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IS DEFRDWEEETT L, Z WICETEA REREOEN LT EIATH . HlAI1T,

Hwlc#E () — SL(2,Z) — { AR )

5 5XAD 5, B\ICHE % 2Rz HFER L T % Euclid BEGH (Srowxeia & VIL VIIL IX) O E2ITHRREL RN D
5 2 EDRTILS (FEME [D]). Gauss BEGRIIAERICELE N, Z 1% Z 1 72 Dirichlet DEEEGHIZ (RIRH D) HED
ERMEICE ) &2 AR BT, REHOMDZ %7 Linnik-Selberg il (F RO ER MDA TV 2. I 12, fi
FHICHER ZHROMITTH 2. 5 HOMNTIERGH X, ZRRAEZEICERNT 2 & 2522 REIE L THEEORENER
Py 1CBIT 2 FAREERNICL B A ). K OB 5 2 280 \0hY, HEIC T2 OBMOREIIEORZ TR
22LTHAI.

LT p BRTLEHO MRICERZRTIDLET S, G5 s =0 +it (0,t € R) IZFFICHI D DIEVIR D EHRLKTH
% (Dirichlet-Riemann DFl5). BEHD ¢ > 0 1FFE. 72720, MBET T L ICE LD, L5, 5612, >0 1
N 2 ERTH B0, LIE D HBER S L ICR LR EHBETRELD. H5 g ZIED, F e ldeg DIRELLLET S
b A, %%, Landau D ‘O, ‘o’ il%5, Vinogradov @ ‘<’ %5 (O 5 DORH) V223, 206 ICEH 2 BEREE
(implied constants) HHATIC K DR D ¢ ICBRT 2 HED H 5. TN OEEIFMITIEEGROE L 2EYE. L35
Z, b BRI IZ RO HE L.

EEED, FEEM: effective computability IS KT 5. JHUIMEOEE LR ED TEBEOHIE, #WHiEICS 2% 2
EMTED, LWIHREZES naive ITRRT2H5DTHS. 47 L, LIHARMEE (polynomial time algorithm:
A 1259 % universal logic gates DfEEAS, BARNZLHEE a,b >0 25> T a(log 7\7'3)b DIT) OoFEZSHT 2D
DTV, BEGHIFERNEGROEEZENE T 2000, HEIX, WOWAPEEEGHE D E A LY, T OFMETEEN:
R HMANZHEIZEZ LS, TR THEERTH 5. WFNIE 52 oNBEONEZRDL Z LREFEN5.
CNOBUTHHERE Lo L AR R RIE IZRZH o oy (FEERVE FEHRE L TI3A s Tw % Shor (1994), [E,
§548-51).

[0.1] Euclid (ca 300 BCE): D% X (FR@EAIE incommensurability & % 13 EFGESE) Ao THERN B,
(1) Adelardus (1482). Opus elementorum Euclidis megarensis in geometriam artem in id quoque Campani perspi-

cacissimi commentationes finiunt. E. Randolt, Venetiis.
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BARANKIE (a,b) =1, albc =  a|c

T 5D, ZDiEHIZ (Heath fRTHTIR D) AHfiE. D. Pengelley and F. Richman (2006): Did Euclid need the
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FIEIZH 5 ‘megarensis/of Megara’ 13RI DFRE. BEH Euclid OAFEHIAE, IR XA,
[0.2] C.F. Gauss (1801): Disquisitiones arithmeticae. Fleischer, Lipsiae. (Werke I, pp.1-478)
[0.3] P.G.L. Dirichlet (1863): Vorlesungen iiber Zahlentheorie. Herausgegeben von R. Dedekind. Friedrich Vieweg und
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[0.7] k&2 [C], [E] CBHE# L, XROEFEZHEET 5.
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BRtRE T v R by ICHEETHE | RRCTRAMBEAIT I RAMER — B2 72 & I BRI R 72
LET.

1. FBOWEE n(x) =3, 1 K2 EFRMDEMIE Buclid (IX, Prop.20) IC &k % lim 7(z) = +oo TH %243, /B
RITB T 255 DYt 13 Euler (1737, 1748 (Tomi primi, Caput XV)) O ik

11 (1 - ;) - = +o00. (1.1)

P

i i CTld d 523, Euclid  Euler b3tc TERESGMO—EM, 2HVT. 20D, T o OFEDFHICIE, FIK
BOrfRo THIREME ) OAICTRD 5. BEuler & () ﬁﬁm:l@'ﬁtf EBIC DL Tk v, FIEL s s k2
AThH5. bo b, % (1737, Theorema 19) (&, (1.1) I

Zl ~loglogz (x — o0), (1.2)

p<z
ZRPAHBR LN FRLTHD WS, ZNud, n FHOEEIEX ~nlogn TH 2 Z 2R TIQZ, FHREHZ T
2 ELEZD. D, ZIUIIE KRR,
ZD &I KX %L %I Z, Euler (1737, Theorema 8) DA EHM X, 59 £ THMS,

[e%s} —1
Euler % : Z;H( pl) £0, o>1, (1.3)

p

DHRTHL (ZITEseC LT 50, 22 FTHD %%%Lf EEiZEw). o &b 120 M ED DRI ((s) DK
B mEIc CEAR 2R D5 L L s EiF, RICEBRSCIFMWS Kool ETHA ).



72720, (1.2) ORI (1.1) ONBEREZRHT2HOTH L 2 L6, n(x) ICHEMET 2B log((s) ZBI%T 512
EOHIETIS Euler (W72, EFRABI LS4 (Riemann 13 Z2 N2 ). 7272, ZORBOBRIZEEZET 5. i

o dx
g(s)=8i1+%—s/l (¢ =)= 3) 5 o>0, (14)

% ((s) I3FFOD3, log ((s) DEFEZ DD D, BXUNZ DEREOM A, 1ZHIE. L2 dIc, RICHEARL IND I L &7 2HE
A

logp n=p",veN,

0 Z oA, (1.5)

—g(s) = Z 7(:), o >1, von Mangold B A(n) = {
n=1

IIE AR R I AR 2B, (1.4) IS TEARE T 28 DR324 5 1F, ((s) BFEEFAPHICTHERETH 2 LAINS. b o
Eh, XD UIRBICIZERLD (4.3)-(4.4) ITKZRETH S, 2% D, (1.5) OIEFFAMIC VIS THERL, 2 2T, Bk
log ((s) DHMERELRIX, o DIEIC DD 6T, B

L/r§m+uma(%ﬁ%hu@%éif) (1.6)

+oo

ZRMT33b0THB. T4, Cauchy Riemann BIFRRZ#&h L, fEkk

C— (=00, 1] = | J(=o0 + i, 0],  ¢(p) =0, v =Tmp, (1.7)

ICEEND s =0 +it DIFHIEEE NS, FRE SN LER LORIZOWTIE (1.6) Oz w5, 2% 0,
”FfiJ 1% log ¢(+00) =0 ZFATARL. [C, pp.15-16] % FL X.
Z T, Stieltjes B3Rz v,
w(z) = /m () +O(m(z'/?)) => A(n), z>2 (1.8)
2

log u

n<z

DFED, B m(x) DEITIZHREL (2) DZHNUCTESHAFEL2DTH Y, Lo bER (1.5) ZEUDHIED 212 o (x) D
f&miiﬁﬁ EEh w3 a'c&)z)v kﬁéﬁ’(%i 9. SO, PG OMHTIVEEGRTIIHES (z) R LIE A(n)
EZ DRk A RIREEZ TR . Buler B, W p ZIEICBATERAR logp 2MMITRL, EERTIDTH 5.

[1.1] Euler (1737): Variae observationes circa series infinitas. Comm. Acad. Sci. Petropolitanae, 9 (1744), 160-188.
[1.2] Euler (1748): Introductio in analysin infinitorum. Tomus primus. M.M. Bousquet & Socios, Lausannae; Tomus

secundus. Ibid.

[1.3] Bi%C log C(s) DIk 12 CRMED A ki & BUR T 5.

2. FHORWNLA TFEBGER) ITHIBL WEHZIHO TAKL 72D 13 Legendre (1798) TH D,

T

THE: 7(z) ~ (x — o0). (2.1)

log
7o & 21 Abel FHE EE MO BB Z T 5 (HAF1E Année ¥6064321210 = 1823 4E 8 H 4 H). T4z,
Legendre (1785) &, fEEDIERIFIRI ¢ mod ¢ ((¢,f) =1) IZ2F, X2 HFHL T 7.

THE: w(z;9.0) = Z 1 — 400 (z— 00). (2.2)
p<z
p={ mod ¢q

SEARA THEAE @ Legendre GEFH 12 THE L 41, Gauss ([0.2]) 23EUNIC (58 151, 296, 297 filize £12C) #LHEIL 72
ZEIRAAMTH L. ZOBOERICO EREICCTMNG. —J5, Gauss HE X

T W(x)wli(x):/: ljg“u (z — 00) (2.3)



WRFEIL T, EDl. L L, AEHO X E (1791) LEMIOFHK (1849) ICils b D TH Y, £ L TARIIHK
DBH% (A 13 2HE X-1 (1917); ##F13 11-1 (1863)) TH 5. 2Nz b > THRETMmBHNIZE T 5 Gauss DEF G2
LR THITIFEIENH 5. TS &, Legendre & Gauss 12, BZ 2 BAEMEIA EDOEEE % 2 U BRI B 4 & )
U645, 28, Legendre 1 & % FE 411X Gauss @%ﬂ’&ﬁ( H2H 5. XEiRREIC TN S.

[2.1] A.-M. Legendre (1785): Recherches d’analyse indéterminée. Histoire de I’Académie Royale des Sciences, 465-559.
[2.2] — (1798 (An VI)): Essai sur la théorie des nombres. Duprat, Paris; Seconde édition. Courcier, Paris 1808.
[2.3] AffilcDWTE [E, §11, §71] Z X, Dirichlet & (2.3) ICRDIDWVT WA I ERZRTHIKFEOIEY — F23b 5
([E, p.28 DZHrIE & 2 H X).

3. ZDkI BAMORNE AP OB FAMERFEREZ 7% 6 L72DI3, Dirichlet (1837) TH 5.
Dirichlet DFECEM :  Legendre T4 (2.2) 1Z1EL W, (3.1)

OERL, HUC (2.2) DAEHICH 2 TIIIES, MARLN S ZOFMEIC I ZEADH . 2F 0, x & L-EHDE
A. Euler ® (1.3) 12725\,

L(s,x) = 3 Xvi’;‘) =11 (1 - x}f))‘l’ o> 1. (3.2)

7272 L, Dirichlet 1Z s > 1 258 DAZEL L 7. 2N 6WE&ICIZ Dirichlet D4 %9 2 DI5@EBITH %23, LT T
FZNziEd. RIS DWW TR, Gauss DFTHERICZ DI E D 23H 5. &30 (1.4) ITRG L,

o° d
\Fl= Len=s [ @i lh= Y xm). o>0 (33)
1-0 v o<n<zx
ez 513, (2], BAR. HOEDTZ#R0EL, BB LM 5. Bid, XD IMEICIZRED (6.3) ITHKE 3K\,
Dirichlet D& DN, ﬂﬁﬁé‘h’@)% k ZATIEH 503,
X # B = L(1,x) & 0 &5 & 2 HERMHE. (3.4)

%, HiEOBE, ZNOMHIEIBRZTH L. LrL, TH) HEOHLEITIE, Dlrlchlet IR D T k23 L 7. R
2 7t 2 XERGan o o (BR0) HEEZ v 223, [#EIE Kronecker l5 DG IS 4, D% D 1d "Dirichlet D%
By o (HdEo) el E % 5. 22T, iIEH TR EIZ, Kronecker fil5 & Dirichlet BETH 2, L) —RM4AR» L
bEZ2HFETHS. LrL, JchHod. HAREY TZ 2. MIb, (3.4) 2% D (3.1) D Dirichlet DFEHIIMHAAD F
2D, HE> T, £X1Z, (3.1) b > THAAD ‘Legendre GEH’ 2358#5 L 72, £ 3 9 IF tautology. Z#lld Kummer 5

DERTHDY, 2% Kronecker DR L7EZATHH S, ZOEL LOFRIFEHT 2D, EIEEIE TR

WKHERET 25D THD, & < IT Principal Genus Theorem (HEEZHGFEDH 5 T) ~D TZHiDiE |, ODHFTEICHRIUTHS.
KRBV BGR O I fitin s & 2 5. —771% Gauss DB Tk, {7513 Legendre, Arndt, Dirichlet (Dedekind) %
DI 7 FENTHY 22 T4, 10T Legendre @ (2.2) 1ZHUD 4 EE. 4 b Z0ddiic, (3.1) ZHEAMH L 1367
AEHT 2 2 LITIFEFEDL D 5.

F1E, Ingham (1930) 23R Z DEGEZ KL L TV 5. Ramanujan (1916) I8 %2 K%L (x mod ¢ R E L)

2 ¢(s)’L(s, X)L(s,X)
2_: ’ —C@28) [T, (1 +p7)

o>1, (3.5)

ERE T EIRB O R MED 2 - THERIC L TERUZRIGH. 21U Legendre ICHZRT 2hDELZ %%V Z, Gauss DL
BrPEL,
MHHALD Legendre (1785) \ & 2 REHHIHEARITIZIEL » (3.6)

Lt CE % (SEABIEX [E, §71, §§91-92]). Z 2T, KROfIN I EBRIC b FHELZ 28 213, mE D E&EIE. 20 k9
HHARZET, Legendre 252 —Ui 2236 17 CTHUE L 7«

STl A b D BT AT DARANY 70 L (3.7)



CZHERE S RL. B S HORBOMGRIE, TRTFHRATH) OXigREEThb 280, JITZOHBICEENS.
%ufﬂi%%*ﬂgjﬁ,% X, BRICHIEICIENS & 2 7)??)%# MEICBES 2 M) TH 5. 2 LT, HimohLikiric
&, IERICIBRS e Thik) 35 %, COMBEOEG R 203 KEDO FHINTH 5.

MEETH % D3, Legendre (1830, 11, pp. 102-104) &, TEEEUREL 2 76 2 KIBRL, Z DIEBMED ST IC, MR <
DFEBZFT) &P/ THUIEIC Dirichlet-Weber FECEM & L THEF (Dirichlet (1840), Weber (1882)). FHERR (v
DWW 3 genus characters) & Kronecker il & @ﬁ#@ﬁﬁﬁ, HBWIEE, BIR Abel FECEIT 2 3O D Z < W1
DEHEF A 5. o1, WG 585 7% 513, (3.5) |& Rankin-Selberg L-Bi#D—H4i.

[3.1] P.G.L. Dirichlet (1837): Beweis des Satzes, dass jede unbegrenzte arithmetische Progression, deren erstes Glied
und Differenz ganze Zahlen ohne gemeinschaftlichen Factor sind, unendlich viele Primzahlen enthéalt. Abh. Konigl.
Preuss Akad. Wissens., 45-81. (Werke I, pp.313-342)

[3.2] A.E. Ingham (1930): Note on Riemann’s (-function and Dirichlet’s L-functions. J. London Math. Soc., 5,
107-112.

[3.3] S. Ramanujan (1916): Some formulae in the analytic theory of numbers. Mess. Math., 45, 81-84.

[3.4] A.-M. Legendre (1830): Théorie des nombres. Tome I et Tome II. Firmin Didot Freres, Paris.

[3.5] P.G.L. Dirichlet (1840): Auszug aus einer der Akademie der Wissenschaften zu Berlin am 5" Marz 1840 vorge-
lesenen Abhandlung. J. reine angew. Math., 21, 98-100.

[3.6] H. Weber (1882): Beweis des Satzes, dass jede eigentlich primitive quadratische Form unendlich viele Primzahlen
darzustellen fahig ist. Math. Ann., 20, 301-329.

[3.7] 2 XIER D HEHIC D W THIEBE AKX DFEH, Dirichlet-Weber ZHCEHOGFIHG & [E, 43 2 A k. F7,
Dirichlet fEEED 2 EFEMIE [B, 5 3 %], & 612, Rankin-Selberg B~ AMiZ [D, §5.1].

[3.8] #it# x mod ¢ DEEIZT, x(a) = 0, (a,q) 74 L, I NED, ThonfEzHiEL L7 dld H. Kinkelin
(1862): Allgemeine Theorie der harmonischen Reihen mit Angwendung auf die Zahlentheorie. Schweighauserische
Buchdruckerei, Basel. #£ L < (%, [E, §57] Z L K.

