S. Seshadri, Geometric reductivity over arbitrary base, Adv. Math. 26 (1977),
225-274.



Compactification of the moduli
of abelian varieties

Iku Nakamura
(Hokkaido University)

2012 December 16, Nara Women’s University

Table of contents

e Hesse cubics

e Limits of classical theta

e Standard degeneration

e Heisenberg groups G(K), G(3)

e GIT-Stability

® SQq. K> SQ;‘?}%—C : Moduli of PSQASes
e The other compactifications

e Summary

e Delaunay/Voronoi decompositions

._73_.




1 Hesse cubic curves

C(p) : 1:8 + 23 + 23 — 3uzgriTs = 0

:cg + azi’ + a:‘;’ — 3pxorizces =0

if p gets closer to oo
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:c% + a:i{’ + :cg — 3pxgrice = 0

if u gets much closer to co

:v?d + :13?1’ + azg — 3puzgzirs =0 (u3 =1 oroo)

It degenerates into 3 copies of pl




2 Moduli of cubic curves

(classical form over C) (Hesse 1849)
A1 3 : = {nonsing. cubics with 9 inflection pts}/ isom.
~ C\ {1,C3,C§} ~ H/T'(3) (H : upper half plane)
SQi3:=A13
= {stable cubics with 9 inflection pts}/ isom.
= {Hesse cubics}/isom=id
= A1 3U {C’(u);u3 = 1lor oo} ~ pl

= {moduli of compact objects}

We wish to extend this to aribitrary dimension

1. over Z[{n,1/N] (Today) or over Z[{p]

2. to define a representable functor of compact obj.

F := SQ, k| (fine moduli)

3. to relate SQ, g to GIT stability, (This is new)

4.| GIT stable objects = our model PSQASes}|:

Projectively Stable QQuasi Abelian Scheme

5. to relate 3 known compactif. |SQq K|, SQEO_I%C

Alexeev’s moduli |Ag 4
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3 Moduli over Z[{n,1/N]

(a new version of the theorem of Hesse)

1
5Q1,3 = Pycq1/3p

the projective fine moduli

(1) The universal cubic curve

po(zd + 23 + 23) — prwomize = 0

where (o, 11) € SQ1,3 = PL.
(2) when k is alg. closed and char. k # 3

SQ1,3(k)

Aq3(k)

(

\
)

\
;

\
p

\

closed orbit cubics )
/isom.

with level 3-structure /k

Hesse cubics “ )
/isom.=id.

with level 3-str. /k

closed orbit nonsing. cubics )
/isom.

with level 3-str. /k

nonsing. Hesse cubics
/isom.=id.
with level 3-structure /k




12

(N. 1999) There exists the fine moduli SQq.K
projective over Z[(n,1/N], N = /|K]|, For k closed

)

closed orb. deg. abelian sch. /k )

SQg Kk (k) = < /isom.
with level G(K)-structure

\

(

) G(K)-invariant PSQAS /k

= s
with level G(K)-structure

\

(nonsingular) abelian schemes /k

Ay (k) = ¢ /isom.
with level G(K)-structure

\

P

G(K)-inv. abelian schemes /k

with level G(K)-structure

\

4 Tate curve and PSQAS

R:DVR, L = Frac(R) = R[1/q], q uniformizer.
Tate curve | Gup(L)/w+— qw

Hesse cubics at co : G (L)/w — q3w

Rewrite Tate curve as G (L) /w"™ — ¢q™"w™ (n € Z)

Hesse cubics at 0o © G (L) /w™ — @3 w" (n € Z)

The general case : B pos. def. symmetric
Gm (L)Y /w”® — qB(‘”’y)b(:c, y)w?,

b(z,y) L™ (z€X,y€Y)
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[The usual Tate curve over CDVR R|

X : 33033% = wi’ — :I:Oac% -+ qmg

Or X:yzzwg—az2+q
The generic fibre Xy, : v =x3—z%+g¢ (g # 0)
The fibre Xg: y? = 2%(x — 1) for ¢ = 0 : a limit of X,

X0\ {0,0} = G,

[To compactify the moduli, need to find all nice limits !!]

