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1. Summary

Space-time Motion Group Invariant Partial Differential Operator
Euclid space Euclid Helmholtz (Laplace)
R*">x=(x1, - ,%n) A 4 K2
T-Yy=x1y1+ -+ TplYn
Minkowski space-time Poincaré Klein-Gordon (D’ Alembert)
RxR"3z=(tz 02 — A + m?
rTy=its—x-y
Galilei space-time Galilei Schrodinger
RxR"3z=(tx) i@t-i—lA
2

rT-Yy=x1Y1+ '+ TnYn




2. Euclid space (Review)
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Translation by y e R*: T, :2+— Ty(z) =z —y.
Rotation by R€ O(n): R :x+— Rax.

e Action on smooth functions:

T,f=foTy, R*'f:=foR, [e&C®R"C).

e Partial differential operators of order m : L = E BalF s

|| <m
(0e; 2| < m) < C(R™; C), Z laa| # 0.
a|=m
e [ is translation invariant. ﬁ T,Lf =LT,;f VYyeR"VfeC®R";C).
e [ is rotation invariant. 4? R*Lf =LR*f VR € O(n) Vf € C®(R™;C).
e [ is Euclid invariant. ? L is translation and rotation invariant.



Theorem 1. The following statements are equivalent.

(1) L is Euclid invariant.
(2) Coefficients of L are constants and L is rotation invariant.
(3) L is apolynomial in A of order [m/2].

Corollary. Any Euclid invariant 2nd order partial differential operator L is uniquely represented as
L =aA+ g witha € C\ {0} and 8 € C.

Proof of Theorem 1. For £ € R" let eg € C°°(R™;R) be defined by eg(x) = exp(§ - x), © € R™.

Then (Leg)(x) = p(x, &)eg(x), where p(x,£) = ) aa(x)E.

la|<m

e translation invariance of L < p(zx,£&) = p(0,£) Vx, £ € R"
& aa(Z) = aa(0) Vo €Zf),Vr e R"
e ¢ € C[£]: homogeneous of degree j

q(&) =0 V¢ for j odd,

R*q = VR € O(n) ~ {Hla cC \ {0} : q(ﬁ) - a|€|j V§ forj even.




3. Minkowski space-time

e Lorentz metric: z-y=ts—z-y, z=(tx), y=(s,y) e RxR"

e Translation by y € R x R™ : Tz Tyz)=z—y=(E—sx—1y).
e Lorentz rotation by A € O(1,n): A:x+— Ax,
O(1,n):={A € GL(1 +n:R); "AgA = Ag'A = g := diag(1,—1,.... -1}

e Partial differential operator of order m : L = Z a.ja(")f g™,
J+lef<m
(aja:j+ o) £m) C C(R x R":C), Z [65e] 5= D
j+|a|l=m

e [ is space-time translation invariant.
S TyLu=LTju VyeRxR", Vue C®(R xR";C).
der.

e [ is Lorentz invariant.
ﬁ) A*Lu = LA*u VA € O(1,n), Yu € C*®°(R x R*;C).
der.

e [ is Poincaré invariant. (ﬁ) L is space-time translation and Lorentz invariant.
der.



Theorem 2. The following statements are equivalent.

(1) L is Poincar¢ invariant.
(2) Coefficients of L are constants and L is Lorentz invariant.
(3) L is apolynomial in [] of order [m/2].

Corollary. Any Poincar¢ invariant 2nd order partial differential operator L is uniquely represented as
L =ca0+ p witha e C\ {0} and 8 € C.
Proof of Theorem 2. e¢(z) ==exp(rt+ & - x), x = (t,x), { = (7,§).
p@.&) = ), aja(@)TE = (Leg)(@) = pla, E)eg(x).
j+lal<m

e translation invariance of L < p(z,€) = p(0,£) Vz,£ € R x R”
& aja(z) = aja(0) V(j,a) € Z>o X Z%),Vz € R x R".

e (©) = Y aal0)E* (0<j<m),

loe|<m—j

R*pj = pj VR € O(n) & p; € C[|€]].
e ¢ € C[¢]: homogeneous of degree /

q (&) =0 V& for ¢ odd,
31 a € C\ {0} : q(§) = a(r® — |€|*)*/? VE for £ even.

ANg=qVA e O(l,n) & {




4. Galiler space-time

e Translation by y € R x R" : iz Tx):=z—g=»(—s,&—9y)
e Space rotation by R€ O(n): 1®R:x+— (1® R)(x) := (t. Rx).
Galilei transtformation by v € R" : Gy : x — Gyu(x) := (t,x — tv).

e Partial differential operator of order m : L = Z a,jaé);" 0%,
j+lal<m
(aja:j + | <m) C C(R x R";:C), Z 856 0.
Jj+|a|=m

e [ is space rotation invariant. (T? (1 R)*Lu =L(1® R)*u VR € O(n) Yu € C*°.

e [ is pure Galilel invariant.
ﬁ) VYo € R*3, € C°R xR%:R) : Gt Lu = LeGtu Yu e C™,
de

L is Galilel invariant. <:f> L is space-time translation, space rotation,
de

and pure Galilei invariant.



Theorem 3. For m = 2 the following three statements are equivalent.

(1) L is Galilei invariant.
(2) Coefficients of L are constants and L is space rotation and pure Galilei invariant.

(3) Coefficients of L are constants and 0 except

(jv (X) = (Os O)v (13 0)1 (07261)’ ceey (O= 26n),
ap2e, =+ = ap2e,(=: @) #0, tajp/a € R, and

where \ (= S eR, B=ag € C,
2xy

A
6’,,,(0,0)—I—)\'v-a:—§t|'v|2 if A#0,

Oy (t,x) =




Proof of Theorem 3.

ee(z) = expli(rt + € - @), p(2,) = 3 ajale)(iT) (i6)

j+lel<m

= (Leg)(x) = p(x, &)ec(z).

e space-time translation invariance of L

< p(,§) =p(0,§) Vz, L€ RxR"
& aja(T) = aja(0) VY(j,a) € Zxo X Z5,,Vz € R X R"

e (&)= D> aja(0)(i&)* (0<j<2).
| <2—j

R*pj = pj YR € O(n) & p; € C[|¢|*]

N p(0,€) = po(&) + p1(&€)iT + p2(&)(i7)? = ago — €| + iaroT — azT?,
L = B+ aA + a190; — a0}

e Let u = e¢ and compare both sides of €?G} Lec = Le® G ee.




5. A derivation of the Schrodinger equation

L=i8t+%A, FECRxR"xC;C), Ve C(RxR":C)
Xy = {p € CY*(R x R%;C);V(t, ) € Rx R", (Ly)(t, ) = f(t,z, ¥(t, x))}.
Zyv = {¢ € CY*(R x R*;C);V(t,z) € R x R*, (LY)(t, x) = V (¢, z)y(t, z)}.

Theorem 4. Let 27 # (). Then, the following statements are equivalent.

(1) 2% is a complex vector space.
(2) 31V € CRxR*;C) : 27 = Zy.
In this case, for any (t,z) € R x R, V(t,x) = f(¢,z,1).

Theorem 5. Let 21 # {0}. Then, the following statements are equivalent.

1) 2y is a space-time translation invariant complex vector space.
2) For any (t,z) e Rx R", V(t,z) = V(¢,0).

3) IIAEC; Zy =Z.

4) 1\ € C; exZv = 2o, where ey : R t— e € C.

In this case, A is given by A = V(0,0).
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