4. EMERZR (2.2) 12X % Dirichlet 12 X 230K (3.1) D%, BV TP (2.1) 12D DMK Z 2T 7- D%, Chebyshev
(1851) TH 5.
Chebyshev ®FEHR, . lim m(z)/(z/logz) =1. {HL, MRFEET 5% 615, (4.1)

T— 00

e EDORER DS KT % & 2 AI1ZHE . Chebyshev 1%, (1.5) D s — 14+ 0 % 2BEDIR 2 IR DT 2 FEH L, (4.1)
CEREL T30 THS. 2F D, w(x) DERNLMHTE ((s) LVREICBRT 2, &) PlA I X D o & 7.

Z DIFENTIZH 72 D, Chebyshev (&3 FER

I~ [ oy I
- R L R 1 4.2
Fs);/o ¥ e dx F(s)/o e o>1, (4.2)

2 (#1%, s > 1 OEAEDAEFEEL). Dirichlet (1837) DVEA L e RN ICEREML 2 = log(1/u), 0 <u < 1, ZHEL
7HDITHE R\ D TH 50, Z DFFILHK: Riemann (1860) 1 &k 25 ERR

B -1 (—z)st v s
C(S) - I‘(S)(eﬂis _ efﬂis) /C et — 1 dz, eC, (4‘3)

DFER & 7%, BT C 13T +oo X DBI, FHilih bz 5 $THFO, Bz duh &3 2/ IED [ E 12—
LD, 1%TT +oo ~ES. ZOM, arg(—x) ¥ —m 206 7 F THEANICEH T 2 (Hankel #&: [D, 18] 2R X, B4
A1, Hankel (¥ Riemann DA TH-72). HTIE, B2TD s € CITOEPCR LRI D D, (4.3) X ((s) DREE
PN DN 2 — 2252 5. 2 2T, RIS o < 0 EHIBRL, C DO/NIERIY 2 SRR ISR S ¥ 5 7% 6 13, MAGHA
ZREm UMbTiesi 2 & o TEisEA

C(1—s) =2(2m) =% cos (5sm)T(s)¢(s),
§1—s) =&(s), &(s) = gs(s — Dm /T (35)((s),

ISET 2. 2L, TR EUAOEARRK T (3s)T(3(s + 1)) = n1/221721(s) DIGFHEHR.

Vs € C, (4.4)



% DELEDHIT, I €(s) 1XFEBREL (genus = 1) TH D,
Ep)=0,p=PF+iv & ((p)=0,0<B<1 (p ZIFAWIFR LIFS). (4.5)

CTT, BB (1 —217)C(s) ZEBUXI (0,1) IS THBIZET 22 LITk D, v#£0 EEZICHNS. 22 LT, Riemann (&
RD 4z ZW (RS IIHERBHRE QLS DI G2 ET): TSHOMI, b &,
(R1)

N(T)={p=B8+iy,0<y<T}| = —Jg§:—§1+0@gT) T>2. (4.6)

(Re) 2TOIFAMHZERMICOEZ

8= (sehr wahrscheinlich). (4.7)

[N

(R3) ZEEEL £(s) O Hadamard RN ICHHY. 4.
Ry) HEEDz=[2]+3>1,T>2%2b-7T,

(r) =z — Z L log(2m) — = log (1-z72)+0 (%(bng)Q) . (4.8)
Py IVI<T
"Riemann P4, (RH) & —fRICHIIN S (Ry) IAMIHIIIA S ICEEHTE 2 2 L I3AA (RETOTER [5.6] %= L).
7, (Ry) 25,
Y(x) =&+ O(a*(log 2)?),
m(x) =li(x) + O(ml/2 logz).
Riemann 23AIZ LT RH ICEh 7DD, bEAABEMIZHNT. Lo LAads, Siegel (1932) S L E C
A TlE, Riemann (F—#EfHICTE I RNEGEZ (4.3) O/NEE

RH (4.9)

_\s—1_—Nz
E:" 1 /W B e e seC. NeN, (4.10)
C

eTI'Z‘? _ e~ is et — 1
n<N )

b LICEL, EAEROZE O ZELEIE. 2h o2 T TERH o= hicd s 2 L 2R, Ok, 2
Hiiff2 OWRIETEN (¢/N > 0 5K 61X, ¥Rl (¢/N)i Ot mailc iy, N [(t/2m)'/?]). 2% D i, Riemann (%
Chebyshev 2 S5 FEWEELZ BT, EHET 21087, MR EEEO T T RH 232 o/, &3 %1 fantasy. fif
DJRIFHIZ DT 7,

Bl 2 ThHNER L HZBHT 21213, MRICL  OIEAWIFE R 2% %: Landau (1911)

T
Z P = {—10gp+0(logT) for x = p™, (4.11)
0o O(log T) for z 4 p"
7272 L, BRERIT « 1ICBIRT 5. B9 iU,
FHENLIE H AR R DR HRER. (4.12)

BiE C(s) 2 Db D3 HARB e LR ko ki ’?’7’“3‘5.:}'\"(26 D, Z DGRBS R E SFEA 5. H9
FiLARE IR R 253, 2 OB IFEE )RS 2 FBOMiEmIc b 7 5 7

[4.1] P.L. Chebyshev (1851): Sur la fonction qui détemine la totalité des nombres premiers inférieur & une limite
donnée. Mémoire présentés a la Acad. Impériale de St. Pétersbourg par divers savants, VI, 141-157. Also: J. math.
pures et appliq., XVII, 1852, 341-365. ((Euvres I, pp.29-48)

[4.2] B. Riemann (1860): Uber die Anzahl der Primzahlen under einer gegebenen Gosse. Monatsber. Konigl. Preuss.
Akad. Wiss. Berlin, J. 1859, 671-680. Z D fiamriVam it 1859 4 10 H 19 HIZf2 I S 1, Kummer (& D F4E 11 A 3 H
RSNz, B, SikldE% 2 b DDFEEIL Chebyshev fiXDZNEFRUTH 2 Z EITHFEET L.



[4.3] C.L. Siegel (1932): Uber Riemanns Nachlass zur analytischen Zahlentheorie. Quellen und Studien zur Geschichte
der Math. Astr. und Physik, Abt. B: Studien, 2, 45-80.

[4.4] AREICOWTIE, [C, B 18] 2H K. &E, ¥riik (saddle point/ steepest descent/ stationary phase method)
DJFIE Riemann O Z DR, NTINEEEGHIC B 2 oL O MHNTEHE & LT, #l 21 [B, Chapter 5] & D
Jutila-Motohashi ([11.8]) 3% 5.

[4.5] E. Landau (1911): Uber die Nullstellen der Zetafunktion. Math. Ann., 71, 548-564.

5. %< LT, Riemann Paradigm 12D - & b, Hadamard (1896) & de la Vallée Poussin (1896) (3413712
Legendre P (2.1) 1Z1EL W (5.1)

LAEBH. X 512 (1899/1900) 13 THEAMENM & HEEH
P(x) =+ O(zexp (- c(logz)'/?)),
m(x) = li(z) + O(z exp(—c(log z)'/?)),

Z O35, L L, #6 O 7 BEEGRICIE T 2 TIEOMFUIEIZ. X D EEND DR IHHED T8 Landau (1924)
CEDRBIBONTOLINITH 2.

g, BRI

(5.2)

Landau D /5% C {Mertens #4553, Jensen 43\, Borel-Carathéodory ¥ }. (5.3)

Mertens (1898) DAER & 13, fEED 0> 1, t e R ITDE,

—34;( ) — 4Reg(a+zt) Reg o+ 2it) = Z )2 >0, (5.4)
HBHWIE, AL ZETHDBD,
(0)|¢H o + it)¢ (o + 2it)| > 1. (5.5)
Landau %% (5.3) Zb > THEL L7z & 2 A1
MIEOAE L, TIEM 0 = 1 DEFHFIBIT S |((s)] DV (5.6)

HOSHZMA 2: om0 (1.5) 2R E L, THRA 0 <o <1 IEATRIZES RV, DF D, 0 =1 DLfFEIC
B 2NEBHIT (C/0)(s) DEHEZET L. bbAA, COEFICERVPEFNLEIRETIE R (((s) O TIEHEBIE ).
SDRDIT, f(s) = C(s)/ 1, (s —p) ZBIET 2. 72721, {p} FWE L 7% 2 8Z AP ICEOHMICH 22 TOIFH
HERDOEE. I |{p}| ZFHEiE 12137 6 8223, Jensen AU K 5. FIEDNERSTIE Cauchy 3% b > TERRT
A <, B B log f(s) DFHfiZz %9 2. TNzEHICIT) OIZHEE. Z 2T Borel-Carathéodry EBEZ 7
5. DF D, K, IEHIKBOKRE SE, Zomzhul e $5M8 ickid 2 T80 ER ) itk hfisng. ko7,
Re logf( ) =log|f(s)] ICTERL, (5.6) T 5.

BIZIE, (14) 26BN ((s) = O(ls]) (L, [s—1|>1,0> 1) 52 PSRN OH%Eb-T

oy __c
C< )+ ’ <log(t+2), o>1 gt 12) t>0, (5.7)
R ZEMNTESL. DF D, de la Vallée-Poussin @ " IEH I,
Cs)£0, o0>1———, t>2. (5.8)

logt -
Al (5.7) EFRBCERE (5.2) IZHEMEDM. -5 7% Perron D RIRA:

0,7>2 5.9
omi ) VS a>0,T2>2, (5.9)

1 o+ g B 1—|—O(y“/(Tlogy)), y>1,
O(y“/(T| logy\), 0<y<l,



ZIGHL, a>1,T> 2,2 =[2]+ 3 122 & —HRIC

a+iT »/ a !
po == [ S0 (”; @

270 Jo—ir €

+ %(log x)2> (5.10)

Bz I EEBEE L (5. )%%%.:@@%m(amﬁs)éﬁﬁﬁéﬁfﬁa(%wﬁ a=1+1/logx,

T =exp ((logz)'/?) L483). 59 UL, FHEM (5.2) 12 (1.4) DT EHICH 2. T, Chebyshev Dk (4.1)
DR S .

& D bUF, V> Vinogradov &l (1958)

C(s) < 0= (log 1)?/3, o <1, t>2, (5.11)
EHVB%51E, (5.7) 13
g%@ < (logt)??(loglogt)Y/?, o >1-— ¢ t>3 (5.12)
¢ & 8708 ’ - (logt)?/3(loglogt)t/3” ~ = 7 ’

EWRIN, (5.10) ZaEh LES R R OFRBOE
m(x) = li(x) + O(x exp ( — c(log x)3/5(log log x)*1/5>), T > 3, (5.13)

IZEEE 5. Vinogradov O FEITOWTIE, 5 11 flioRKRBICTMN S, HEETH 523, (5.11) ZD b D% Vinogradov
DURL7ERTIE v, OT5ED (5.11) 2176 TOTH 5. JHil (5.12) DWROATREMEICDWTIE, [5.11] 2 H X,

B, (5.4)-(5.5) % BN LB LbTES. Thbb,

oo

1
20
n=1

772U, H(s) & o > L IS TIERIASH R RIEAG (symmetric power L-Bi$) ONMEDIER SN T3
M%T%%#]ﬁﬁmmw%)ﬂﬁt(&Q@&%?&&L

ain| = ¢O(s)CH(s + in)CA(s — in)C(s + 2in)C(s — 2im) H(s). (5.14)

m(z) = li(z) + O(zexp (— c(log x)l/m)) (5.15)

ZAHD b, WU HEZ S > T-ROMNBURICBEIL THRA F7VEM,) 218 T0w5, ZoHEER, REHEEGR @Wmt
HELE®RZED. D% D, Landau (F Dedekind zeta-BiB DGR 2 HE & U eh o7 (BEEGmZ V2121, 1
fo<0RBIZHEROEZVEBERD 202 CHET 25 0% T 2). ISR I®RIC Hm@(mn);ibﬁ%
I N,

FHGEM w(z) ~ z/logz FFIRROE T AICH . FA TTIVEHRLARD. (5.16)

[5.1] J. Hadamard (1896): Sur la distribution des zéros de la fonction ((s) et ses conséquences arithmétiques. Bull.
Soc. Math. France, 24, 199-220.

[5.2] C.-J. de la Vallée-Poussin (1896): Recherches analytiques sur la théorie des nombres premiers. Premier Parte.
La fonction {(s) de Riemann et les nombres premiers en général. Ann. Soc. Sci. Bruxelles, 20, 183-256.

[5.3] — (1899/1900): Sur la fonction ((s) de Riemann et le nombres des nombres premiers inférieurs & une limite
donnée. Mém. Courronnés et Autres Mém. Publ. Acad. Roy. Sci., des Letteres Beaux-Arts Belgique, 59, Nr.1.

[5.4] F. Mertens (1898): Uber eine Eigenschaft der Riemannschen ¢-Function. Sitz. Kaiser. Akad. Wiss. Wien, math.-
natur. Classe, 107, 1429-1434.

[5.5] E. Landau (1924): Uber die Wurzeln der Zetafunktion. Math. Zeit., 20, 98-104.

[5.6] IR (4.8) b (5.3), (5.10) &b > TIHWTE 3.

[5.7] M. Vinogradov (1958): A new estimate for ((1+it). Izv. Akad. Nauk SSSR, Ser. Mat., 22, 161—164. (Russian)



[5.8] Rffilc>WTIE, [C, 1 &, H2E 2R & 4k, KEHOME I symmetric power L-EEEER DIGHIH &
L Tl%, Motohashi (2015). On sums of Hecke—Maass eigenvalues squared over primes in short intervals. J. London
Math. Soc., 91, 367-382.

[5.9] E. Landau (1903): Neuer Beweis des Primzahlsatzes und Beweis des Primidealsatzes. Math. Ann., 56, 645-670.
[5.10] E. Hecke (1917): Uber die Zetafunktion beliebiger algebraischer Zahlkérper. Nachr. Gesell. Wiss. Gottingen,
Math.—Phy. Klasse, J. 1917, 77-89.

[5.11] Y. Motohashi (2001): An observation on the zero-free region of the Riemann zeta-function. Periodica Math.
Hungarica, 42, 117-122.

6. RNHEH OFEOIAT DOIER T 3 HICHE BN D . B (25 ¢,0) 1ITRR

(g, )= Y, Am), (g0 =1,¢>3, (6.1)
pzfiﬁdq
2R SELT 5. BRI
b ) = —— 3 X0 ¥), = S xmAm), wla)=a[[ (- 1/p) (6.2)
(p(q) x mod g n<z plq

ZH > T (4.8) ITHIRT 2R 215, 1 ¢ ICBALHRZ IR —kRAafam=S2 2 L2 HW ((3.7)) TH %K, L(s, x)
DOERMICHT2ARICOFAL —HREZET 2. L LAa2s, B50L A Z0EEL2RLTI LR LERRI N
2. DNICCRIEOMLZ Wik E § 5.