The general case : B pos. def. symmetric
The generic fibre:
G (D)9 /w® = B EWb(z, y)w?,
b(x,y) e L (x€ X,y€eY)
PSQAS is the closed fibre of it
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5 Review of Theta functions

An elliptic curve, w = 272 q = £2mi7/6

E(r) = C/(Z + Z7) = C*/w — wq®, q=e2™7/6

Theta function 0(7,2) = ,,c7 q(k+3m)2wk’+3m.

The map © embeds E(7) into P2,
: E(T) > 2z — [zq,®1,22) = [0, 01,02] € P?

To compactify the moduli

|we find the limit of the image of © as g — 0|

General case will lead us to the next definition

Before it,recall again w = 274, g = e2mit/6

0= + 3) = hOu(r, ),

O, 2 + 2) = (qw) g1 (7, 2),
80,61, 02](, = + <) = [61, 02, 80] (7, 2)
o, T are the liftings to GL(3),
zZ >z —}—% is lifted to o (0y) = Cé"@k
z — z + % is lifted to 7(0;) = 01
G(3) := the group (o, T)

|The image of © is a Hesse cubic.|
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6 Heisenberg groups G(K), G(3)

G(3) = (o, 7) acts on V, order |G(3)| = 27,
V = Rxo + Rz1 + Rxa,
o(x;) = Chwi, T(m) =21 (i € Z/3Z)

¢3 is a primitive cube root of 1, R 3 (3,1/3

® mg -+ :c‘% + m%, zoriT2 € S3V only are G(3)-invariant

e G(3) determines z; ”uniquely” (. V:G(3)-irred,)

e x; are |classical theta| over C

General case will lead us to the next definition

27Tz'z, — 2miT/6

In terms of theta, w = e q

(= + 3) = ChO(r,2),

Ok(m, 2 + 2) = (qu) M1 (7 2),
[60, 01, 62] (7, z + —73:) = (01,02, 00](T, 2)
o, T are the liftings to GL(3),
zZr 2z —{—% is lifted to o(0y) = C§9k
z — z + % is lifted to 7(6y) = 01

G(3) := the group (o, T)




20

7 Definition of PSQAS

R : DVR, q a uniformizer of R,

k(0) = R/m, k(n) = R[1/q] : the fraction field of R
Suppose (Gy, Ly) : abelian variety over k(n)

(G, L) is the (connected) Néron model of (G4, Ly)

(*Gy,tLy) dual AV, Gy = Pic®(Gy).
(!G,*L) : the (connected) Néron model of (*Gn,tLy)
Suppose Gy a split torus over k(0),

Then (!Gy,*Lg) is a split torus over k(0)

21

|For the Tate curve over CDVR R)|

The generic fibre Gy, : v =x3—22+g¢ (g #0)
The fibre Xg : y?2 = x?(x — 1) for ¢ = 0 : a limit of Xgq

X0\ {0,0} = Gm,

This is the key assumption G a split torus
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ac% + zc?l’ + :U% — 3pxoxrirey =0 (u3 =1 oroo)

It degenerates into 3 copies of p!

jt = oo, Tgrixs = 0 contains Gy, X Z/3Z

This is the key assumption Gg a split torus

Let X = Hom(Go, Gm), Y = Hom(*Go, Gm).
Hence X ~79,Y ~ 79,
A(Ly) extends, 3 a surjection Gg — tGo

Hence Y : a sublattice of X, [X : Y] < oo.

Ky := ker A(Ly), N := |Ky|.
K:=the closure of K;. May assume Over Z[(;,1/N]
K~ (X/Y)® (X/Y)Y,

24

This finite group helps us to take up the necessary data
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From G and K we can construct

e G(K) : Heisenberg group scheme
1 — pn — G(K) — K — 0 (exact)
(a,z,a) - (b,w, B) = (abB(z),z + w,a + B),
e R[X/Y]=®,cx/yRv(z) (group alg. of X/Y)
v(0) = 1, v(z +y) = v(@)v(y)
e G(K) acts on R[X/Y] by
(a, 2 ) - (@) = ac(x)v(z + z)

a,b€pun; z,z € (X/Y); a,B€(X/Y)Y

26

Facts. G : conn. Néron model of Gy,

Ky :=ker(A(Ly)) ~ (X/Y) ® (X/Y)V,

eV := HY(G, L): finite R-free, G(K)-irreducible

oV =H%G,L) ~ R[X/Y] as G(K)-module
G(K)-i

o HO(G, L) 5 30, T 5™ y(z) € R[X/Y] gp alg

0 can be thought as ”classical theta”