FAEE x mod g DIEIRIEEE x* mod ¢* IC X > TEEEIN S %5 1E, L(s,x) = L(s, x*) L, (1—x*(p)/p*). 2%,
HOBLIZBWTUL, L(s,x*) 2% b EFLT. 2 2T, BiRFIC, x mod ¢ FEIRIN (x £ 1) & T 5. BN (4.4)
LR E LT,

;:E
D

iéqu/Q
g(lfsaY) = G §($7X)7
X Vs € C. (6.3)
€(s,x) = (a/m)*/?T(3(s + dx)) L(s, X),
7L, 0 = 5(1 = x(=1)), 22 Gy 1F x IMBET 2 Gauss Rl 32, a4, X(a) exp(2mia/q). B (s, x) 1FHEBRETH

D, ZOFERIFETHERIT0< o<1 35 D, ZN61EA2T L(s,x) PERTOLH 2. M2, L(s,x) DEFRDON, s =0
ZERCEERHICET 2 b DIE, &2 7T £(s,x) PHEMTHDL. Iho% rL(s x) DIEABAZE R, LIEY, ((s) DA LT
Lits p=0F+iy 2boTRT. LB DRILIZENS ). I TRHIEBTAREIR v =0 % 5 R0E %ﬂkﬁ%f%&m
EThB. OFN, BICRTIEL, Ls,y) & (EFhak 220) EMeRouitinsd 3. Kooz 35,
LO,X) =0 & x(-1) =1 THEHEAICOAKL, (3.4) ICXDHME. Lo L, IEAHFRITIIFEAL V.
LR RICEE, O xmod g (¢ >3, x #1) ITRS (LIFL, BIREE R 2REZEL ). BE ((s) D
A LRI, BER 0 =1 DEFHICBITS |L(s,x)| DRESZBELE T L0, (3.3) OB IHEOND

<o, teR, (6.4)

|~

L(s, x) < q(|t| + 1),

ZEHARETZ. Bt ZIEAD 2 VIEFEOMNATLH D ) 5. Vinogradov D (5.11) IZEREGFL2b D% Tk g & s Dl
FICDE ) —RRICER T 5 2 L3R CTHREE (72720, [6.3] £/ X). Mertens DAFERX (5.4) % y b > T twist L,

/ / /

L L L
73f(cr,]q) —4Re f(o +it,x) — Re f(a +2it,x*) >0, o>1,tcR. (6.5)

Fix 237 9,(n)A(n) (1 + cos(fy, — tlogn))?n= IZHEL . 72721, g FHAZHEE mod ¢. 8 KT, x(n) = exp(if,).
T, x PEERETH 2% 5613, Lo+ 2it, x?) 1F ‘o + 2t B LERETHD, 2 DI (6.5) 1 (5.4) LFHEMIC
ZH 57\, Landau DFik (5.3) 2 v, (5.7) OB
c

L



2145, —77, %T‘ﬁ@@f’%é\ R IE S DIABAND . BB 5IE, L(s,x?) = L(s,79) 13 s =1 2§D, L L, |t 28
TR NG & X 3 BeciE, Fik (5.3) BKA L LTHITH D,

r
x: RIEE = —(s,x) <log(q(|t] + 1)), 0>1*W’||

%% |t| < c/logqg B2 ETHDD, B+iy, v #0, £ 3 —iy bRTHZ I LICHERETS. Il 2
WOHLEE (5.3), (6.5) KXW BEI NS, DF D, RH ﬁ-f?‘%kt"@b PHR, IR %. 612, FkICL T, XM
1—c/logg<o<1IC2MHDFEMRBALZLEHHNFR G, LHNS. figwme LT,

BT, oa o L(s,X) 18, FEETAIREAHMBIRIAL 1> 0 % b 5T,

. 6.7
logq (6.7)

G o > 1— i/ log(q(] 1)), £ € R, PIIC 4 1 THOT % F. (6.8)
ZORAFA plo) HHET B B, 35 g (2 30 o)
FERE xZ£1 THY plg) IFFEHE, 2201 — @ < p(q) < 1.
SoME AR ERTI, TR B FHREE x5 C (65) 1KRA
)= T = Fo) = Tl = T A1) ) 20 (6.10)
ZHVE. LT 2TORE modg (x £ 1) IKDE,
i (6.5 15T 2 (s,x) - s < log(a(i] 1)),y = {(1) Hel) ) =0 (6.11)
= DRERTEHISTEIRE. & < 1c
=1 BBEE, \ % G BIMHEE plq) % ¢-PIINEE £ IS, (6.12)

Lo L b5, BISMEEAEET 2 D0 ED I3, KA1 ([7.3] HE). 771, Siegel (1935) 12 & D RHPFREINT VS

ERICED TN e >0 12DF, WH 7. > 0 BFEL plg) <1-— ;g. (6.13)
LIFFE A,
7. ¥ effective IZH BT, 2F D BHS5DET A (6.14)
T. % e &b o THARINIZED 5 FBUIARA. '
22 LT, (5.10) D p(x, x) ~DHMHLIEHRZFEH L, Siegel-Walfisz RECER:
EED A>1ICOEE e >0 BFIEL, 1 < g <log’z %21 ¢ IZBIL—HKic (6.15)
Y(x;q,0) = 2 +0 (xexp ( — cA(logx)1/2)> ,
<p(1q) (6.16)
m(z;q,0) = @ li(z) + O (x exp (— ca(log m)1/2)) .
7RL, BSDE A ca BEUBRERZ A 235 > THRINIZED 5 FRITAA. (6.17)
mE, X0 THIAME 2uREE L
e ETOFIHBIFE xy mod ¢, ¢ < Q, DN, "2 ME—DEIFE 1 mod ¢ DAIIDE, (6.18)

ISR L(x1,p(q1)) =0, 1— @ <plq) < 1.

ZHFAEX (6.10) 5E»NS.
[6.1] C.L. Siegel (1935): Uber die Klassenzahl quadratischer Zahlkorper. Acta Arith., 1, 83-86.
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[6.2] AHEilZOWTIE, [C, 4 H] 2R K.

6.3 F#p & THE), L,g=p",r > o0, ZEETHHOIE GIETER c>0,0<9<1 2557, L(s,x) #0,
o > 1—c(log(q(]¢] +1)))7ﬁ, TH5HIEPHSNTS. A.G. Postnikov (1955): On the sum of characters with respect
to a modulus equal to a power of a prime number. Izv. Akad. Nauk SSSR Ser. Mat., 19, 11-16. (12> 7 §k)

7. WEDIT, FBCEBRE (6.16) 3B L —~ED—BRMEZFFD. L2 L, ineffective. #IZ, (6.16) 2 b >T, HlZIF,
m(x;q,0) >0 LR BHEHD x (RANEB = mod q) % THFRIZHHN (¢ D/NEDT)) ICEDL I ETHTE R,
22T, XBREINTn5:
- GHEFTRE B ¢ > 0 DHFTEL,
PUMRBIFAE TR . o5  mod g, ¢ > 3 1K X, (7.1)
L(s,x)#0,1—c/logg < s < 1.
iU, BS ONTIEEGHIC B VT, ZDRRBRLLEENLHEDO DO TH 5.

B L, Bor X

2mi Jo)

ZEHETHIEICED, FHEWEEZR ¢ > 0 2MFEL

C(s)L(s,x)((2X)® — X*)T(s)ds, (BorihifIZEER 0 = 2), (7.2)

Cc

L(1,x) >

ERGITHNS. fiE-> T ([C, pp.102-103)),

c
< <l————— ¢>3. 7.4

logq

2 THEHTRER, Goldfeld (1976) OEIC XD, (7.3) 2% VKR AHE. BETH > 7% "Gauss DBFERTE, DfFk
ZH7o LAEELREETHS. Lo Lads, AHETH 2 FHEM (6.16) DRRICIE, HEA¥o 2 I TH
.0 LTIk % T TRy 2220005 T THIEE 425, 21U, lx DFEIc>WTIZH
U PR
LA,
BT 2 R (7.5)

ZRUHICE 201X, EEZNO 2 2 LDHEETH . Ld, Bkl L,
Rényi (1948) OBUHE: By 72 80, B 2 1 ERT-HBTA, % 1o TIE (7.5) % b - CIMETTRE. (7.6)
DEFE DI, BRICHERZ & ZAHD THiE L RITINFIEDR G, TH D,
T kDS DEREE FRETAL. (7.7)

7L, TOWET 50,

A FHYFREZ DD DODMER) ICET 520G I3 HLERNTH 5.

SE Y RIAOHIY TR b o> THEL 3274 512, b < TTHE, (7.8)

SAUSIENTHVREEGR I EROEM, A4 D, LFk2 ahit. SHOBAE T, il 7 2 FiE2 b o THEIC
EHIC NG 2 D, HEHRIS .

[7.1] D. Goldfeld (1976): The class number of quadratic fields and the conjecture of Birch and Swinnerton-Dyer. Ann.
Scuola Norm. Sup. Pisa Cl. Sci., (4) 3, 624-663.

[7.2] A. Rényi (1948): On the representation of an even number as the sum of a prime and an almost prime. Izv.
Akad. Nauk SSSR Ser. Mat., 12, 57-78. (Russian)
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[7.3] I7E TABC PRAGXmOEE L MMEZ2 > Tl Db LT, x(—1) = —1 (x mod q ZFEHE) %28
G (DFD, BOXE Q(iyg)), BINEHOFEETETE S, LMo TwS. 22T, THAMER, KBV TERS 1
TWw3 ABC PRIFEMINERICBAL Wk 22 b o T00». ZORERBLBIMRICD ZE, V. Dimitrov (workshop
slides: October 30, 2016) DMGIC X 272 513, LHBIZ L DR OMER, PINFEROTEEZRLLEBETE Y, SHETRER
c>0%bo57T, L(s,x)#0,s>1—c(q"Clogq)™". &oT, FEOARICHET IR TIEH 225, THF) LA
HHEGRZERICH O 2B, x(-1) =1 22546 (0% D, EXE Q(/q)) IKBL T (6.13) ofid (FFEMIC
%) 5 SN T VL,

8. I I, #ARE N7z Riemann F74H the extended Riemann hypothesis IZ DWW TR TE < :

ETORIRIRE x 12D &,

BRI p o) oEmm i o = L 1125 5.

(8.1)
S % THM, ERH = RH. %7, (7.1) 1& ERH & ) @2 ICH 0 FHTH 2. 2%, ERH L BUR & OBOEE
HK.

RH o%6y (4.9) L RMRIC, EEDOBERIRIRE £ mod ¢ 1I2D &,

P(x;q,0) = Ly O(xl/Q(log qz)?),
ERH & #(4) (8.2)

; —Lim '/ log qx
m(z;q,0) = go(q)l( )+ O( log gz).

BEREEUL ©,q, 0 ICBIL —BRAHNERTH D, 220, BHEARE. FEOMHICOW TR, 2o bl EofEE% ERH 56
B LB SN TH RV, i) CTHELHETH S LD, RDDDITR: (8.2) 5

ERH = H/NE# = mod ¢ 13 O(¢?(log q)?). (8.3)

7%, ERH OBEEEORGEE LTRDBH 5:

EEDWE ¢ > 3 1o %, WHIRIARRE (Z/q2)" 1

¢ < c(logq)? 2RI mod ¢ b > TERINS. (84)

2% 0, (Z/qz)" DEED TIEAW OTED THE) 1203 £ < c(logq)? 7 2 KIS ¢ mod g DSTTIET 2. Bl A I,
Hk>2120F,
B/ k- RIEFIA mod ¢ 13 O((log q)?). (8.5)

It 2e 51F, k-RFIA mod q 1% (Z/qZ)" DEFITHE. Ankeny (1952) 1K 2 L 2ATH 5D, ZDH Bach (1990) %
c=2ETEDLLERLTVS, ZHUE, i THEfEDDMH 2 THERI ) FEHEEZ 52 5. Jifs (8.4) DRY Dl &
W, WS, ERH 23U K7 38 < &b 2 203K 5. GEIIE, Abel BEOBOHEH 2 v, FREROREICIRL T 2 7% 5
X, BIFRA

il

3 - _L 7/ 7 1/2
ERH = 7Z:l)((n)A(n)k(n) = mi o L (s,x)k(s)ds < N*/*logq (8.6)
REHZLEGICBONS. 22U, x £ 1 5 k(z) XA [N/2,3N/2) I2B 2 MEED test FETH Y, k(s) 132D
Mellin ZHCTH 5. A%, B %Z Res = 7 IS LR

] N.C. Ankeny (1952): The least quadratic non residue. Annals of Math., 55, 65-72.

| E. Bach (1990): Explicit bounds for primality testing and related problems. Math. Comp., 55, 355-380.

| MERINFEHCHEEIC OV T, [E, §48] 2 H &,

[8.4] it (BT GHERE o> THRERY deterministics ZHIRH] TFRECHIEE ) (ZPHGER I T % M. Agrawal,
N. Kayal, and N. Saxena (2004): PRIMES is in P. Annals of Math., 160, 781-793. K% fi#d K#E & i L Eacdb
9. Lo L, FHEHEDOEIMEIZRS LT 5. il 61X, FHCHE DR Z MED D 5 72012k, HIE 2 HET)
D5 TH 5. TIUTERN, R EEME» D 5 2 LIZAHELEY S BMAYS. 2% 0, RN LZFIETHONRB DR
ENRIND%61F, ZIUIRENLERTH 5. 2 212 Shor Hiw ([0.7) DEAMEDH 5.

8.1
8.2
8.3
8.4

12



[8.5] ERH DREHM KL I N7z & LT, 23U X D PIZIEHTF-FER T ROTRMBIDS S 72 6 N D0Eh. SHOM A%
H o T LT, I H: 72 R .

9. FEiX, &M (7.5) OIiIE Bohr-Landau (1914) IZ X 2 XRDOFERICH %
FRHIICIZIE L W, (9.1)
bLAA, 2O THEINY &2 HEEOMRPSHE L7 5. 22
N(a,T)=|{p=B+iy:a <B, |y < T} (9:2)

LERT . UHEOHIEND ((s) DIFAWARROMEETHS. 2oL Z, (9.1) 1&, X DIAMEICIX

fERD a> L1 ITDE Jim N(a,T)/T = 0. (9.3)
AFHEATH 5 (4.6) LHlAEDYE,
FEAWFERIE TRERT) BSRROERE |0 — 3| <c IKH 2. (9.4)

AL OIS BB, 3, K = K, ZROKRERD % 61X, Buler BN (1.3) 18X D Pr(s) = [, (1—p*)
ZHoT, FE
()P (s) -1 (9-5)

A 0 > 1 I8 WTN. Z 2T, naive 2815
M o > 2 12T (9.5) BMEIC/AN = RHIZIEL . (9.6)
COEARRT I EIE, bHAAGHEDM. NT I
Bohr-Landau %, (9.6) 12T T2y %/ g% %22 (9.7)

o DB ISP DOMREMA 255, HFE & LTHES
// ‘C(S)PK(S)—12dUdt, S={s:a<0<2,1<t<T}, a>3 (9.8)
S

DFHii % B, TR D K 2D, U ofT) EENZDTH 2. MK S OEifild ~ T Th 5L, (9.5) 13 S o>
Tk &2 BT “C/J\ COFEEEDH ST (9.3) %5z E IS O E N Z X7 6 2wy, Gl 2 s 3B
D259 . AU K, BT R EKOLIF

zeta-BIE D TEE V) ORIRIEDS
DEHMZ R ODA, LEEICBIRT 5.

S L1, C(s) DEBZ KB FHHE TREBD L2 ETH S, ZOHMNDLDIT ((s) KT RERT% mollifyer
LR B, mollifyer & LT Px(s) ZEIRAMGEL ) 2 LICFE L, 2 2 CHIEE, THWRZIKSL ) SR ER%Z
mollifyer DFEIRTH 5. TR TR E L Pr(s) DEAHIE, IS T % Eratosthenes-Legendre fiidJBH &5 2, 21D
FIERhRYE ) 25 (9.8) DIHlDFIE (D F D ofT) I E2) DFHFHEHL 6NB I ETHS (K DRESIHLFIRE N
%; MRl (14.11) i< ?}:%%%;)

T%%ﬂ%&@?%ﬁ‘, o (9 9) DH75 —g‘*ﬁﬁ Et % < %ﬁ,

(9.9)

0<0<1Z5HERI%ZH>T,
X EELCE R 0 (9.10)

(e +29) — n(x) = (1+ 0(1))1;”E

13



PDEENDLIDTH S:
Hoheisel (1930) D AFER :  N(a,T) <« T Y (logT)® = 1—1/X < 6. (9.11)

A S TH2: A8) ILT T =z'"log’z,w=1—-1/A+¢e EBL A LED <y <z ITOVT,

z+y
vlo+9) = o) =y [ ( ) uf’*)dwow). (9.12)
* Py IYI<T
Rk v,
1
Z wPTH < — / O‘fldN(a,T):(logu)ﬁ N(a,T)uo‘*ldaJrO(uil/QTlogT). (9.13)
Py IvI<T 2

AT (4.6) 12X 3. Vinogradov @ (5.12) 205, 21Xy = (logT)~%/* 2 > T,

1—y

1
/ N(o, T)u* tda < (logaz)c/ (x_lT’\)l_ada < (log z)xPM=w) =Dy, (9.14)
1 1

2 2

AHE D B, 77 L, LIRS OMIR (5.12) % b - Hoheisel DS 2MILL 7 b DTH 5 (HeHSDE 270 OF
S 1 - o). ks, dF

N(o, T) < T~ (1og T)® (9.15)
2 HWIEETLS. fEoT, EIC,
(9-8) 1T, 0> 3, (9.16)
BXU,
log log |t|\1/2
_1 t| > .1
o- < (Fgp) (423 (9.17)

%% o =1 OMDTHROEFHIIREDIEANEEIEP LT 5, LHINS. Bohr-Landau O (9.4) DEERTH 5.

RH SE&GEHNDOB 2 58 % % 518, (9.7) iﬁiﬁzﬁﬁﬁ_&t&mﬁén#mmx L% L, Riemann ([4.2]) ® HlHMa]c
Hoteh, #-H %o I ZRMIIED bﬁ% ek, THRBUOM 2 RBUICEZ ) ((s) @@ﬁﬁ CBOESOTH S, KO
XD S Z 0UIWIE. Z D3350 5 13, (9.10) tﬁ%;ﬁ;ﬁ%fi

quasi-RH: ((s)#0,0>0—¢ (9.18)
75>6®/}%ﬁ%klﬁl~ f«t EAHH. 20 BARATL 72 51F, (9.18) 2261, (9.10) X D ELHERZEEH2 W, Lillbn
5. HIZEI) ol

XN B 2 BB L T, quasi-RH 2269 L AT E XL 742\, (9.19)

BN, N(o, T) & T¢(s) DFEFEIE, |, %7, Hoheisel Difiikiz "FHRHED, WS vo8b, N(o,T), a > 3,
I THEXRAZ EDHONIELEORES ) THIHI, BREERICENREZRZ 5281, (AR THSL. 22T,
N(a,T) ZfHE T, 202 72 6 TFREPL O EBC (9.10) KET LI HRINTWS. LaL, #HidEb

.1] H. Bohr et E. Landau (1914): Sur les zeros de la fonction ¢((s) de Riemann. Comptes rendus, 158, 106-110.