Idea: Find the limit of the image [0z],cx/v
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Let Gy, : the formal completion of G along Gg
Key Fact:

Gtor =~ '(Gr,gn,R)for

Fourier expansion of 8 (x € X/Y') on Gy :

0z = Y ycy a(x +y)w™ Y

a(x + y) : Fourier coeff. of 0,
called Faltings-Chai’s degeneration data of (G, L)

e B(x,y) := valg(a(x + y)a(x) ta(y)™!) is pos. def.

28

generalized Tate curves
The general case : B pos. def. symmetric
The generic fibre:
Gm(L)9 /w® — B @Y by(z, y)w?,
bo(z,y) € L* (z€ X,y€Y)
PSQAS is the closed fibre of a gener. Tate curve




29

We construct a canonical gen. of Tate curves.

R := Rla(z)w®d,z € X], d:deg one

Proj(ﬁ) : locally of finite type over R
X : the formal completion of Proj(R)
The Quotient X /Y is a degenerating family of AV

(X/Y,04/v(1)) is a generalization of Tate curves

30

Grothendieck (EGA) guarantees
3 a projective R-scheme (Z,07(1))
s.t. the formal completion Zg,,. of Z
Ztor ~ X/Y, (Zy,0g,(1)) =~ (Gy, Ly)

(the stable reduction theorem)

The central fiber (Zp,0z,(1)) is our (P)SQAS.

Projectively Stable Quasi Abelian Scheme

G(K) acts on (Z,0z(1))
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Let R be CDVR over Z[(n,1/N]

e There is a natural choice of 8, € H°(G, L)

e a(x +vy), y € Y is Fourier coeff of 0,z € X/Y

e all a(x) recover the given Gy over k(n) := Frac(R)
e There is an extention X /Y of G5 to R so that

(a) it is a canonical generalization of Tate curves,

(b) |G(K) acts on (X/Y,Ox/y(1))

(c) hence |G(K) acts on (Z,0z(1))

(d) the closed fibre (Zp, Oz,(1)) is a PSQAS.

32

g=1,X=17,Y = 37Z.

X =Proj(R), a(z)=q¢", (z € X)

S_3 S_3

Voo Voo W Vi Vi Vs \Z

Xo/Y
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Recall

Over Z[¢3,1/3]

A3 : = {nonsing. cubics with 9 inflection pts}/ isom.

9

= {stable cubics with 9 inflection pts}/ isom.
= {Hesse cubics}/isom=id

= A1 3U {C’(u);/,b3 =1lor oo} ~ pl,

Hesse cubics are PSQASes in dimension one, level 3.

34

We wish to extend this to arbitrary dimension

1. over Z[{n,1/N] or over Z[{nN]

2. to define a representable functor of compact obj.

F := SQ, k| (fine moduli)

3. to relate to GIT stability, that is,

to aim at F'(k) =GIT stable objects|for k alg. closed
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SQg. K,1/N = SQqg,K : Proj. over Z[¢n,1/N] (1999)
AP,  : over Z, dim. excessive by N — 1 (2002)
Olsson : over Z, nonseparated nonproper stack (2008)
Olsson uses the same model as ours (Alexeev-Nakamura’s
model)

We prefer to separated moduli.

It is easy to construct nonseparated stack moduli.

36

8 Separatedness of the moduli

There are difficulties never seen in dimension one
e Classical level structure = base of n-divison points,
e Singular limits of Abelian varieties are very reducible

e Classical level str. gives non-separated moduli

e We need to prove in any dimension,

Lemma. (Valuative Lemma for Separatedness)

. DVR, L = Frac(R), X,Y € F(R).
If X; ~ Y, then X ~ Y. In other words,

Isom. over L implies isom. over R.
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e separated = Hausdorff, (e.g. if X projective, then
separated)

e X: non-separated = non Hausdorff,

e If non-Hausdorff, then |3 P, € X (n=1,2,.--),
leilnPn,Q:}.imPn. But

e This really happens in geometry.

38

R : DVR, q : uniformizer of R, L = R[1/q],

E, E’ : elliptic curves over R

E:y2:m3—q6, E:vy?=x%-1

Let us consider | Py, := Er,Qpn := E}/

Pp=Qp, ie Ef ~ E}

because

Er: (y/q°)* = (z/q)* - 1,

Ej:Y?=Xx%_-1
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R : DVR, q : uniformizer of R, L = R[1/q],

E, E’ : elliptic curves over R

E:y?=23-—¢% FEF :Y?’=Xx3-1

Let us consider | Py, := Er,Qn 1= E},

P:=Eg=1mEyg, Q := E(') = limE}J

Pp = Qn, i.e. Er ~ E}|[ButP £ Q|

P:=Ey:y’=a3 Q:=E}:Y?’=Xx%-1

39

To overcome the difficulty of level str/n-div. pts :
e Non-abelian Heisenberg gp. G := G(K)

e New level str. = Framing of irred. reps. of G

e To prove Val. Lemma for Separatedness, we use

40

Let |G| = N,
R : aring over Z[{N,1/N], V : free R-mod.
V : irr. G-mod. of wt one, (= G C GL(V®R))
Let h € GL(V ® R). If gh = hg for V g € G,

then h is scalar.




41

e Separatedness of the moduli
follows from G(K)-Irreducibility of V = H?(X, L),
(X, L) = (Zp,0z,(1)) : any PSQAS, level N > 3
if K =~ ker(A(L) : Gy — G}, (dual)).

42

We re-start with

Over Z[(3,1/3]

A3 : = {nonsing. cubics with 9 inflection pts}/ isom.
A1 3 : = {stable cubics with 9 inflection pts}/ isom.
= {Hesse cubics}/isom=id

= A1 3U {C(u);p,?’ = 1lor oo} ~ Pl

We convert it into G(3)-equivariant theory

G(3): Heisenberg group of level 3
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9 Heisenberg groups G(K), G(3)

G(3) = (o,7) acts on V, order |G(3)| = 27,
V = Rxzg+ Rx1 + Rxo,
o(x;) = Cxsy  T(xg) =x441 (3 € Z/3Z)
¢3 is a primitive cube root of 1, R 3 (3,1/3
Fact

® 338 -+ 33‘1’ -+ :B%, zorize € S°V only are G(3)-invariant

e G(3) determines x; "uniquely” (" V:G(3)-irred,)

e x; are [classical theta| over C

44

G(K) : Heisenberg gp. e.g. G(3)

e G(K) chooses a basis of V = HY(X, L), X:PSQAS
e G(K) chooses a basis of HY(G, L), G:Néron model
e G(K) determines Faltings-Chai degeneration data
e G(K) extends Gy to define (Z,0z(1)), Z = X/Y
e Separatedness of the moduli
follows from G(K)-Irreducibility of V = H?(X, L),
X : any PSQAS, level N > 3
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10 The space of closed orbits

X the set of geometric objects
G the group of isomorphisms

x, ' are isom.| G-orbits are the same O(z) = O(z’)

Xps the set of properly-stable objects
Xss the set of semistable objects
Xss//G ”compact moduli”

46

[Exam 2| Action on C? of G = Gp,(= C*),

C?3 (z,y) = (az,a™ly) (a € Gp)

What is the quotient of C2 by G ?

e Simple answer : the set of G-orbits (X)
e Answer : Spec(the ring of all G-invariant poly.)(O)
e L := xy is the unique G-inv. !

C?//G := SpecCJt] = {t € C}

But this is different from ”the set of G-orbits”.

e C2//G = {t € C} is the set of all closed orbits.
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O(d,1) O(c,1)
= {teC}

® xy =0

//(c> 0,d < 0)

et =0 is a point of C = C2?//G = Spec C[t].
e But {xy = 0} consists of three G-orbits

C* x {0}, {0} xC* {(0,0)}
e {(0,0)} is the only closed orbit in {xy = 0}

48

The same notation as before. Let p € X.