.2] G. Hoheisel (1930): Primzahlprobleme in der Analysis. Sitz. Preuss. Akad. Wiss., 33, 3-11.

3] ARICOVTIE, [C, 53 5] 2R K.

4] FECEM (9.10) 1k, v <Tp<a+2? (1 o00) ZEEKTZ. Lo L, FHHEOAEDOKE IO TOH, 2HEek o
E, TWHERL (9.10) Z2MEH2DHH 0 <9 <1 25> T AEFERX r(z+2%) —n(2) > 0 IKESHZ 2 AL fik e
MEEERZESGT 52 EI2XD, 9 <0525 PRI N TV 5. iEHIZEMEM TH 5. R.C. Baker, G. Harman, and J.
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Pintz (2001): The difference between consecutive primes. II. Proc. London Math. Soc., 83, 532-562. 45% D fiiiik D fif
EAES LS

[9.5] BB n>0IC2&E 2 <p<(n+1)? B2FEHp PUTHEETS2THAH. TOTFRIERLZITKMR. RH OTIC
Th.

10. & (9.15) DFEHIIC Y72 D, Hoheisel (& Carlson (1921) O&ERIHEY, (9.5) ITfRA

C(s)Mx(s) —1, Mx(s) = HT(:SL), p: Mobius Bi#L, (10.1)
m<X

B LT-DTH 50, D mollifyer Mx(s) DEHBGHTIIHEARLEZ>TwE. bEHA, Mx(s) 1 1/((s) ~DH
B Dirichlet #BOLML & P22 5. 2> LT, Ingham (1940) & (10.1) b > T

T2(1+2n)(1—a) (log T)C,
T3(17a)/(27a)(logT)c’ T Z 27 (102)

N(a,T) < {
217 (1960 FERDK E Tk < REFTOMEZ Lo 72: [108] 2R E). 771,
¢( +it) < t"(logt)e, t>2. (10.3)
COEELREH L,

9
1
Lindelsf P : n=¢ = n(@+2%) =)= 1+ 0(1))15@, 0 > 3 (10.4)

T4HL, RH 75 b7 6 SN2 HIXHEFELEH (4.9) & FEMICH— (7E&: RH = Lindelof F48). Phragmén-Lindel6f
FERL (EEAT RO ) OEHEN RS & LT,

MR o < § (10.5)

e

D3 B3, BARIT, Tzl
Ingham % (10.2) 1y D

CIEMME sub-convexity FHili 235 Z L ICZ Z2HEVDH 5.
SEBHIC 72D

{1

1
M (e at)] < [t (log [t])e, [t > 2, g <<l (10.6)

L, SHOENEZ & > THRBIT 2% 61F, L2 A%

T 00
/ ‘ E annzt
=T n=1

ZHW =75, (10.2) 5y DREBHICIE, B HE (1926) 12X 5 ((s) D T4 Fe P

Cat < S+ Dlanf? (B0 AL (10.7)
n=1

Io(T) =$T(1og:r)4 1+ 0 (T(ogTY?). (10.8)
EIGHLK. 72771,
T
I(T) = / ¢ (% +it) [ dr. (10.9)
0

#% D Gallagher (1970) DFHEIC & 272 513, LA (10.7) OFEHIZR D@D : X DFEL <

.

2

dt<<T2/
0
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=, (10.10)

oo
§ annzt

n=1

)OS

z<n<zexp(rm/T)




DRI, W F(z) =Y coe™® D2 VFIGEELT L, ALED 7> 01C2&, v(z) =771 (Jz| < 37), v(z) =0
(|| > 57) ki’o . Parseval AU XD,

/00 |F(x)i(z)|*de = 27T/<>° v(x —w)| du. (10.11)
22T, d(z) = (2/rx)sin(372). KM [—n/7, 7/7] TIE 0(z) > 2/7 TH 3L,
/T o
/ |F(2)]2de < 7—2/ > e da (10.12)
—x/T —o0 \w7x|§%

ZITr=7/T, co =ay, w=1logn L&Y (10.10) 2135.
—7, (10.7) ®FEHIZIE, Hardy-Littlewood(1925) 12 & % [¢2(s) DEBEREER, MICHIN TV t > 21D,

t —2t 1, -

7—7175 —5+it

Lyiy= 3 dn (TW) S d(n)n# 4 O(log ). (10.13)
n<t/2m n<t/2m

7L, d(n) EFBER. S ROIEVIRED TAD T, Lh L, BAEENICE S 7 518, (10.8) 1ftb h %K
T 4
/ ¢ (3 +it)| dt < T(logT)* (10.14)
0

ZbH-oTRD 5. TNOFEIE, %@ Ramachandra (1974) DFRIC X 3 4 61F, BESER (4.4) & L2 A%K (10.7) @
B % b > THS. [C, §3.2) bR XK.

Z0g,
FEM R (10.3) & %IFEFY 1,(T) (10.15)

WCBILEER T2 LiCkho7. L L, SHE—Ho Nk, THH, FEEIEFEE Mz 2BICE» T ICBHGER S 1
TWeDTH5. —J5ld THuHY, ?Fﬁﬂi 71z TEER FHTH S, IS 2RO T 5501, FEOMICTHRE
L WEARDR S 5. ENTINEEEGH 1 B 1) 2 D% paradigm OHBITH > 7.
%8, (10.2)5y &, FIK
log log |t]
log [{]

~NOIEHAFROBELZEERT 5. Z4Ud (9.17) DF L VR, 4 F6 71 (10.8) (L < (10.14) gk h b s 3 nk
ZLIEHTAL.

[10.1] F. Carlson (1921): Uber die Nullstellen der Dirichletschen Reihen und der Riemannschen ¢-Funktion. Arkiv for
Mat. Ast. och Fysik., 15, No. 20.

[10.2] A.E. Ingham (1926): Mean-value theorems in the theory of the Riemann zeta-function. Proc. London Math.
Soc., 27, 273-300.

[10.3] — (1940): On the estimation of N(o,T'). Quart. J. Math. Oxford, 11, 291-292.

[10.4] %V I,(T) OREMWE X, A. Ivié (1991): Mean values of the Riemann zeta-function. Tata lecture note,
vol.82.

[10.5] Gallagher (1970): A large sieve density estimate near o = 1. Invent. math., 11, 329-339.

[10.6] G.H. Hardy and J.E. Littlewood (1929): The approximate functional equation for {(s) and ¢2(s). Proc. London
Math. Soc., 29, 81-97. 72 O(logt) IXWHIEFATEETH D, Z4uc X D32 O(¢~/%) LA 5. Y. Motohashi

(1997): An asymptotic expansion of the square of the Riemann zeta-function. In: Sieve Methods, Exponential Sums,

o -3 < (It| > 3) (10.16)

and their Applications in Number Theory: C. Hooley Festschrift, Cambridge Univ. Press, pp. 293-307.
[10.7] K. Ramachandra (1974): A simple proof of the mean fourth power estimate for {($ +it) and L(3 +it, x). Ann.
Scuola Norm. Sup. Pisa, (4) 1, 81-97.
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[10.8] #Fiii (10.2) DR Z b 7 5 L 7 BUNHY 4 F5 5 FERTAf Ok 12, Montgomery (1969): Invent. math., 8, 334-354
IR 5. O FikIE, ‘large values method’ & HIFIEIN 2. AGHHTIXZEK DR, HE. [C, §7.3] bW k.

[10.9] REIXFIFEBCERE (9.10) DR (WHER) 12 THARREOMFIE 6 > L. Huxley (1972): On the difference between
consecutive primes. Invent. math., 15, 164-170; Heat-Brown (1988): The number of primes in a short interval. J.
reine angew. Math., 389, 22-63. £ Ti%, LElH 9 BiAXOKEDOEH®RE V2 b > T, FRE MmO IG5k &
nTtws

11. # (10.3) KO EWOHREE L WEREZ 726 LD, Weyl (1916). FoiT I 6 2 FEEBAEERE f %2 H - THI

> e(f(n), e(x) = exp(2mix), (11.1)
N<n<2N
DFHli % HELE T 5. IS HES {e(f(n))} DSHEEIFIE HISPFEICaAE T 5 % 618, (11.1) (ZEBEAFHE (K N) kDD
HYMIhER29. LL, SOEAPIFBANICHELT 2 b0 TH 2% 613, TREF AFHE, 20, b2k r<1 %
Lo T K N® THAH9 LIFWIFLEG., FUE (10.3) 1 f(x) = (t/2m)logz 225G THD, LIt >0 KE5 L
&, IIATIREE I3 —2 5 13 . Weyl 13, 2D X 9) A —3 D5 ETH>TH, HES {e(f(n))} WD THIHIHEL
A\ cancellation 2 THIHATBECTH D 2 %1 ERL7DTH 5. s (FRHIEE. 37, IXH [N, 2N) Z2HXEICE
L, (11.1) iRz,
> e(f(ut+M)), M=N. (11.2)
0<u<U
EEETD. L, U=NS E<1. BFODWRED S &, flu+ M) 1Z%HNX g(u) € Rlu] % D > THRDIELITHE. Lo
T, (11.2) ifk %,
Weyl fil:  G(U) = Z e(g(u)) (11.3)

1<u<U

2EHET L. 51T, HHAEKZ S - T,

Weyl shift : Z Z (u+r)—g(uw) (11.4)

WKHEET2. 22T, Tu dZHEA glu+r) —gu) DREIZ g DZNLD KL, BIEZREDIEL

S = Z e(au+ ), a,fER,
a<u<b (115)

1
|S| <min<b—a,— ¢,
| sin ey

IET 2. 22K LT, (11.1) DIEAPIZEHT 2 3E8L LF 23R TH 5.
—J7, van der Corput (1921) I& Weyl shift ZH{ D A1, Cauchy A& %z H,

(11.1) Z Z f(n+u))

N<n<2N o<uU
(11.6)

<<ﬁ+ U

D

N N1/2 (
0<u<v<lU

1/2
> e(fn+u) - fln+ v))|> :

N<n<2N

512, TIIDWERIC Poisson MR ZIEH. 35 N2 Bo&4 1 Mk ZI0H. Weyl OFk L L, &7,
R ANEY

faluice X
(10.3) BV T <t (11.7)

DHERING. XoT, (9.11) BLD (10.2) 1 1T XD,

(9.10) IZHBWVT H< 3. (11.8)
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%% ¥, Vinogradov DFHfi (5.11) 1Z, (11.6) I2& 1} % Cauchy AR A, D TEWEZ b > T Holder A5 %
A5, Weyl shift 2 TS28, ICBILERT L4208, 200, BEATFERLE LT, ZEBOH RN

o rah+Fal=al 4al o+ b,

1<I<k. 11.9
1<a2;<U 1<5<2, i (11.9)

DEBIRDREB DM A0 % 3. 2% Vinogradov D FHMEEM ) LRI L H 5. ik 51, 2 OfE%IZ

JE
VAN
pa

i

=
U 29

/[]k D e(fru+ Oou® + -+ Opu”) | dbydby - dby (11.10)
0,1

u=1
23T %, HmOMMIZEMETDH 208, K5 (5.12)(5.13) IZHEE L. %43, Karatsuba (1975) (< X 2 iS5 thsd
D, ZDOFEDBIETIE T, HORMERERIL,

37 nit « NI N/1ost)® 9 < N <, (11.11)
n<N

T, N > exp ((logt)¥?) % 2354y, 7EIC T cancellation 235649 2 2 L 2R $TiRTH H, BHIRS).

[11.1] H. Weyl (1916): Uber die Gleichverteilung von Zahlen mod. Eins. Math. Ann., 77, 313-352.

[11.2] J.G. van der Corput (1921): Zhalentheoretische Abschétzungen. Math. Ann., 84, 53-79.

[11.3] .M. Vinogradov (1958): A new estimate for ¢(1+it). Izv. Akad. Nauk SSSR, Ser. Mat., 22, 161-164. (Russian)
[11.4] A.A. Karatsuba (1975): Elements of analytic number theory. Nauka, Moscow; Second edition. Fizmatlit,
Moscow 1983. (Russian)

[11.5] AHilcoWTIE, [C, H 2] 2H X, %%, (11.8) I obsolete. [10.9] Z W X. —77, BUERR DO n < £3: J.
Bourgain (2016): Decoupling, exponential sums and the Riemann zeta function. arXiv:1408.5794v2 [math.NT] (3
DI (11.8) ZHECHER 0 < 22 252525, 24U [10.9] (LT [94]) XD 5. [9.4] & (10.2) 15y % b > TER
TR0, n< & 2REETE. iU, SHOD zeta-BEGHO IRIC L D RN AERTH 5. 9.4] 13RI Z &
IR & IEE A, fiEOBBED MU TH 2 0 Hn K 5 .

[11.6] #Fffli (11.11) & N1-(oeN/logt)™ 7 « 2 ~KRT % Z & 1150 T

[11.7] 3EWE, Vinogradov O FIMEEBICEI L, EHERFEEL D 72 5 SNz, J. Bourgain, C. Demeter, and L. Guth (2016):
Proof of the main conjecture in Vinogradov’s mean value theorem for degrees higher then three. arXiv:1512.01565v3
math.NT]. LA L, (11.11) BB IFKAR E L THESNT WL 220,

[11.8] Sub-convexity exponent ¢ ((11.7)) (¥ —FEOIFEHE universal constant & W% : #f SL(2, Z) 1B 2 411 L-Ei%L
iX, Z OBBERDIVED S (2(s) ICHR BB NS LB 4T (11.7) IS 2 & 2A12T 1 %% (sub-convexity)
&% % Ff>. M. Jutila and Y. Motohashi (2005): Uniform bounds for Hecke L-functions. Acta Math., 195, 61-115.

12. U (10.9) OEFUET. T, 2 TV 1(T) I TR 5. Hardy, Littlewood, Ingham 237617 L 7228, # &
ZIEHICH Z % Atkinson (1949) DFEHICIEHT 5. K%

L(T)=TlogT + (2cp — 1 —log(2m))T + E1(T),

Atki AW o 12.1
inson ¥ FeARI E, (T) VMRS 1% . (12.1)
7270, cg =0.577... 1% Euler . 2 kD,
|4
E\(T) < TY3(ogT)?, Ei(T)= Qs (T4, / E(T)%dT < V3/? (12.2)
0

BEDBHED . 2L, f(z) = Qxr(h(x)), h(z) >0, IZMSDLDEE cx DY, f(xy) > crh(zy), f(z) < —c_h(z_) 7%
L MRI {21} DEET 22 E2EKRT 5.
Lo L, o R, (12.1) © TRA, £ bEbNE2RDOMRBL DA EAMSNTVS: ITKR%ES A>0%2H-T,

B g(z) 13 R R5E8UE,

ACFHIFEIE Tm 2| < A I TIERL, 222 O((|2] + 1)~4). (12.3)
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ZOREDS &I

/

/_Zlé(éﬂt)!zg(t)dt:/m [Re{FF(§+z‘t)}+2cE—log(2w> g(t)dt + 27Re{g(Li)}

— 00

+4 Z d(n / yly+1))” 1/2gc(log(1 + 1/y)) cos(2mny)dy. (12.4)

772U, d(n) FIREEBTH D,
9.(Y) = / g(z) cos(Yz)dz. (12.5)
Atkinson @ (12.1) #*5 Heath-Brown (1978) 12 X D BEICE LN T HHETH 523, (12.4) 13 THYICHE - FIfE
Is(T) < T?*(log T)* (12.6)

5725, 7, BIZ (11.7) OV & KED» D 206 BIFINICIZ X Wit Eo d 2 5EIHL S NS, T4bb, (124) &
W3 (12.6) 1 (5 +dt) OEBIEHIZ &L TH 2. Zhhi©I2, Balasubramanian-Ramachandra (1989) o8
R CHEZ R L TE <.

P8 |2] < r 10 CHEIBL f(2) WIERIZD [f(2)] < M, M > 1, £55 & X,

r 12.7
fEED A>1%2657T, f(0) < (Afr)logM [ |f(iy)|dy + M. (127)

T2, BEREBUSHOS Y. B 5035
FEOT IR 2 BB {2} CiR SO E Y [f(z))| BB [|f(iy)ldy % b - TEFAlATHE. (12.8)

[12.1] F.V. Atkinson (1949): The mean value of the Riemann zeta-function. Acta Math., 81, 353-376.