(1) semistable if 3 G-inv. homog. poly. F, F(p) # 0,
(2) Kempf-stable (= closed orbit)

if the orbit O(p) is closed in Xss,
(3) properly-stable if (2) and Stab(p) finite.

stable = closed orbit =—> semistable

_95_




49

'Thm 7| (Seshadri,Mumford) G : reductive, acting on
a scheme X, (e.g. G = Gp). Let Xgs = the set of

semistable points. Then

® X;5//G := Spec(all G-inv.) = the set of closed orbits.

e Xs5//G is a scheme, Xp5//G is also a scheme,

e | X;;//G compactifies Xps//G.

The set of points with closed orbits is not an

algebraic subscheme.

50

Thus we consider only those objects with closed orbits

|As its consequence we will see]

e Abelian varieties have closed orbits (Kempf), and
e our PSQASes have closed orbits,

Conversely

® |Any degenerate abelian scheme with closed orbit{

| is one of our PSQASes|

e There is a simple characterization of our PSQA Ses,

® |This characterization enables us to compactifyl

[the moduli of abelian varieties.|
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11 Stable curves of Deligne-Mumford

C is a stable curve of a genus g if

(1) connected projective reduced with finite autom.,
(2) the singularities of C are like zy = 0

(3) dim H'(0¢) = g

Let ]\—/I; : moduli of stable curves of genus g,

My : moduli of nonsing. curves of genus g.

|Thm 9] Mg compactifies My
(Deligne-Mumford 1969)

52

| Definition of stable curves is irrelevant to GIT stabilityl

Nevertheless

Thm 10| The following are equivalent
(1) C is a stable curve (moduli-stable)

2) any Hilbert point of ® C) is GIT-stable
|m K|
3) any Chow point of ® C) is GIT-stable
|mK|

(1)< (2) Gieseker 1982 (before Mumford 1977)

(1)< (3) Mumford 1977 (suggested by Gieseker 1982)
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12 Stability of cubic curves

CUBIC CURVES STABILITY STAB GP.
smooth elliptic stable finite
3-gon closed orbit 2-dim
a line+a conic (transv.) semistable 1-dim
irred. with a node semistable finite
others unstable 1-dim

54

Thm 11| For a cubic C, the following cond. are equiv.

(1) C has a closed SL(3)-orbit in (S3V)ss
(2) C is a Hesse cubic curve, that is, G(3)-invariant

(3) C is either smooth elliptic or a 3-gon
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13 Stability in higher-dim.

Thm 12| (Kempf) (A, L) an abelian variety,
V = HY(A, L) very ample, w:=Hilbert point of (A, L).
Then SL(V)w is closed in Pgs : the semistable locus of

a big proj. space.

(N.1999)

(X, L) : PSQAS of level G(K),

V = HY(X, L) very ample. Then

any Hilbert point of (X, L) has a closed SL(V)-orbit.

56

Thm 14] (N.1999)

Assume (X, L) is a limit of abelian varieties A
with ker(A(L)) = K, A\(L) : A — A? (dual)

Then the following are equivalent:

(1) X has a closed SL(V)-orbit (GIT-stable)
(2) X is invariant under G(K) (G(K)-stable)
(3) X is one of our PSQASes (moduli-stable)

_99_




To be more precise,

15] (N.1999)
Assume (X, L) is a limit of AV A’s with ker(A(L)) = K

Then the following are equivalent:

(1) The m-th Hilbert point of X has a closed SL(V)-
orbit in P(]\//Q[SmV)Ss (GIT-stable)

(2) X is invariant under G(K) (G(K)-stable)

(3) X is one of our PSQASes (moduli-stable)

where M := dim H%(X, mL).

58

Thm 16] For cubics the following are equiv:
(1) it has a closed SL(3)-orbit (GIT-stable)
(2) it is a Hesse cubic, that is, G(3)-inv. (G(3)-stable)

(3) it is smooth ell. or a 3-gon. (moduli-stable)

Thm 17| Let X be a degenerate AV. The following are

equiv. under natural assump.:

(1) it has a closed SL(V)-orbit (GIT-stable)
(2) X is G(K)-inv (G(K)-stable)
(3) it is a PSQAS (p.20) (moduli-stable)
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[Thus we see|

e Abelian varieties have closed orbits (Kempf), and
e our PSQASes have closed orbits,

Conversely

® IAny degenerate abelian scheme with closed orbitJ

| is one of our PSQASes|

e X is our PSQAS iff X is G(K)-stable,

e [This characterization will compactify|

[the moduli of abelian varieties.|

IThe characterization of PSQASes will compactify[

[the moduli of abelian varieties.| We recall

”Closed orbit” is not a Zariski open/closed condition.