[12.2] D.R. Heath-Brown (1978): The twelfth power moment of the Riemann zeta-function. Quart. J. Math. Oxford,
29, 443-462.

[12.3] R. Balasubramanian and K. Ramachandra (1989): A lemma in complex function theory I. Hardy-Ramanujan
J., 12, 1-5.

[12.4] EBH (12.4) OFEFMIC DWW TR [B, §4.1], [C, §3.2] ZHL X.

13. Atkinson A (12.1) 8 X X2 OJFATAR (12.4) 1%, i, Weyl shift (11.4) & T5EEE LHF2 5. ) —#
L, CDOHDOE#MZIBRTE .
fEpTRVEEEGR O HIND % <13, T8A 1) FEOHEATH S, 2% 0, Mo 2O BMENLREE F 24 >,

> F(n) (13.1)

ZRELE T2 LIFLIE. 2791, Poisson AIAAS Dirichlet fBs% I 5. 2 2, Ml (11.1) 29 2 &
L% %. ZDHT, Weyl shift (van der Corput R (11.6)) (& T—Xoty flz T=XKjty FUCHI & EiF 5 (lift %) Fik
Th5b. ZHUTED, HHED L3555, ZDXHRIZ (11.6) 15 D 2 HAIOFHIZ b > TR 65,

o2& MZ, TIENA, (off-diagonal) JRITICEES 2 M, &2 5. 22T, X h—fkic T RICMD I

ZF(m,n)Z{Z—l—Z—i—Z}F(m,n) (13.2)

m=n m<n m>n

MENT . FiF, Atkinson DERIE (WHEICIZER I N TV ARWAY) 2O HWA%ERO B2, 2k, MR
Iz ’\ﬁfp (13.2) IRREDDTH 200 EPHEL 2%, %D, T OEEBMbND. —D0 THEMiIN, 2%

c‘:L’C,ﬁﬁfp
Srmn={ T+ 5 4 3 brinn (139

km=Iln km<ln km>In
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CRT. Lk 1 £ 0 3B DF D, Hil y = (/D 25l 2 L IE i e RaRch 5. 2 LT, Shid
T ARTE, RO, 2 LT, iR

> F(k,l,m,n) = {Z >+ Z} (k,1,m,n) (13.4)

k,l,m,n kn=Ilm kn<lm kn>Ilm

CEDBRATI K = (§7) 2B s. $abb, (134) BR L

Y F(K) :{ S+ Y }F(K). (13.5)

K |K|=0 |K|<0 |K|>0

% 2T, Hecke DAMEIH mod SL(2,Z) I2b &0 ZF,

> R0 =3 X R =Y

|K|>0 n=1|K|=n

d
a b
Z Z < ( d)) . (13.6)
SL(2
M (13.4) OFHRENT (D % D 1%, Casimiri fEHIZRICBI T 2 A7 bVyfE) &I Hecke fERIFRDONMENSE S NS, ¥
LICTHRELIEZATHS.
EXIT (13.6) & I(T) 5 WIE (12.4) 5 @ "4 TV ICH O, RE (12.3) Db &I,
/ (3 +it)[ g0yt = {22 + 2 + 22 } (o). (13.7)

L, HORHE o &b >T

"Zy(g /_ > @i Re [(F(a)) (Fﬁ)))l(éﬁ—it)}g(t)dt

a,b,k,l>0

ak+bl<4
—27Re { (e — log(2m))g(37) + 3ig' (31) } (13.8)
Z,(g Z\QV )PHY (5) Ay, ev; ), (13.9)
Zy(g) = E/_ MA(iu,l;g)du. (13.10)

(
(y
&1

A, k;9) = 4/000(?4(1 + y))_l/QQc(log(l +1/y))

1 112(l +y)
—1/2—v . 2 F, (X 1 21490 —1 . 15.11
x Re {y (H Sin(7rl/)> I'(1+2v) 2B (54 5+ vl + 20 -1/y) |dy (13.11)

T IE RIS TN o D BE G = PSL(2,R), I' = PSL(2,Z). Iwasawa 77 G = NAK, N = {n[z] : 2 € R}, A =
{aly] 1y >0}, K={k[0] : 0 € R/7nZ} & b > TALME dg = dedydf/Ty. 72721,

_ ) |1 = vy _ cosf sinf
N O R R R R i | -
LX(I\C)=C- 1@ L*(I\G)PL*(I\G).
Hor 22 °L2(I'\G) & cusp forms 12 & D, #5722 “L?(I'\G) & Eisenstein fBOBFIC L DIRS 1,
OL*(I'\G) = @V, Casimir|y = (3 —v{) -1 (13.13)
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BHIC, HAZEIZEM VX Hecke A5 py(n) 2 V 24K T 5 cup form D (i@ﬁ@ﬁiﬁ{[ﬁ@% & 12) Fourier 2% & L,
ov(—n) =evov(n). 7L, ey = +1 (FERI), ey = 0 (MEHCRI). S 512, Hy(s) 13 V IABET % Hecke L-FI%L.
27 FVAE (13.7) 25PN B FERICIEHEE LW O0H 5. fﬁJz ¥, H2 4 REER Py DHAEL,
L(T) = TPy(logT) + Exy(T), Ey(T) < T*3(logT)®, FEa(T) = Qu(TY?). (13.14)
o
\%4
/ Eo(T)%dT < VZ(log V)*. (13.15)
0
bBAA, TN6IE (12.2) DIEETH D, (10.8) DI V(L. 3 (12.6) 2 b&ET.
%8, (13.7) FXRDO T L Effamd b7 59 Mellin 2

¢(L +iu 4u75du, Res > 1, (13.16)
2
1

34 s PHNICCTHEREIETH D, LI Res = 2 RIS LM £ £ vy 2R 7220, V BERIICEENS
(vv €iR). ZOHHEIZ, SL(2,Z) IZFBET % Selberg zeta-Bi%l & (13.16) EDEELEMGZIIRLTwS. 51T, TN
SHDEENE HY (5) ZWIRINCE T, zeta-BIBUTREIEA (& <12, Maass JEX) O—FOREKETH 5 9, & DIKH
BHERD b7 59, EEE, (13.16) 12D % Mellin £

<Rew < 1, (13.17)

N =

/loo {C (3w + 1) +iu) ¢ (Jw+ §) —iw) } u"du,

Es=1-—wtivy %% 1 OWBERE, ZOEEIT HE (%) vw) ZBHRNICE D, DF D, PRmEl SHEwmA 1S, f]
B LW Hy Oz ¢CRBOMED 6 5S35 BAIC

¢ «— {Hy:V}. (13.18)
B aic, FX (13.5) 20 DRHILT 2% 5138,

the binary additive divisor problem : Z d(n)d(n+ h) (13.19)
n<N

CHEPND, ORI h =0 OHAEL b #£ 0 DBALETIEE B s WRE o, MiFIZRIENEE 2(n) Of
(Ramanujan ([3.3])). #F X UL twist ZIMA72bDTH Y (shifted Rankin-Selberg convolution), Heik & M
EOMNHLIE S 5. R IMERREEIDY TIERICS < o) (REEX 2R T, Ko T, Ml (13.19)520 DBIZES &
I35 A7\, Motohashi (1994) % HL k. FkDOIEE L IMEDTH I "THE o fiawme 2 KR 1< BETE:

WFFEBTFH: Y A(n)A(n+2), Goldbach FH: > A(n)A(2N —n). (13.20)

n<N n<2N

[13.1] &S <X, By = O(TY4+9), B, = O(TY?+e) Th b, 2oz TRREHG, . 6121F, 6 T Icow» T, o
FEIZKRATHS. B, §5.4 2R K. %E, RH Db LI [(T) 25E%T ikmn’d 503, Zi iz&ﬂ@ﬂﬁﬂc‘:@%%
[13.2] Eo(T) = Q4 (TY?) %z 250, HAMOWKEL522bDTHH 5. [B, pp.218-219] ZH X.

[13.3] Affilx [B], [D] DE&L45T. Motohashi (1993): An explicit formual for the fourth power mean of the Riemann
zeta-function. Acta Math., 170, 181-220 b R k. [EHEDMLITIFEIE Twaniec (1979/80) TH % 2%, 1%, Kuznetsov
(1977), Selberg (1965), Linnik (1962), Atkinson (1941) &ifl5.

[13.4] H. Twaniec (1979/80): Fourier coefficients of cusp forms and the Riemann zeta-function. Exp. No.18, Sém. Th.
Nombres, Univ. Bordeaux.

[13.5] N.V. Kuznetsov (1977): Petersson hypothesis for forms of weight zero and Linnik hypothesis. Preprint:
Khabarovsk Complex Res. Inst., East Siberian Branch Acad. Sci. USSR, Khabarovsk. (Russian)
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[13.6] A. Selberg (1965): On the estimation of Fourier coefficients of modular forms. Proc. Symp. Pure Math., AMS,
8, 1-15. (Collected papers I, pp.506-520). Z D@ XD FE % HM (p.9/p.514) 1& Kloosterman Al

S(g;a,b) = Z e((al +bl)/q), €0 =1modq
£ mod q
(6a)=1

DEM (1 ¢ PEFT 2) I2BWT B LAV 35 2D08%, L9 Linnik (1962) OFEDZEHH. MEHTIIEEE
2L, D S(q;a,b) DRIk D b, 1 ¢ 1ICBT BHEEIVRHIiY & D AEM. Kuznetsov (1977) DFE X

> S(g;a,b)/q < QY%(log Q)'/*

q<Q
TH Y, Weil §Hili S(q;a,b) < ¢"/? 26602 LI A%EPICHZ S (BREBIZ o,b CBRT 2). SbiE, THRE
Eo RHy OEEZRITHIEZ 2 L HHRE. 2 ORE2S (13.7) OBHICH 2. 28, Linnik (ibid.) 13 QY6 1Icf A Q° 2 P41
[13.7] Yu.V. Linnik (1962). Additive problems and eigenvalues of the modular operators. Proc. Internat. Congress
Math., Stockholm, pp.270-284.
[13.8] F.V. Atkinson (1942): The mean value of the zeta-function on the critical line. Proc. London Math. Soc., 47,
174-200. Z DFILITT zeta- B8O 4 F V4 (AL, |((5 + it)|[* @ Laplace Z#) & Kloosterman il & 0)]351'—675’!?‘6?)
THEMIhoThs. oL, (13.19) i)’%@ﬂ%ﬁ 51, 2 DREBGBOMHIZ, T. Estermann (1931): Uber die
Darstellung einer Zahl als Differenz von zwei Produkten. J. reine angew. Math., 164, pp.173-182.
[13.9] Y. Motohashi (1994): The binary additive divisor problem. Ann. Sci. Ecole Norm. Sup., 4¢ ser., 27, 529-572.

14. DEd> o, HENPIZRZ 5:

A LR IE SSRGS S 5 . (14.1)
FRNTREEGR O MEIX, TRE) EXMEZR L ROZNG 2V T I Lich 5. BRICHIHFZ L (7.7) IS THEFL -
LEIATHD. HEiF Bohr Landau OEMOIER FI2 b 2 O EED D 5. Selberg 0)5%% LkBEIATHD (I
L, in retrospect). 5 H, 3% A%-sieve & WS, EEEORTIC, i O—Mtimz KIS L TB(RETH A 9.

F9, [HEMEERE 2 =1 8 XU Mobius B u % b - T, ik OREA:
(wx0)((a,0) = > nu(d) = {(1) @b Eﬂ;”:%’ (14.2)
dla,d|b '
7272 L, % (& Dirichlet B: (f * g)(n) = 32 , f(d)g(n/d). &I, LEOFMMIKEL f 12D F,
Fla,0) = > (= f)(d). (14.3)

dla,d|b

fifED T2 E b KFEE p IO, Q(p) 1FM S DFRE modp DEHLE L, n € Q(p) lEnmodp e Qp) &
BEHT250DLT5. ZOLE 520N EBHEOERES AICOE,

SAz)={neA:nd&Qp),VYp <z}, (14.4)
EHE,
M & 1%, |S(A, 2)| DR, (14.5)
nR, M ER) ML, 0 < |Qp)| <p, Vp, LIRETES (|Qp1)| =0 251, pr ¥, YZDEHITSME T, £
Qp2)| =p2 BB, po < 2 ICTHIFTEZ OB DR Z KRS ). THHl, LI ETESL S, BldlizE. b5 54,

S(Az) =A-JA, A ={ncA:necQp)},

p<z

SAA) = 3 DA, Ad={neAinen(d -TI»

d|P(z) p<z

(14.6)
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722U, Qd) = N, Up). THE, FHID ‘exclusion-inclusion principle” & [—. X7z, (14.2) DEZDIGHHIRTH &
%. T % Erathosthenes (& % 1%, Eratosthenes—Legendre) fifi & "W-532%, EEEZIGHICIEM A %0, EAISNT
W5,

Buchstab (1938) %, (14.6) @ Az

S(A,2) = A= | | S(App) = [S(A2)] = A =D [S(Ap,p)l (14.7)
p<z p<z
EHEHZ, |S(A2)] D TF2» 61 OFHZ |S(Apy,p)| @ " E2 6 OFHfiICEALATHE & B1%2 L, 5647 L % Brun (1919)
& R RN 2 i Sl & U 72, BEIC, Rosser (ca 1955: A%§# ) 1% Buchstab %A%

[S(A2)| = A = Y KIS Ay, p)l = D (1 = £(p))[S(Ap.p)] (14.8)

p<z p<z

EE. 120,k 1d k(1) =1 OUIFER. ZNZBEDIRL,

S(A,2) = Y p(dp(d)| A + Y p(d)o(d)[S(Ad,p(d))- (14.9)
d|P(z) d|P(z)
72721, p(d) 13 d DI/INRREL, p 13 p(1) = 1 DMUIEE, o(d) = p(d/p(d)) — p(d). X (14.6) 1 PKELTDH 5.
HApz 'TRZL> T EET L2401, IZIFHMAL (14.9) 20 0b X o bR B Eo s, Lad, HhoT T4
F IS, TH S, Z2NS DERECIEEIC OV TEHMZIBNS 2 L IZHBRE I 2 21875008, BAYIDFEFITH % Brun's
pure sieve (1919) IZDWTIRFHIBRTE L LEIC LeN 280,

p(d):{(l) ADSAL L gy p(d)Z{é Sl AP (14.10)

LRET . 2L, u(d) & d OMBERZEEKOM. Z0 L=, HBERSIE v(d) = 2L DL EDARo(d) = 1, T
o(d) = 0. F% AR, BEDFAK LoT, (14.9) 25

S ud)Ad <IS(A )< > p(d)]Adl. (14.11)
d|P(z) d|P(z)
v(d)<2L-1 v(d)<2L

CITHERMI <. Thbb, 2L 5 F )RS INUE, ZNSORNE THRWATEE, TH 5. AL REE IR
(14.6) ITI3fE LS, TND37 01T, Eratosthenes-Legendre fiiild (14.4) (2R LIZIFMES. 2O A= {n(n+2) :n < N} I
(14.11) ZJEH L, Gl

1
> < . (14.12)
WA FHL

#1595, FEE In 2 2 2BROMEROMmETH D ((16.20) W THEEHZ 5.2 %), A% (14.11) O#IFE KD 2 L
LT, ZDORD OWFEMICE CRE. BB, p(d) = 1,0 (P(2) DNRORIKRZER) & 254, (14.9) 2 THAG DR
HYEH ) combinatorial sieve & FES,

Brun OEMORAKL, il ) 255 (14.6) 257l Licdh 5.

SRR, (97) LR, LS4 %9, 9%, Bohr Landau O I XA AN (14.13)
REIMEIC T, 35hET 2. 29 htud,
FE LIFLIRMES 2 &8 (Matti Jutila). (14.14)

b B\, e O NI & | RNEEIH DI,

[14.1] H.J.S. Smith (1876): On the value of a certain arithmetical determinant. Proc. London Math. Soc., 7, 208-212.
TED K>1I1L70%,

=

det (f((m.m)) = [T+ ().

k=1
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[E, p.52] ZH. k.

[14.2] ‘Eratosthenes—Legendre’ ®fii: "Eratosthenes Dfifi; &> 9 BH OMEFFIL, Nicomachus (ca 100 CE) 12 % 5.
L L, (14.2) DIEMEZIGHIE Legendre ([2.1], Théoreme II) IZJH23H % (7272 L, Mobius BB DI EN). #E-> T,
MFEDHZIHET 2 ENEDA 9. FiE, BB mod p DIFEDZ DIEED & O IH O THIEICEHEH S 1172 D13 Legende
DIDEBICEVWTTH . WHlEbNS EIAD Gauss [0.2) ILHHT. [E, §41] ZH k.