Let G := {(s,t,u) € (Gm)3; stu = 1}
C R 3 3 _
ab,e © ary+ bxy + cxy — xoxix2 = 0.
G acts on A3 : (a,b,c) — (sa,tb,uc)A3

Closed (G)?%-orbit iff abc # 0 or (a,b,c) = (0,0,0).
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14 Moduli over Z[{n,1/N]

Thm 18| (a new version of the theorem of Hesse)

1
5Q1,3 = Pzey,1/3)

the projective fine moduli

(1) The universal cubic curve

po(zh + =3 + x3) — piwoz1T2 = 0

where (po, 1) € SQ1,3 = Pl

(2) when k is alg. closed and char. k # 3

61

SQ1,3(k)

Aq3(k)

closed orbit cubics
= < /isom.
with level 3-structure /k

N/

Hesse cubics ) )
= < /isom.=id.

with level 3-str. /k

N/

closed orbit nonsing. cubics

= < /isom.

with level 3-str. /k

N

nonsing. Hesse cubics

= 9 /isom.=id.

with level 3-structure /k

62
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63

(N. 1999) There exists the fine moduli SQ, g

projective over Z[{n,1/N]|, N = /|K]|, For k closed

SQQ,K(k)

Ag,K(k)

AN

;

closed orb. deg. abelian sch. /k

/isom.

with level G(K)-structure
\
.

G(K)-invariant PSQAS /k

9

with level G(K)-structure
\
4

(nonsingular) abelian schemes /k

/isom.

with level G(K)-structure
>

G(K)-inv. abelian schemes /k

with level G(K)-structure
\

64

G(K) : Heisenberg gp. e.g. G(3)

(A) HY%X,L) is G(K)-irred for X: PSQAS

e (A) implies Stability of X with L very ample,

e (A) implies Separatedness of the moduli,

e (A) gives a simple characterization of PSQASes,

¢ |G(K) finds a compact separated moduli SQg g
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15 The Second Compactification over Z[{y,1/N]

Recall Grothendieck (EGA) guarantees
3 a projective R-scheme (Z,07(1))
s.t. the formal completion Zg,,. of Z

Zfor = X/Ya (va OZ??(ID = (G’Oa L??)

The central fiber (Zp, Oz,(1)) is our (P)SQAS.

The normalization Z1°™ of Z with Z(][)mrm reduced

gives a bit different central fiber

(Zalorm, Oz(r)lorm(l)), we call it TSQAS

66

[Thm 20| (N. 2010) over Z[¢{n,1/N],

d another cano. compactif. SQ;O}?:

:coarse moduli of TSQASes with level-G(K) str.

|3 cano. bij. birat. morphism|

sq : SQ;‘?}}C — SQg K
(P, ¢, T) = (Qa (bQ’ TQ)a Q = Proj(Sym(qb))

when any generic fibre of P is an abelian var.

The normalizations of SQ;?}%C and SQ, g are isom.
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Recall (P, ¢,7) € SQICKS

e P:TSQAS=modified PSQAS,

e ¢: P— PN-1 =P(k[HV]) is a finite morphism

o L= ¢*(Opn-1(1)),

e HO(P, L) 2 k[HY] = HY(Opn-1(1))

e T : a compatible action of G(K) on the pair (P, L)
e 7 on P = translation by K when P = A : AV

68

(Q,9g,Tq) € SQg,K

e Q:PSQAS,

e pg:Q — PN—-1 = P(k[H"]) is a closed immersion

e Lo = ¢*(Opn—1(1),

e HYQ,Lg) ~ H°(P,L) 2 k[HV] = H°(Opn-1(1))

e 7( : a compatible action of G(K) on the pair (Q, Lg)
e 7o on QQ = translation by K when Q=A: AV
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Definition of sq : For (P,L,¢,T) € SQ;?}%C(T)
Suppose (P, L, ¢, 7) is a T-TSQAS
such that any generic fibre is AV.
Then let |Q = ¢(P) := Proj(Sym(¢))
Can define (Q, Lg, ¢qg, 7g) T-PSQAS, Then

the morphism sq is

sq(P, L, ¢, T) = (Q’LQ7 ¢Q77'Q) S SQQ,K(T)

16 Comparison of three compactifications

N: \/IKaoN:Z[CNal/N]ad>O-

1. SQg K is a proj. fine moduli over Op; [N99],

SQZ?;%C is a proj. coarse mod. over Op; [NO1] [N10],
ﬁg,d is a prop. sep. coarse moduli /Z [Alexeev02],
(SQOE)O o (SQy )™ [N10]

SQ;?;%C X v C APy n (Vv € 3 U open in pN-1)

. 8QiYC ~ APy 1,

. dim SQq g = dim SQ'H = g(g 4 1) /2,

.dim AP, 3 =g(g+1)/2+d— 1.

® N S o R W N
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Alexeev’s moduli AP, 4 = {(P,G, D)}

e P is semi-normal proj. with L ample line bundle
e GG semi-abelian acting on P with extra cond.

e D ¢ H°(P,L) a Cartier divisor

e D contains no G-orbits

® dimﬁg,d =dim Ay +d — 1.

Olsson 2008 : Objects = Alexeev-Nakamura’s degen. AV
Olsson’s moduli : nonseparated non proper stack
To construct a compactif. as nonsep. stack is easy

To construct it as separated scheme is our problem
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17 The shape of PSQASes — Delaunay decompositions

”Limits of theta functions are described by the
Delaunay decomposition.”
PSQAS is a geometrization of limit of thetas
PSQAS is a generalization of 3-gons.

which is described by the Delaunay decomposition.

80

PSQAS : a generalization of Tate curve, R:DVR
Tate curve : Gp(R)/w— qw

Hesse cubics at co : G (R)/w — ¢w

Rewrite Tate curve as
Gm(R)/w" > g™ (m € Z)

Hesse cubics at co ©  Gp(R)/w™ — ¢3™w"” (m € Z)

The general case : B pos. def. symmetric
Gm(R)I /w® — ¢B@EV(z, y)w?,

b(z,y) e R* (x € X,ye€Y)
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Let X = 79, B a positive symmetric on X X X.

|lz|| = \/B(x,z) : a distance of X ® R (fixed)

Let a € XR. a Delaunay cell D(«) : the con-

vex closure of points of X closest to .

[Exam 4| 1-dim. B(z,y) = 2zy, X/Y = Z/nZ,
then PSQAS Zj is an n-gon of pl

82

e All Delaunay cells for a B form a Delaunay decomp.

e |Each PSQAS (its scheme struture)| and its decom-

position into torus orbits (its stratification)

[are described by Delaunay decomp.]

e Each pos. symm. B defines a Delaunay decomp.
e Different B can yield the same Delaunay decomp.

and the same PSQAS.
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I 10
\Exam 5| B =
01

Zy := Xp/Y is a union of P! x P1

83

[Exam 6] B =

84
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1. This (mod Y) is a PSQAS.

It is a union of P2, each triangle stands for P2,
2. each line segment is a Pl, two P2 intersect along pl
3. six P2 meet at a point,

locally k[x1,--- ,x¢]/(z;xj, i — J| = 2)

86

Red one is the decomp. dual to the Delaunay decomp.

called Voronoi decomp.
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Voronoi decomposition

89

Def221 D : for Delaunay cells
V(D) :={A € X ®zR;D =D(\)}
We call it a Voronoi cell

V(0) ={A e X @z R;[[All = A —qll, (Vg € X)}

This is a crystal of mica.
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100
For B=|010

001

We get V(0), a cube (salt),

1 0 O
For B=|0 2 -1
0-—-1 2
then we get a hexagonal pillar (calcite),

and then

91

A Dodecahedron (Garnet)
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B=|-13 -1

3 —1 -1
B=|-13 -1

-1 -1 3

A Trunc. Octahed. — Zinc Blende ZnS
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