[14.3] A. Buchstab (1938): New improvements in the method of the sieve of Eratosthenes. Mat. Sbornik (N.S.), (2)
46, 375-387. (Russian with German résumé)

[14.4] Rosser Dfiiilc 2> Tl, Selberg (Collected papers I, p.568) DF MH3%H 5. Twaniec (1980): Rosser’s sieve. Acta
Arith., 36, 171-202 (Z5Gw3C & (TMVZDOEILTH 5.

[14.5] V. Brun (1919): La séric 1 + 1 4+ 5+ 5+ & + 15+ a5+ 31 + 35 + 25 T 25 + a1 + -+ - ot les dénominateurs
sont “nombres premiers jumeaux” est convergente ou finie. Bull. Sci. Math., (2)43, 100-104, 124-128.

[14.6] i OBIRIVEGRIC DWW T, [A], [C] 2 R X, BEBLIZ, Y. Motohashi (2008): An overview of the sieve method and
its history. Sugaku Expositions, 21, 1-32. (arXiv:math/0505521v2)

[14.7] BF (14.14) XA O A% QUICE D Th S NIRRT, BITNEEGRERIcB 1 2 TA%, oKL
72bDTH 5.

15. HIffiOHRSITED, BT (10.1) 28159 5. Selberg (1942, §7; 1946, §3) &, fR% & L Tix Mobius BEUIR R D
BIRTIE AW L2 RIKE,

2
T
o Ad
ll&réﬁlf[T C(S)Zd— —1| dt (15.1)
Ai=1 d<z

7 Bl % F%% (in retrospect). BIHZFIHEL L, JHUIAREMNICIX

Z( > )\d>2 (15.2)

n<N \d|n,d<z

EHERSME N =1 0Jnicikd) 2 EERIL. X512, 2 XX

Ady A N
> ddl d‘b, [dy, do) 13 RANAREEL, (15.3)
aiase [0 2]

Di/MEZ RS M =1 OILICED LT L L NZE) A—E AR LE2 (0% ), HAEEHZ T 2% 518).
Selberg 12 & % TRl 139 255 2 BHBRZR .

(153) = Y M2y - 3 M ST )

dids

dy,d2<z dy,d2<z fldi, fldz
A\, (15.4)
=D e(NLF Ly=)> 7
<z d<z

fld

72721, o(f) 13 Euler Bi%. SUEEHL N\ — L IZREEARETH D,

=g Z f/g Lf MOblUS ﬁﬁﬁ&% I_JL) (155)
i
I, &N =1 13
L=> uf)Ly. (15.6)
<z

Z iy, ,

(15.3) = > @(f) (L — p N/ (@(NHE))? + K, K:Z“ ) (15.7)
= = (/)
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2% 0D,

(15.3) DEVIMEIE, Ly = u(f)/((f)K) Zb->T, K. (15.8)
3561,
2 -1 2
Kzzﬂ(f)H<l_1> _ 1= (f) }
= T P = IR
1o [fde_ .,
z;nz/l gflog. (15.9)
DEZFE LD,

Z( > Ad) < NZ+ZQ- (15.10)

n<N \d|n,d<z
O TG 22 0%, (15.5) B (15.8) 28 [Ng| <1 2EBHTH 2 &Ik 3
Selberg (1946, §7) %, 2> < JHA#E L,

N(a,T) <« T3 D1ogT (L <a<1i0T—Hg) (15.11)
ZR L, (9.12) DWE:
BED ¢(x) T oo ZHoT, |a— | < (|t||t)| (Jt| = o0) (15.12)

7% D H8 THROEEIIC ((s) DIRERTOIFAMERPEF L TS T E2FEHL 7.
FIE, W (1942) DHIEIZT, 8 = § R 2EANAFFDBEEIC Tpositive %1 FIET 2 Z L2 Selberg IFFEHIL
Tw5Y, ZOBROFEEEZED, I TERHETS. Mk 513, 20X BHERIBRI MM S rORHEZ b6 T
FHTOLEIA) SR w6 THS. LIFER, TOHGH 40% LLETH 5 Z &3 RH ~Oif\ -SRI HEZ .
Conrey (1986) % H. k.

[15.1] A. Selberg (1942): On the zeros of Riemann’s zeta-function. Skr. Norske Vid. Akad. Oslo, No. 10, 1-59.
(Collected papers I, pp.85-141)

[15.2] — (1946): Contributions to the theory of the Riemann zeta-function. Arkiv for Math. og Naturv. B, 48, No.5,
89-155. (Collected papers I, pp.214—-280)

[15.3] 5l (15.11) ~N[%>9 Selberg D, ‘twisted’ 2 FeF-1y

T
/0 C(o + it)|[*(a/b)tdt, (a,b) =1,

Dt E R 2R E §5. 15D Atkinson O J5ik#zIGHAIEE. Y. Motohashi (1986): A note on the mean value of the
zeta and L-functions. V. Proc. Japan Acad., 62A, 399-401 %= H k.

[15.4] Tpositive %1 DFEWIC T, Selberg (% 1/1/C(s) ~DHM Dirichlet MEGELI%Z VT3, FF 212, Eid (10.1)
DEREETH 5. fit> T, dwX (1942) b - fiHHmOHIZICEEFNINTDH 5.

[15.5] B. Conrey (1986): More than two fifths of the zeros of the Riemann zeta-function are on the critical line. J.
reine angew. Math., 399, 1-26.

16. i (15.12) 1, HEZ L. L L, @E»ICEEAHIL (15.10) TH 5. Selberg ([0.5]) 13,

2
=1 pn=p>z,
< > Ad) {2 0 zofs (16.1)
d|n,d<z
WEHL, N
m(N) < oz - +22+m(z) Thbb w(N)<(2 +o(1))1OgN. (16.2)
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CNEFBEEINLES. LrL, 2ZICHeo TR THEOIZEIC) SN TH L. < LT, TSelberg d A2-
fifiy 238, MWIT R E L, Bohr-Landau @ "RH OFEGHHVEEH) 226 A2-fidEENn/2 & TH5. 2% D, (14.13) D
. 6, (14.10)-(14.11) % (16.1) &R T 23R,

bo L b, ITIVEEGROBIED & A2-fiZ2Bl%d 2% 61F, 2D F D 1357 Linnik ([0.4]) 2k D do 3h, #i
W Selberg IC& W &k, L4V DOEBIIDHEHDDZEE, 85 DELEIL, zeta- KUY LD LG LE
BEMEZHFL IO TH 5. Linnik DEIZ, i LTOMED E LD, BAINLFEZODDIHRAZEKE &
ATOT, —RIC, BIEDISHIZE 2 6 NI BIID T4 o) BHFEBPICAUTIC o L Tow b0y, EDEERZESL, —
i THR) Fourier fENTORDLE F X 5. T ORARNZHVE I U Linnik OFEIL, BITEICHE < TV EEEGR 2% D
FRIEZHERTZ WA 25250 TH %, i, Selberg DEMIX zeta-BREDFE R oA %2 HET LR CETNLY
B, zeta KO L-BEH % W IZTE ISR L-BE DU Euler BE£ R %2 H T 2 HEEHROEW 2 @iTHEE 2 Eiwm 3 %
WKh ) BABML, THEN, ESBRICH—-Ne TR 52 %. BT 254 2RE 1

FL2-fii, &%\ Large sive; EFRT 5.
TR 2D %5 2 L) DRHEINLEMIND 2 CITEITIN TR %, (16.3)
LD L2AER (D% 0, Hial) odic g L BLHTd 2 Gk,
ZOFELIE (9.8) ® (16.1) (16.2) BN TV 3

PRfHFRELEDG, (16.3) DEMEL 722 L2 Tﬁ“ift IROMEY : BRI KT {0, :1<j<J}Z2ED, BEDAEI D
DFELDOHEED mod1 IZT >0 MU ETH B T2 (CRET S (16.9) K THon LR 2), ZOLE, {£E
DEFBIN {a,}, {b;} IZ20T,

XJ:‘ Z ane(n9j)’2 <(N+2071) Z lan|?,

j=1 M<n<M+N M<n<M+N

3 ‘i:bje(naj)\ < (N +25" Z|b|2

M<n<M+N j=1

BEFOFNIZES TH 5. WHIT ‘taper’ w(n) 2L, FH2HE, M1 Y, wn)e(n(d; — 0;)) 2EHTUIHL. —
Ji, BiFiCowTiE, BRBIENED 2 LV AIcDE, RO

e(x) = exp(2miz). (16.4)

BORE (duality) %3 ||D|| = ||D*||, D*: adjoint, (16.5)
ZHOZPREW, 2o ERIIREZD O TV, DUTOIGHICE R, 9 iU,
BECR {e(x0;)} I TEFICTHT 5851 {6} D i T ERR. (16.6)

IR (14.4) 1R L,

2
SAz< > ( > )\d> ., ACI[M,M+N). (16.7)
M<n<M+N \neQ(d)d<z
Z 2T, AR Fourier T (INEMISEROERME) 2, 6 {(n € Z:n € Q(d)} DRk %
1 a a
OB R CRORE il ol (D oI G 0) R ) 169
a mod d heQ(d gld amod q \ heQ(d)
<a7Q>:1
ERT. Iz (16.7) AL,
2
S < ST 1D ST buge ( n) (16.9)
M<n<M+N | ¢g<z a mod q
(a,q)=1
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HL,

Ad
bajg = > % 3 e<— gh) (16.10)
d<z heQ(d)
d=0 mod ¢q
L2-A%ERK (16.4) 15 % (16.9) DAIHEA L,
[S(A,2)| < (N 422> Y a/q . (16.11)
q<z a mod q
(a,q)=1
il 7e 61, HEER 2RI D E a/q, o' /¢ 12D & |a/q—d' /q| > (q¢")~t. T D HEHMIZ
)
I liD DIED DIED DIND DI G )
dy,d2<z h1€Q(d1) ho€Q(d2) q|(d1,d2) a mod g
(a,q)=1
Ad)A(d
> <;)d< 2O ewolee)l TT slo)
dy,da<z 172 [dl,dﬂ pl{di,d2)
p1,p2| (drds)
M(d)2 2
=y 2L —1Q(p)]) - £2. 16.12
N\ — £
Q d
§a= Z |gg)|)\g7 AdZWZM(f/g)§(9)~ (16.13)
g<z,d|g alf
CITHEETH I, Q)| #0 £ LT 2 RbAR ((14.5) DEEEZ R ). BEREME N =1 22T X
1 2
(16.11) ; e |H (g(d) - Rt OHE Q)) . (16.14)
7272 L,
0
(5.0 =[P K0 = 5wl He. ), (16.15)
plg p P g<z
- T,
p(d) P 2
Mg = : H(g,Q 16.16
O (PX0)] Ep_ ol g;d p(9)*H(g,9Q) (16.16)
(d,g9)=1
EED D & E, Selberg Dffiild
N + 222
|S(A,2)] < Zlg( ; (16.17)
g<z plg p P

2H2%.

SRR TR T BAARETH S, TR Q I, & IEETH B, BIAIE, Q(p) 29k 2 KFA mod p £TOEAE
LTHRBHEG. H30I, X REIC, A ZERHE € mod g, (q,0) = 1,

ptq=Q(p) ={0modp}, plg= Q(p) =10 (16.18)

LR 6IX,
2x

Brun-Titchmarsh E#: ¢ <z K2 & HRIC 7(2;¢,0) < ——————~
¢(q)log(z/q)

(16.19)
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WM D (HL, [16.3] ZH EX). H2 0, Q(p) ={0,-2mod p} EH27%61F,

p; 1< (1+o(1))(1§g6§)2g(1— ﬁ) (16.20)
p+2:3E% B

£ <12, Brun @ (14.12) 13 2k D EZICHED . Linnik KO Selberg O < b WIS 2 LS Z O GHERE b7 67
EIREICESRETHS. Ly,

B A& RT3 % b > Tl ¢ 2 L IRER B 0T (16.21)

[16.1] Large sieve i (C D> Tld, Bombieri (1974/1987): Le grand crible dan la théorie analytique des nombres.
Second édition. Astérisque 18, Paris 1987; & & U¥, Montogomery (1978): The analytic principle of the large sieve.
Bull. Amer. Math. Soc., 84, 547-567 2. k. &b¥ T, [A], [C] 22K T2 L 21D 5.

[16.2] filif%X (16.17) ZDH D% large sieve EMERZ ENH 5. ZHUE, |Qp)| 28 TR LR2EHEIOHENTHS Z
EZRFERL T3, LitodmiEld [A, Chap. 1) IZ&ENTW5. [C, 78] b K.

[16.3] A~%30 (16.19) (%, Montgomery—Vaughan (1973): The large sieve. Mathematika, 20, 119-134 12 & %. {R%% 2
FO/PNETEL R 0IE, PR (7.2) BRI NS ([A, §4.3] ZH X). 7> T, (16.18) DURDBYIEICEENLWZIATH
3. #Bo (20.11) # R k.

[16.4] 753K (16.4) DALIIZEZ TH 205, REICIEH ST, WF N +26"1 & N +671 — 1 ~HRTHE (O R).
Selberg 1T & % (Montgomery [16.1, p.559]). 7272 L, Tid (20.11) IZfi & 2 A 22 K.

17. 22T, (14.1) BRI iK%, Selberg A%-fifi (16.7) 13 (16.16) &2 THol#ER ) 25583 2. 2 Otk i3
5P DELZHED K TIZ 025 9 D D CHEMIS NS & 2 A2 DN THED» 9 5.

%ﬁf; )\d %%)’)VC,

S = 7}((; T S ur)PHE, QP (n,Q), U.(n,) = ][] (H(;lm> . (17.1)
neQ(d) ’ r<z plr ’
neQ(p)
XoTC, (16.17) &
Z (Z w(r)?H(r,Q)¥, (n, Q)) < (N +227) Z,uz(r)H(r, Q) (17.2)
M<n<M+N \r<z r<z

EBBLIFD. 22U, MRS 2 I3AT5
(uz(r)lﬁ’(?tﬂ)“2 ‘I’r(n,Q)) M<n<M+N,r<z, (17.3)

DAAEICRD K BEGR (W2 H(r,Q)V2 U, (n, )} 1iE—FD TEZM) BNET S, & (17.2) 2oRTENRLD
(U, (n, Q) FFRF nmod r ZZHE LTROZ LICERE ). W5, KXo THliN, L2ASRXORInFHINS,
ERDOBHERS {an}, {byu(r)} EDVT,

3 W @)H (g, i\ 3 anwxn,me(gn)fswm@?) S Janl (17.4)

ru<Q v=1  M<n<M+N M<n<M+N
(ryu)=1 (u,v)=1

3 ‘Z Z by (,9)1/2\1/,,(”,9)@(%71)]2 (N+20°) Y Z by /(M) (17.5)

M<n<M+N ru<@ v=1 ru<Q@ v=1
(ryu)y=1 <“ v)=1 (rau)=1 (v,u)=1
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FERE, G5 (Fourier )

U, (n,Q) = |g((7;))| Z ( e(— ;h)>e<:n) (17.6)

RV 51E, (16.4) ICX DAEHIZBES TH 5.

[17.1] Afilz>nTiE [A, §1.2], [C, §7.2] 2 H.X.

[17.2] %12, Q(p) = {0 mod p} DA, U,.(n, Q) = p((r,n))e((r,n)) &% 2505, BER {un((r,n)e((r,n)} O "B B2
TEEDBFTIREFMEZ L 72D A. Selberg (1972): Remarks on sieves. Proc. 1972 Number Theory Conf., Boulder,
pp. 205-216 (Collected papers I, pp.609-615) TH 2. H L, AL D A%-fii & 2 DKER & DREEZIERMT 2 2 &1
Do 7=, $54%51X Y. Motohashi (1977): On the Deuring-Heilbronn phenomenon. I. Proc. Japan Acad., 53, 1-2 1T
o, Z0IC, FEdo 2 & E—RIVEmI AR L B> 7D TH 5. [A, §1.2) bHEXK.

18. AL (14.1) IKHENIBIR D BWEBCR {H(r, )2 U, (n,Q)} & {x mod q: FIAN, ¢ < Q} LDRICH 2D ikt
Vil IR % EEOEFLT {a,} IKOWT

2

<S(N+20°) ) el (18.1)

M<n<M+N

3 M?(r)H(r,Q)@L S > an¥e(n, Q)x(n)

qr<Q (Q) x mod q | M<n<M+N
(g,m)=1

HL, >° BEGHREANOMOHIRZEWR S 5. GEIEAESD TH 5: G, Z2HIRIEE x ISHBEY % Gauss fl& L,

Z anx(n) = Gx Z x(h) Z ane( — gn) (18.2)

M<n<M+N q h mod q M<n<M+N
£-T,
2 ) L 2
Z* Z a, ¥, (n)x(n)| <- Z X(h) Z anW (n)e(— fn)
x mod q | M<n<M+N q x mod ¢ | h mod ¢ M<n<M+N q
2
RIC) _h
=, ) . Z an\I/r(n)e< qn) (18.3)
mod ¢ <n<M+N
(h,q)=1
Iz (18.1) OFMICHAL, %513 (17.4) DIGH.
S 512, Mellin 244 (fJBid % Parseval [E58) & DMV FREDO T > 1120 F
T [eS) 2 oo
S 2 HE) - 3 / S a0 (n, Q)| dt < (0 + QAT)]an? (18.4)
<q'r‘<>Q SD((]) x mod g T |n=1 n=1
q,r)=1

BL, HURARTHL LIRETS. bBAA, (10.10) & (18.1) DK TH 5.

[18.1] AffilcoWTIZ, [C, 57 #] 2 H X.
[183] fEED Q 2 > TERL (18.4) 2179 DIF, PPMEEIC MK LMD TS, Lo L, FEROICHOEESICLLH S
9. 22T, iR EAERDESSR (2 8) L OB ZR T I EICESBELYH S,

19. L2A%R (18.4) 1, B 2 Ol & MRl e r — 1:

Yoy

q<Q Xx mod qg”

2 o0
dt <Y (n+ Q*T)|an|? (19.1)
n=1

o0
> anx(n)n'
n=1
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THE TWIN PRIME CONJECTURE

By Yoichi Motohashi

The conjecture
‘there should be infinitely many pairs of primes {p,p + 2}’
has not been conquered yet.
However, a spectacular drama is now unfolding itself in the theory of the distribution of primes. The complete
resolution of the conjecture is thus within the range of modern mathematics — perhaps. Luckily enough, I have been
witnessing the series of recent great events as a contemporary specialist. The purpose of the present expository talk
is to share my excitement with my audience. Any mathematical discovery is an eventual outcome of the rich and long
history of our cherished discipline, and the recent amazing discovery by Y. Zhang is a typical instance. I shall describe
the essence of the fundamental ideas initiated by GPY (D.A. Goldston, J. Pintz and C.Y. Yildirim) and others which
had prepared the way for the discovery, while briefly reviewing the relevant history. You will find all basic ideas are
so simple that you will certainly be persuaded that the proverb “small things stir up great” is indeed a truth.

Looking back almost half a century ago, I (then in my 20’s) was eager to learn Yu.V. Linnik’s and A. Selberg’s
works in analytic number theory, dreaming the way to the Never-Never Land of prime numbers. They taught me
a lot, and I owe them tremendously. I am really happy that their mathematical spirit is still vividly felt in recent
developments. Indeed, so many wonders in analytic number theory can be traced back to their ideas. By trekking
further and steadily along the way they prepared, you will (I believe) be able to bring us more wonders on primes.

I shall have to be brief in some sections, in order to acquire time for more recent work done by T. Tao (2013) and
J. Maynard (2013) independently, which has made Sections 10 and 11 somewhat less relevant to our main issue of
finding infinitely often bounded differences between primes. Nevertheless, you will be better off knowing all the facts
that I have put in this text, which I hope will encourage you to delve into the professional literature on primes.

Remark 1: The present text is a substantially improved and augmented version of the one in Japanese that I had
prepared for my talk which I delivered at the annual meeting of the Mathematical Society of Japan (15 March 2014)f.
The expressions that I shall use, whilst being adequate for my present (didactic) purpose, are not always perfectly
precise/correct. All facts and details on sieve method and distribution of primes which are needed to understand
recent developments are available in my books [10][12].

Remark 2: It is highly recommended to visit T. Tao’s excellent blog:

http://terrytao.wordpress.com/2013/06/03/ the-prime-tuples-conjecture

-sieve-theory-and-the-work- of-goldston-pintz-yildirim-motohashi-pintz-and-zhang/
which has various links to more recent developments.
Acknowledgments. 1 am deeply grateful to A. Ivi¢, M. Jutila, J. Maynard, A. Perelli, T. Tao, N. Watt and H.M. for
their kind comments on the draft of the present text; to D.A. Goldston, J. Pintz and C.Y. Yildirim for having been
sharing their epoch-making manuscripts; and to D.H.J. Polymath for kindly putting their diagram on [15, p.10] at my
disposal.

T While preparing my talk at the 18th Oka Sympositum (November 30, 2019), I did not alter any part of the original
text save for the addition of the item [22] to the references. This insertion should make it clear that the highly crucial
idea ‘smoothing’ GPY sieve, mentioned in Section 10 below, occurred for the first time in [22, the formula (20)];
the main part of [22] was written in the middle of 2005. It should be mentioned also that a proof of the function
field analogue of the Twin Prime and the Goldbach conjectures has been asserted by W. Sawin and M. Shusterman:
arXiv:1808.04001v2, 7 Sep. 2019.
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1. The conjecture.

Let ) _
=) ={4 i wime,
and put
(@)=Y wn), m(r)=)Y wn)w@(n+2).
n<z n<z
Anyone who loves mathematics knows .

m(x)

~ logax”

Anyone who ardently loves analytic number theory is bitterly defied by the conjecture

x
~ Cygr' Co: bsolut tant, 1.1
ma(x) " Tog2)? 0: an absolute constan (1.1)
and even by the far more modest statement
The twin prime conjecture: —lim ma(x) = 0co. (1.2)
r—00

2. To detect twins.
There are two naive means to detect twin primes:

(4) w(n)w(n+2) >0,
(B) w(n)+wn+2)—1>0.

These are of course equivalent to each other as far as one applies them to individual n’s, but they are statistically
different: always w(n)w(n +2) > 0 but almost always w(n) + w(n + 2) — 1 = —1. It appears that opinions of sieve
specialists are now converging upon

(A) is too strict,

(B) is more flexible.

But why? It is hard to explain the real situation to people who are not familiar with sieve method. Thus, let me put
it bluntly: (A) is too exact as it gives the definition of (). A sage (M.J.) in analytic number theory said that exact
formulas contain often too much noise. There were a lot of attempts, probably since A.M. Legendre’s time (the late
18th century), to clinch to (1.2) by means of (A); but all eventuated in failure. In fact, GY (Goldston and Yildirim)
commenced their investigations in 1999 still brandishing the sharp sword (A). Only in 2004/5, after a few futile (but
highly interesting) attempts with (A), did they turn instead to (B). This was a great turning point in their work.
Note that GY actually considered primes in tuples: see Section 7. Here I employ an over-simplification in order to
make the issue clearer. As far as I know, A. Selberg (1950) was the first who exploited (B), but in a configuration
different to GY’s.

3. Sieving out noise.
Imitating the definition of w5 (), one might consider

> (w(n) +w(n+2)—1). (3.1)

n<x

If the sum is positive and large, then the conjecture (1.2) will be resolved. But this argument is awfully absurd, since
obviously (3.1) is essentially equal to 27 (x) — x, and one can utter only the nonsense

(3.1) ~ —a. (3.2)
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Nevertheless! Things should look pretty different if (3.1) is replaced by

Z (w(n) + w(n+2) — 1)W(n). (3.3)
n<x
Here W(n)’s are non-negative weights. If one succeeds finding a nice sequence {W(n)} such that (3.3) tends to
positive infinity, then the conjecture (1.2) will be resolved. This must be, however, an extremely difficult task, since
such {W(n)} should yield a considerable dumping of the terms ‘1’ and simultaneously should not affect much the
situation of n being a twin prime. That is, {W(n)} is preferably to satisfy

>
Wn)is 4 = 0 but very small on average,
1  when n is a large twin prime.

4. Lovely lambda’s.
In his work mentioned above, Selberg employed the A%-sieve, his great invention (1947). If translated into our present
situation, it becomes:

2
Consider the quadratic form Z ( Z A(d)) ,

n<z dn(n+2)
under the side-condition A(1) =1 and A(d) =0 for d > D,

where D is a parameter to be fixed optimally eventually, but initially satisfying only D < z'/2—¢

with an arbitrary
small £ > 0. Expanding the squares out and exchanging the order of summation, we get the main term and the error
term. Selberg diagonalised the main term in a highly original way (in fact an application of Md&bius inversion) and

found an explicit expression for optimal A’s that minimises the main term. It is expedient to know that these optimal

N's satisfy
log D/d\>
A(d) ~ u(d 4.1
(@)~ i) (SES) (a.1)
with g being the Mdbius function, and to note that
v(n)>2 = > p(d)(logd)’ =0, j <2. (4.2)
d|n

where v(n) is the number of prime factors of n which are different to each other. Namely, the choice (4.1) is an
approximation to (4.2), which explains the fact that Selberg’s A’s yield necessary dumping.
We construct, with these quasi-optimal \’s,

Wmn)={ > Ad (4.3)

d|n(n+2)

to be used in (3.3). We have, with an appropriate D,

> W(n)~ Cl(long)z, (4.4)
and .
Z (@w(n) + @(n+2))W(n) ~ C’gm (4.5)

n<x

with certain constants C7, Co > 0. Amazing! Compare these with the conjecture (1.1).
It should be noted that Selberg (ca. 1950) examined also the use of the weights

2

Z A(dy,dg) | (4.6)

dy ITL, da \(n+2)
dida<D

36



but in a configuration different to (4.4)—(4.5) that I briefly mentioned already in Section 2.

5. RH vs. statistics.

The assertion (4.5) is, in fact, a consequence of

The mean prime number theorem
For each A > 0 there exists a ¥ > 0 (the level) such that

li(x) _
max |7(z;a,q) — ga(q)‘ < z(logz) ™4, (5.1)

g<n? (a,q)=1

r@ag = Y wn),

n<x
n=a mod q

where li is the logarithmic integral, ¢ the Euler totient function, and ‘<’ means that the left side is less than a constant
multiple of the right side. The reason why we need this is simple: With (4.3),

Z w(n)W(n) = Z A(d1)A(d2) Z m(z;a,[dy,ds]),

n<x dyi,d2<D a mod [d1,d2]
a(a+2)=0 mod [d1,d2]

where [dy,ds] is the least common multiple of dj, d. The replacement of each m(x;a,[d1,ds]) by li(z)/¢([d1,ds]),
providing (a,d;dy) = 1, causes an error which can be estimated with (5.1) if D < z9/2-¢,

The first result that gave an absolute constant ¢ > 0 in (5.1) is due to A. Rényi (1948). He exploited the “large
sieve” of Yu.V. Linnik (1941). This statistical equi-distribution property of primes among arithmetic progressions to
relatively large moduli must remind you of the extended Riemann hypothesis ERH. Rényi’s prime number theorem
states that in some important applications the extended quasi-Riemann hypothesis could be avoided! Because of this,
a lot of notable people poured their strenuous efforts into improving upon Rényi’s prime number theorem, and E.
Bombieri (1965) established that

(5.1) holds for any ¥ < %, (5.2)

which, in practice, is essentially at the same depth as ERH (actually he proved (5.1) with x1/2(10g x)_B(A) in place
of 7). T should stress that A.I. Vinogradov (1965) proved (5.2) independently; he exploited another fundamental
innovation due to Linnik: the “dispersion method” (1958).

By the way, in January 1970 I left for Budapest aspiring to learn analytic number theory under Rényi and P. Turan,
but Rényi passed away a day after my arrival (1 February).

6. Powerful modesty.
However, with the best effort one could achieve only Cy < Cj in (4.4)—(4.5). That is, the asymptotic value (Cy —
C1)z/(log x)? thus attained for (3.3) is negative and large, and so is of no more use to us than the nonsense (3.2). In
fact, in order to truly appreciate (4.4)—(4.5) you ought to be well versed in the theory of the distribution of primes in
arithmetic progressions as well as in sieve method. Here, be simply amazed that despite its inability to yield anything
about the conjecture (1.2) the assertion comes close to the dreamy asymptotic formula (1.1) at least outwardly, and
moreover, there we have W (n) = 1 whenever n is a large twin prime. That is, twin primes are probably counted in
(4.5) but only in an ineffective way; they must be buried in rubbish. Then, how to make (3.3) more effective and
salvage primes proximate to each other?

That is very difficult. The accumulation of past futile attempts suggests that we ought not to be so daring as to
confront (1.2) directly. The strategy GY (2004/5) chose was this: We should be modest. Let us give up trying to
directly touch the ‘twin’. Let us consider instead

> <iw(”+hj)— 1>W(n)7 (6.1)

n<x
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with a new {W(n)}. Here hy < he < --- < hy, are even integers. They should not be trivial like {2,4, 6} because one
of n+2,n+4,n+ 6 is always divisible by 3. A natural condition on the tuple {hy, ha, ..., hy} is that

the number of different h; mod p be less than p for any prime p, (6.2)
which avoids the redundancy that a member among {n + h; : j = 1,...,k} is always divisible by a fixed prime.
Obviously,

k
Y @wn+h;)-1>0
j=1
= {n+hi,n+ he,...,n+ hi} contains at least two primes.

If this holds with infinitely many n, then
liminf (pry1 — pe) < hy, — hq,
t—oo

with p; the t-th prime. Bounded differences between primes should occur infinitely often. The establishment of this
will be a tremendous achievement, even though it is perhaps less impressive than the ultimate assertion (1.2).

7. Gem box principle.
We have to choose the weights {W(n)} in (6.1). Here a truly decisive observation was made by GPY (2005): Let
P(n)=(n+h1)(n+ hg)---(n+ hg). Then,

there are at least k — ¢ primes

V(P(n)) =k + £ with 0 < € < k (7.1)

among n 4+ hy,...,n—+ hy.

This is an application of Dirichlet’s pigeon box principle; but I very much prefer gems to pigeons. Here n’s are actually
to be restricted so that (7.1) is valid, which can be realised in a simple way that does not cause any loss of generality.

8. Magical tapering.

The new parameter £ > 0 is to be incorporated. In practice, however, it is hard to utilise (7.1) without making any
compromise; that would be a return to the stiffness we wished to depart from. I am not very sure if this is what really
occurred to them, but GPY seem to have turned to Selberg’s argument which I indicated in the first paragraph of
Section 4. The relevant approach is to consider

;(du;n)x(d)yv {igfﬁé d>D.

The optimal \ satisfies

@) ~ uta) (2L B

Then, GPY practised real magic by introducing

log D/d)f

the further tapering factor (
log D

and they constructed the weight

k+4
W= ¥ u(ET) (5.1)

d|P(n),d<D

As a matter of fact, this is an approximation to the filtering concerning (7.1), since

v(P(n)) >k+t = Y u(d)(logd) =0, j <k+¢.
aiP(n)
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9. Divine multiplier.
With W (n) as in (8.1), GPY computed asymptotically the sums

T (3 k,¢; D) = ZW

n<x

T (a;k,4; D) = Z(anﬂz) (n).

n<x
They discovered that, with D = 2%/2 (¢ as in (5.1)) and a positive A(z) ~ z(logx)~*, one has:

k 2041
E+20+1 (+1

(T( ) T(l))(x;k,E;D) ~ (ﬁ- - I)A(a:). (9.2)
This multiplier of A(z) is probably one of the greatest surprises in the entire history of number theory. Setting
¢ = [Vk] for instance, we find readily that

if ¥ > % and k large, then {n + h1,n+ ho,...,n+ hg}

. . 9.3
contains at least two primes. = Bounded differences between primes! (93)

If you had not the extra parameter ¢; that is, if you put £ = 0, then (9.2) would be nothing. Without ¢ > 1, which is
truly beyond any science fiction, nothing would come out from (9.2) with ¢ = 0. In fact it is known that (5.1) does
not hold for any 9 > 1.

10. Divide and conquer.
The assertion (9.3) is indeed wonderful, if only one can leap beyond the barrier ¢ = % in (5.1).

Let me be a little bit personal: I may count myself as one of the earliest people who tried seriously to make this
leap, of course without any surmise of recent developments. I was aware at least that not the large sieve but the
dispersion method of Linnik is the key. But I could publish only a short report (1976) which relied still on the large
sieve; my work relevant to the dispersion method was utterly incomplete, which was inevitable because of my meagre
experience with the theory of exponential sums & la A. Weil. Later BFT (Bombieri, J. B. Friedlander and H. Iwaniec
(1986)) made a remarkable progress in this direction. Their main result is valid with any ¥ less than %, but under a
restriction on the moduli of the arithmetic progressions which makes it inadequate for the computation of the second
sum in (9.1).

Thus a genuinely new insight was needed into the problem (6.1) and the barrier problem. In this situation an idea
occurred to MP (2005) (see [11][14] as well); actually we each independently had essentially the same idea, which
involved the use of some corner-cutting in order to break the stalemate. On my side: soon after getting the first
version of GPY (from G in early April 2005) I realised that a smoothing could be applied to the summation variable
d in (8.1). That is, we need not sum over all d < D but it suffices to restrict ourselves to those d which have relatively
small prime divisors only; I mean that even after applying such a corner-cutting the multiplier of A(x) in (9.2) does
not change essentially, although A(x) itself ought to be altered accordingly.

Actually, MP (2005/6) modified the argument of GGPY (GPY and S. Graham (2005)) in order to incorporate this
smoothing. Let me nevertheless employ an asymptotic expression for the sake of temporary convenience. Then, what
MP did is the same as to replace (8.1) by

2
w o k+¢
w5 ww (B2 ) (10.1)

d|P(n),d<D log D

where Z(‘”) indicates that all prime divisors of d are less than D“. Then the multiplier in (9.2), of course under the
new setting, is found to be larger than

k 2 +1
: : 11— exp(— 10.2
UMP o T 0T exp(—3kw/8), (10.2)
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provided that one has, for any given A > 0,

w 1.
Z( ) Z m(x;a,q) — ﬂ < a?(logx)_A, (10.3)
g<z?™mP (a,q)=1 @(Q)
P(a)=0 mod ¢

where Z(w) means that all prime factors of ¢ are less than . Here I am not very precise, since MP tacitly assumed
for the sake of convenience that £ ~ vk, w ~ 1 / Vk with k large; however, these assumptions are not of critical
importance for the application in question, that is, to detect infinitely often bounded differences between primes. I
remark also that the hypothetical mean prime number theorem which is required by MP is a consequence of (10.3);
that is, MP assumed in fact somewhat less. Anyway we have:

dvp > 1 in (10.3)

10.4
=  bounded differences between primes occur infinitely often. ( )

Why is this important? Because, with (10.3), instead of (5.1), the feasibility of a proof by the dispersion method of
Linnik becomes much higher. More precisely, the smoothing yields a quasi-infinitely factorable structure in the moduli
set {¢}; namely, we now have instead

{0192 : 1 < Q1,92 < Q2},

essentially for any multiplicative decomposition @Q1Qs < 2"VP. In practice, we put the summation over ¢, say,
outside and consider the dispersion of the inner sum over g, via the Cauchy inequality. We will be able to detect
more cancellation than with the ordinary setting (5.1). Further, we may appeal to R.C. Vaughan’s reduction argument
(1980), or the like, in dealing with the sums over primes. This strategy is nothing other than “divide et impera”.

11. From nowhere.
As to the proof of (10.3) for a Yyp > %7 I was somehow inclined to be optimistic; and I thought I would have ‘time’.
Thus, in the mean time, I was playing with automorphic L-functions, enjoying some success, but for too long perhaps.
Then, in early April last year I felt a jolt. The epicentre was an unknown mathematician named Y. Zhang; I mean
that the man had not been known among specialists. Soon I got a copy of his paper (probably a draft). I felt as if I
had seen it some 7 years ago, for its overall strategy was the same as that of MP(2005/6).

Of course I was truly impressed by the extremely important fact that Zhang cleared away the level barrier in the
context of (10.3). The man who came from nowhere struck the target indeed. Therefore, mankind has now

1i£g}f(pt+1 —pt) < 0. (11.1)

To achieve (10.3), for some Jyp > %, Zhang appealed to P. Deligne’s famous work (1980) on the Weil conjecture;
in this respect, he followed, to a large extent, the work by BFI mentioned above. Thus I am unable to confirm his
reasoning on my own but have to rely on the affirmative opinion of experts. I have no courage to exploit any result
which I do not fully understand; neither have I any other way than to trust, with considerable caution, competent
authors whose claims depend on works which are far beyond my expertise. Nevertheless, here I may try to explain
why such heavy machinery comes into play in dealing with (10.3). In essence, it is because of the factoring of various
terms and summation intervals, which is described in the previous section. I mean that the strategy there reduces the
problem into pieces, all of which are more or less equivalent to counting integers in various arithmetic progressions. To
manage this entangled task, presently we have essentially only one means: the Poisson summation formula. Main terms
are not troublesome, though often complicated. Real trouble comes naturally from the tail parts, which are expressed
in terms of finite or infinite exponential sums. Arguments of the exponentiated terms involve rational numbers with
varying numerators and denominators; then Deligne’s work becomes relevant, as it gives strong and uniform bounds

for such sums.

12. Phase transition.
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Another sensation came more recently from a postdoc: J. Maynard (November 2013), claiming
litrninf(pt+1 — pt) < 600. (12.1)
— 00

What is really sensational is in his statement that his argument does not incorporate any of the technology used by

Zhang; the proof is essentially elementary, relying only on the Bombieri—Vinogradov theorem, i.e., (5.2). This is a true

phase transition, and a great gift to all who feel uneasiness when they have to chew works that depend on the highly

demanding work of Deligne and A. Weil (1949), even though the efforts of S.A. Stepanov (since 1969) have yielded
accessible elementary proofs of some of the consequences of their work.

And more. According to Maynard, Tao (October 2013) got essentially the same idea; and they independently
established, only on Rényi’s (5.1),

For each m > 2 there exists a k such that

with any {h;} satisfying (6.2)

the tuple {n + hy,n+ ha,...,n+ hi}
contains at least m primes for infinitely many n.

(12.2)

They even got an estimate for £ in terms of m. Fantastic!

Their argument is, to some extent, a realisation as well as an extension of Selberg’s approach (4.6). Hence, in a
sense, (12.1) would have been possible to attain in 1965 when (5.2) was established; and (12.2) in 1950! By this I mean
that for more than half a century, indeed until a few months ago, no sieve experts had ever tried to seriously look
into the ending remark (on p.245) in Selberg’s ‘Lectures on sieves’. I should of course add that the phase transition
brought about by Maynard and Tao was an outcome of the sieve movement commenced by Goldston and Yildirim in
1999, without which I suspect that not only Maynard—-Tao’s discovery but also the recent wonders concerning bounded
differences between primes would have remained under sand, and perhaps would have lain undiscovered for decades
to come. Better ideas always survive; what I described in the last two sections may appear obsolete, at least for now.

The key points of Maynard’s argument are as follows: Basically we are dealing with the quadratic form

2

> > Mdy,do,....dy) |, didy---dy < D. (12.3)
n<z \d;|(n+h;), Vi<k

We need to be cautious in dealing with the prime factors of d;; but let us ignore this presently: a correct procedure
is indicated in Appendix below. Then, in a fashion familiar to those who are experienced in dealing with sums
of arithmetical functions in sieve method, an application of Selberg’s change of variables (in fact, an instance of
the Mobius inversion) allows one to express A’s in terms of any given F(&1,&a,...,&k) as far as F' is supported on
{&+&++&&<1:¢& >0,V <k} Thisis in fact an extension of the argument due to GGPY (2005); their
choice corresponds to the specialisation F(£) = f(& 4+ & + -+ + &). We let W(n) stand for the squares in (12.3)
with such \’s, and engage in the evaluation of

k
) (Zwm T hy) - p)mn), (12.0)
n<zr ~j=1
which is an obvious analogue of (6.1); the parameter p is to be fixed later. Actually we need to apply pre-sifting to
n’s as indicated in (A.3) below, which is not of absolute necessity but for the sake of technical comfort in dealing with
d’s coming from (12.3). In this way, with ¢ as in (5.1), we find that the appropriate analogue of the multiplier of A(z)
in (9.2) is:
9 e~
3 2 I (F) = pIu(F), (12.5)
j=1

where .

F(£17§2a s 7§k)2d§1 e dflﬂ

.

/
‘ 1 1, 41
9w = [ [ ([ P 60 ) der-dsadyndss
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If we put p=1and F(§) = (1—& — -+ — &)*, then we recover (9.2) due to GPY (2005).
We are naturally interested in the variation problem

Sk ()
My =sup = ———~

where the supremum is over functions F that are piece-wise differentiable in the domain indicated above and such
that I (F) # 0, J,gj)(F) # 0 for each j < k. Let

p=m—1, m=inf{r e N:r>9M;/2}.

Then one finds that there are at least m primes in {n+hy,n+ ha,...,n+ hy} for infinitely many n’s. With a delicate
optimisation, Maynard has found
M5 > 4.002,

which together with (5.2) implies (12.1) as there exists {h1, ha, ..., hios} such that hig5 — h; = 600. More strikingly,
he has shown via a simple choice of F' that for sufficiently large k

My, > logk — 2loglog k — 2.

This implies (12.2).

I repeat: Rényi established his prime number theorem (5.1) in 1948 and the argument of Manynard and Tao has
its root in Selberg’s work of 1950. Thus, more than 60 years ago when I entered elementary school, the notion that
bounded differences between primes occur infinitely often could easily have already belonged to common knowledge.

Appendix. As an induction for students who intend to study Maynard’s work, I shall provide details of his arithmetic
manipulations in the case k = 2, which is enough typical so that one may readily infer that the general case is to be
settled as is shown in (12.5). As to Tao’s argument, the difference is only in the way of computing asymptotically
the main terms which arise after sieving. He employed Fourier analysis in place of the usual method of summing
arithmetic functions which Maynard used; see Tao’s polymath8 blog, the address of which is given in the references
below.

We assume that N tends to infinity, and we put

Y =loglog N, Z= Hp. (A.1)
p<Y

The role of Y or rather that of Z is important, as it makes the co-primality requirement in various sums easy to attain
and also yields crucial truncations after the change of variables in the mode of Selberg; for the latter, see (A.10),
for instance. The prime number theorem implies Z < (log N)?, which can be regarded to be negligibly small in our
discussion. We choose ¢g mod Z to satisfy (Z, (co + h1)(co+ he)) = 1, which is possible whenever {hq, ho} satisfies the
case k = 2 of (6.2). We shall work on the assumption:

Au,v) = 0 if any of the following holds

wo > D, |p(uv)] =0, (uv, Z) > 1. (4.2)

With this, we shall consider
2

> > Mdy,ds) | . (A.3)

N<n<2N di|(n+h1),d2|(n+hs)
n=co mod Z

Because of the choice of ¢y and since N is large, we have always (n + h1,n + he) = 1 and thus (dy,dz) =1 in (A.3),
conforming with (A.2). We shall exploit this fact in the sequel without mention.
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Expanding the squares and changing the order of summation, we see that the sum equals

(N/Z)So + O(\2,pu(Dlog D)%), (4.4)
where Apax = sup |[A\(u,v)| and
Sy = ) Ady, d2)A(f1: f2) (A.5)

[dy, f1][d2, f2]

di,f1,dz2,f2
(d1 f1,d2f2)=1

Because of (A.2), the condition (d; f1,daf2) =1 is equivalent to (di, f2)(dz, f1) = 1. Then we have

. Z A(dy, d2)A(f1, f2) Z o(u1)p(uz)

did
dl;fl;d27.f2 1 2f1f2 u1|(d1,f1),uz\(d2,f2)
(d1,f2)(d2,f1)=1

=3 plu)p(us) ) Aldy, d2)A(f1, f2)

drd
uy,u2 di,f1,dz2,f2 ! 2f1f2

(d1,f2)(d2,f1)=1
u1|(d1,f1),uzl(d2,f2)

=Y el S AERLR) e )

did
u1,u2 d1,f1,dz2,f2 ! 2f1f2 v1|(di1,f2),v2|(dz2,f1)

w1 |(d1,f1),u2|(d2, f2)
= Z o(u1)p(ug)p(vr)u(v2) Z Ald1, d2)A(f1, f2)

U1 ,U2,V1,V2 di,f1,dz, fo dld?fl f2
u1|(d1,f1),uz|(dz2,f2)
v1|(d1,f2),v2|(dz2,f1)
Adq,d A f1, f
= Y plplmpou(e) S At g AT (4.6)
dyds fife
u1,U2,v1,V2 ujv1|dy urv2|f1
u2v2|d2 u2U1|f2
Hence, we put
Ady, d
pwnsw) = plwutunplonplwn) Y 2R, (A7)
di,d
wl\dl,sz\Eb
e ( Jn ) ()
nu1v1, U202 )N U102, U201 H(V1 ) (V2
So = MZ(ul’ILQ’Ul’Ug) . . (AS)
uuz e(ur)e(uz) (p(v1)p(v2))?

(u1u2'u11)2,Z):1

Applying the Mobius inversion formula to (A.7), we have

N da) = )y 3 () AR (4.9)
(w1w12~,,ﬂé2)=1

dy \wl ,d2|w2

The condition (A.2) is readily seen to be well satisfied with any any n(u,v) as far as it vanishes for uv > D. Namely,
under this specification of 1 one may regard (A.9) as the definition of X’s, as we shall do in the sequel. Then, (A.8)
implies that

2
n° (u1, u2) 2 2
So = 12 (wrug) ———— 4+ O(n2 . (log D)*/Y), A.10
S ) Gy O s llo8 DIY) (40
(urus2,2)=1
since we have ) )
> —— <logD, o <Y (A.11)
u<D cp(u) v>1, (v,2)=1 SD(U)
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Next, we shall consider

w(n+ hy) A(dy, d2)

>

N<n<2N
n=cop mod Z

>

di|(n+h1),d2|(n+h2)

2

(A12)

It makes no difference if the condition d; | (n + hq) is replaced by the apparently stronger condition d; = 1, and so

we see that (A.12) equals

. . 2 2
7 (li(2N) = i(N))S1 + O(Maax B3 (2N, D* 7)),
where
6 — 3~ ALDAA )
o ([, )
and li(2)
El(xaQ) = Z Tl(q) (;I’};)D:(l ,/T(I;aa Q) - @(q)

a<Q

Here 7;(q) is the number of ways expressing ¢ as a product of [ factors; in fact, the
the least common multiple of two integers is bounded by 73(¢). Using the relation

(A.13)

(A.14)

(A.15)

number of representations of ¢ as

e(d)e(f
D DEONSORS ) () (4.10)
’ ul(d,f) plu
we have )
A(1,d)
S1 = u . A7
Imitating (A.7), we put
A(1,d)
m(u) = p(u)y(u , A.18
1(u) ()()%w(d) (A.18)
so that
Si=> ni(v) (A.19)
Ty '
Inserting (A.9) into (A.18), we have, after an arrangement,
m) = @) Y ) T 02)
(e g)=1 P(wy)p?(w2)
ulws (A.20)
uy(u) 2 n(wy,w)
= wo(wiu + O (Nmax(log D)/Y).
2(a (MZZ)_l (1) =20 + O (flmax(log D)/Y)
This error term is due to the fact that if we # u, then wy/u > Y. Further, we have
w1, U
mi = % )" Olman(lon D)/Y). (4.21)
(wyu,Z)=1 L wl)
since (w) )
uy(u
- - ——— ) =14+01/Y), u>1. A.22
() H( o) =1 o) 22
With this, we put
B logd;, logds
T](dl, dg) =F (1OgD7 logD) 5 (A23)
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where F' is as in the last section but with £ = 2. Collecting (A.10), (A.19) and (A.21), we find that we need to evaluate

asymptotically the sums
Z p? (ugug) r (logu1 logu2)2
b, welua)e(ug) log D’ log D

(uru2,2)=1
2 (A.24)
Z 1 Z u2(w1u)F (logw1 logu>
— () o (wr) log D " log D
(u,Z):l (’wl,Z):l

Here one may replace p?(ujuz) by p?(ui)u?(uz) and do the same with the factor p?(wju), since p(ujug) = 0, for
instance, implies that u; and wuy are divisible by a v > Y and such terms can be discarded in much the same way as is
done in (A.10). Thus, the computation can be performed in a fashion quite familiar in the theory of sums of arithmetic
functions weighted with smooth functions; in essence it is an application of summation/integration by parts. We may
skip the details and show only the end result: The last two sums are asymptotically equal to

woe 0y (22) [ [ e eende
1 2

(1og D)’ (9"(ZZ))3 [ ([ e ae

(A.25)
respectively, as D tends to infinity.
Now, we choose D = NY/27¢ with ¢ as in (5.1). Then, the assertions (A.4) and (A.13) yield the multiplier
o 1 2 1 1 2
) l [ ([ rPeean)ar [ ([ reade) d@]
0 0 0 0 (4.26)
1,1
o[ [ Pe s
0o Jo
for the sum
Y (w4 h) + @+ hy) — p)W(n), (A.27)

N<n<2N
n=co mod Z

where W (n)’s stand for the squares in (A.3) with A’s as in (A.9) along with (A.23). We may skip the estimation of the
error terms coming from (A.10) and (A.21) as they should not cause any difficulty. As to the error term in (A.13), we
need to eliminate the factor 73(¢) in (A.15). This can be achieved via an application of the Cauchy inequalty; that is,

E}(2,Q) < (log Q)" Ex(z, Q). (A.28)
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